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Preface 


Vector analysis, which had its beginnings in the middle of the 19th century, has in recent 
years become an essential part of the mathematical background required of engineers, phy- 
sicists, mathematicians and other scientists. This requirement is far from accidental, for not 
only does vector analysis provide a concise notation for presenting equations arising from 
mathematical formulations of physical and geometrical problems but it is also a natural aid 
in forming mental pictures of physical and geometrical ideas. In short, it might very well be 
considered a most rewarding language and mode of thought for the physical sciences. 


This book is designed to be used either as a textbook for a formal course in vector 
analysis or as a very useful supplement to all current standard texts. It should also be of 
considerable value to those taking courses in physics, mechanics, electromagnetic theory, 
aerodynamics or any of the numerous other fields in which vector methods are employed. 


Each chapter begins with a clear statement of pertinent definitions, principles and 
theorems together with illustrative and other descriptive material. This is followed by 
graded sets of solved and supplementary problems. The solved problems serve to illustrate 
and amplify the theory, bring into sharp focus those fine points without which the student 
continually feels himself on unsafe ground, and provide the repetition of basic principles 
so vital to effective teaching. Numerous proofs of theorems and derivations of formulas 
are included among the solved problems. The large number of supplementary problems 
with answers serve as a complete review of the material of each chapter. 


Topics covered include the algebra and the differential and integral calculus of vec- 
tors, Stokes’ theorem, the divergence theorem and other integral theorems together with 
many applications drawn from various fields. Added features are the chapters on curvilin- 
ear coordinates and tensor analysis which should prove extremely useful in the study of 
advanced engineering, physics and mathematics. 


Considerably more material has been included here than can be covered in most first 
courses. This has been done to make the book more flexible, to provide a more useful book 
of reference, and to stimulate further interest in the topics. 


The author gratefully acknowledges his indebtedness to Mr. Henry Hayden for typo- 
graphical layout and art work for the figures. The realism of these figures adds greatly to 
the effectiveness of presentation in a subject where spatial visualizations play such an im- 
portant role. 


M. R. SPIEGEL 
Rensselaer Polytechnic Institute 


June, 1959 
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Chapter 1 


A VECTOR is a quantity having both magnitude and direction, such as displacement, velocity, force, 
and acceleration. 
xpi s du adt 


Graphically a vector is represented by an arrow OP (Fig.1) de- 
fining the direction, the magnitude of the vector being indicated by 
the length of the arrow. The tail end O of the arrow is called the 
origin or initial point of the vector, and the head P is called the x & 
terminal point or terminus. 


Analytically a vector is represented by a letter with an arrow 
over it, as A in Fig.l, and its magnitude is denoted by [4| Or A. In 
printed works, bold faced type, such as A, is used to indicate the 
vector A while lal or A indicates its magnitude. We shall use this Pig.1 

Pam aana . 
bold faced notation in this book. The vector OP is also indicated as 
OP or OP; in such case. we shall denote its magnitude by OP, OP], 
or lop|. ' 


A SCALAR is a quantity having magnitude but (ng direction, e.g. mass, length, time, temperature, and 
any real number. Scalars are indicated by letters in ordinary type as in elementary alge- 


bra. Operations with scalars follow the same rules as in elementary algebra. 


VECTOR ALGEBRA. 'The operations of addition, subtraction and multiplication familiar in the alge- 
bra of numbers or scalars are, with suitable definition, capable of extension 
to an algebra of vectors. The following definitions are fundamental. 


l. Two vectors A and B are equal if they have the same magnitude and direction regardless of 
the position of their initial points. Thus A-B in Fig.2. 


2. A vector having direction opposite to that of vector A but having the same magnitude is de- 
noted by —A (Fig.3). 


Fig.2 Fig.3 


y 
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3. The sum or resultant of vectors A and B is a 
vector C formed by placing the initial point of B 
on the terminal point of A and then joining the 
initial point of A to the terminal point of B 
(Fig.4). This sum is written A+B, i.e. C=A+B. 


The definition here is equivalent to the par- 
allelogram law for vector addition (see Prob.3). 


Extensions to sums of more than two vectors 
are immediate (see Problem 4). 


Fig. 4 


4. The difference of vectors A and B, represented by A—B, is that vector C which added to B 


yields vector A. Equivalently, A-B can be defined as the sum A+(-B). 


If A=B, then A—B is defined as the null or zero vector and is represented by the sym- 
bol 0 or simply 0. It has zero magnitude and no specific direction. A vector which is not 


null is a proper vector. All vectors will be assumed proper unless otherwise stated. 


5. The product of a vector A by a scalar m is a vector mA with magnitude Ím] times the magni- 
tude of A and with direction the same as or opposite to that of A, according as m is positive 


or negative. If m=0, mA is the null vector. 


LAWS OF VECTOR ALGEBRA. If A,B and C are vectors and m and n are scalars, then 


l A+B = B*A Commutative Law for Addition 

2. A+ (B+C) = (A+B)+C Associative Law for Addition 

3. mA = Am Commutative Law for Multiplication 
4. m(nA) = (mn)A Associative Law for Multiplication 
5. (m+n)A = mA *nA Distributive Law 

6. n(A* B) = mA+ mB Distributive Law 


Note that in these laws only multiplication of a vector by one or more scalars is used. In Chap- 


ter 2, products of vectors are defined. 


These laws enable us to treat vector equations in the same way as ordinary algebraic equations. 


For example, if A+B - € then by transposing A = C-B. 


A UNIT VECTOR is a vector having unit magnitude, If 
A is a vector with magnitude Af O0, 
m9 
then A/A is a unit vector having the same direction as_, 
A. 


Any vector A can be represented by a unit vector a 
in the direction of A multiplied by the magnitude of A. In 
symbols, A - Aa. 


THE RECTANGULAR UNIT VECTORS i, j, k. Animpor- 

tant set of 
unit vectors are those having the directions of the pos- 
itive x, y, and z axes of a three dimensional rectangu- 
lar coordinate system, and are denoted respectively by 
i,j, and k (Fig.5). 


We shall use right-handed rectangular coordinate 
systems unless otherwise stated. Such a system derives 


Fig.5 
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its name from the fact that a right threaded screw rotat- 
ed through 90° from Ox to Oy will advance in the pos- 
itive z direction, as in Fig.5 above. 


In general, three. vectors A, B and C which have 
coincident initial points and are not coplanar, i.e. do 
not lie in or are not parallel to the same plane, are said 
to form a right-handed system or dextral system if a 
right threaded screw rotated through an angle less than 
180° from Ato B will advance in the direction C as 
shown in Fig.6. 


Fig. 6 
ig bw b X» g 
COMPONENTS OF A VECTOR. Any vector A in 3 di- f 
mensions can be repre- 


sented with initial point at the diein O ota rectaneuar 
coordinate system (Fig.7). Let (Ay. Ao, A3) be the 


rectangular coordinates of the terminal point of vector A 
with initial point at O. The vectors Aj Aj. and A;k 
are called the rectangular component vectors or simply 
component vectors of A in the x, y and z directions re- 
spectively. Ay Ay and As are called the rectangular 
components or simply components of A in the x, y and z 
directions respectively. 


The sum or resultant of Ai, A,j and Azk is the 
vector A so that we can write Fig. 7 


A = Aj * Aj + Ak 


/2 2 2 
The magnitude of A is A = |a = vai « AS - A 


3 
In particular, the position vector or radius vector r from O to the point (x,y,z) is written 


r = xi t yj t zk 


and has magnitude r - |e] = Ver + y2 + 2, 


SCALAR FIELD. If to each point (x,y,z) of a region R in space there corresponds a number or scalar 


then o is called a scalar function of position or scalar point function 


and we say that a scalar field p has been defined in R. 


Examples. (/) The temperature at any point within or on the earth's surface at a certain time 
defines a scalar field. 


(2) é(x,y,z) = xřy — z? defines a scalar field. 
——————— M rey 


A scalar field which is independent of time is called a stationary or steady-state scalar field. 


VECTOR FIELD. If to each point (x,y,z) of a region R in space there corresponds a vector V(x,y,z), 


then V is called a vector function of position or vector point function and we say 
that a vector field V has been defined in R. 


Examples. (1) If the velocity at any point (x,y,z) within a moving fluid is known at a certain 
time, then a vector field is defined. 


(2) V(x,y,z) = xy!i —2yz)j + x?zk defines a vector field. 
eed 


A vector field which is independent of time is called a stationary or steady-state vector field. 
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SOLVED PROBLEMS 


1. State which of the following are scalars and which are vectors. 
(a) weight (c) specific heat (e) density (g) volume (i) speed 
(b) calorie (d) momentum (f) energy (h) distance (j) magnetic field intensity 


Ans. (a) vector (e) scalar (e) scalar (g) scalar (i) scalar 
(b) scalar (d) vector (f) scalar (h) scalar (j) vector 


2. Represent graphically (a) a force of 10 lb in a direction 30° north of east 
(b) a force of 15 Ib in a direction 30° east of north. 


N 
N p 


Unit =5 lb 


Fig. (a) Fig.(b) 


Choosing the unit of magnitude shown, the required vectors are as indicated above. 


3. An automobile travels 3 miles due north, then 5 miles northeast. Represent these displacements 
graphically and determine the resultant displacement (a) graphically, (b) analytically. 


Vector OP or A represents displacement of 3 mi due north. 


N 


Vector PQ or B represents displacement of 5 mi north east. 


Vector OQ or C represents the resultant displacement or 
sum of vectors A and B, ie. C = A+B. This is the triangle 
law of vector addition. 


The resultant vector OQ can also be obtained by con- 
structing the diagonal of the parallelogram OPQR having vectors 
OP - A and OR (equal to vector PQ or B) as sides. This is the 
parallelogram law of vector addition. 


(a) Graphical Determination of Resultant. Lay off the 1 mile 

unit on vector OQ to find the magnitude 7.4 mi (approximately). 
Angle EOQ-61.5?, using a protractor. Then vector OQ has w 
magnitude 7.4 mi and direction 61.5? north of east. 


(b) Analytical Determination of Resultant. From triangle OPQ, Unit = 1mile 
denoting the magnitudes of A, B,C by A,B,C, we have by S 
the law of cosines 


c? = A? + B?— 2ABcos /OPQ = 3% + 52 — 2(3)(5) cos 135° = 34 4 15/2 = 55.21 


and C - 7.43 (approximately). 


A C 


By the law of sines, ——————— = ———7———- 
sin Z OOP sin Z OPQ 


Then 
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Asi 3 (0.707 
Sig BE ONS, a T = 0.2855 and ZOQP = 16°35’. 
c 


Thus vector OQ has magnitude 7.43 mi and direction (45? +16°35') = 61?35' north of east. 


4. Find the sum or resultant of the following displacements: 
A, 10 ft northwest; B, 20 ft 30? north of east; C, 35 ft due south. See Fig.(a)below. 


At the terminal point of A place the initial point of B. 


At the terminal point of B place the initial point of C. 
The resultant D is formed by joining the initial point of A to the terminal point of C, i.e. D = A+B+C. 


Graphically the resultant is measured to have magnitude of 4.1 units -20.5ft and direction 60° south ofE. 


For an analytical method of addition of 3 or more vectors, either in a plane or in space see Problem 26. 


: E 
P Z \80 
C 
W E 
p 
Unit= 5ft 
S 
R 
Fig.(a) Fig.(b) 


5. Show that addition of vectors is commutative, i.e. A+B = B+A. See Fig.(b)above. 


H 


OP + PQ 
and OR + RQ 


oQ or A+B 
oQ or B +A 


C, 
C. 


Then A+B = BA. 


6. Show that the addition of vectors is associative, i.e. A+(B+C) = (A+B) «C. 


Ut 


OP * PQ = OQ (A+B), 


B Q 
and PQ+QR = PR = (BtOC). 
OP +PR = OR = D, i.e. A+(B+0) = D. 
OQ *QR = OR = D, ie. (A+B) + C = D. 


Then A+(B+C) = (A+B) +C. 


Extensions of the results of Problems 5 and 6 show 
that the order of addition of any number of vectors is im- 
material. 0 


7. Forces F,,F,,...,F, act as shown on object P. What force is needed to prevent P from mov- 
ing ? 
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Since the order of addition of vectors is immaterial, we may start with any vector, say F}. To F} add 
Fy, then E. etc. The vector drawn from the initial point of F, to the terminal point of Fẹ is the resultant 
R, ie. R = F, 2 F4 F; £FíE FS £F . 

The force needed to prevent P from moving is — R which is a vector equal in magnitude to R but opposite 
in direction and sometimes called the equilibrant. 


8. Given vectors A, B and C (Fig.1a), construct (a) A-B+2C (D 3C - i(2A-B). 


(2) 


Fig. 1(a) 


(b) 


Fig.1(5) Fig. 2(b) 


9. 


10. 


11. 
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An airplane moves in a northwesterly direction at -W 
125 mi/hr relative to the ground, due to the fact 
there is a westerly wind of 50 mi/hr relative to 
the ground. How fast and in what direction would 
the plane have traveled if there were no wind ? 


Let W = wind velocity 
Va 
Va 


Then V, = V + W or Vs = V-W = yt- 


velocity of plane with wind 


pe 
Unit = 25 mi/hr 


li 


velocity of plane without wind 


V has magnitude 6.5 units =163 mi/hr and direction 33° north of west. 


Given two non-collinear vectors a and b, find an expression for any vector r lying in the plane de- 
termined by a and b. 


Non-collinear vectors are vectors which are not parallel to 
the same line. Hence when their initial points coincide, they 
determine a plane. Let r be any vector lying in the plane of a 
and b and having its initial point coincident with the initial 
points of a and b at O. From the terminal point R of r construct 
lines parallel to the vectors a and b and complete the parallel- 
ogram ODRC by extension of the lines of action of a and b if 
necessary. From the adjoining figure 


OD 
oc 


x(OA) xa, where x is a scalar 
y(OB) = yb, where y is a scalar. 


But by the parallelogram law of vector addition 
OR = OD-OC or r-xa*yb 


which is the required expression. The vectors xa and yb are called component vectors of rinthe directions 
a and b respectively. The scalars x and y may be positive or negative depending on the relative orientations 
of the vectors. From the manner of construction it is clear that x and y are unique for a given a, b, andr. 
The vectors a and b are called base vectors in a plane. 


Given three non-coplanar vectors a, b, and c, find an expression for any vector r in three dimen- 
sional space. 


Non-coplanar vectors are vectors which are not paral- 
lel to the same plane. Hence when their initial points co- 
incide they do not lie in the same plane. 


Let r be any vector in space having its initial point co- 
incident with the initial points of a, b and c at O. Through 
the terminal point of r pass planes parallel respectively 
to the planes determined by a and b, b and c, and a and c; 
and complete the parallelepiped PQRSTUV by extension of 
the lines of action of a, b and c if necessary. From the 
adjoining figure, 


OV = x(OA) xa where x is a scalar 
OP = y(OB) = yb where y is a scalar 
OT z(OC) = ze where z is a scalar. 


u 
n 


But OR = OV+VQ+QR = OV+OP+OT or r =xa+yb+zce. 


From the manner of construction it is clear that x, y and z are unique for a given a, b, c andr. 


12. 


13. 


14. 


15. 


16. 


17. 
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The vectors xa, yb and ze are called component vectors of r in directions a, b and c respectively. The 
vectors a, b and c are calied base vectors in three dimensions. 


As a special case, if a,b and c are the unit vectors i, j and k, which are mutually perpendicular, we 
see that any vector r can be expressed uniquely in terms of i, j, k by the expression r = xi+yj+zk. 


Also, if c=0 then r must lie in the plane of a and b so the result of Problem 10 is obtained. 


Prove that if a and b are non-collinear then xa+ yb = 0 implies x= y= 0. 


Suppose x £0. Then xa+yb = 0 implies xa=-yb or a= —(y/x)b, i.e. a and b must be parallel to 
to the same line (collinear) contrary to hypothesis. Thus x =0; then yb = 0, from which y - 0. 


If x,a+y,b = x,a+y,b, where a and b are non-collinear, then x, - x, and y= yz. 
x,acty b = xa + yh can be written 
xja + yb - (,a*yb) =0 or (x—x9a + (y= yp)b = 0. 


Hence by Problem 12, x;-%,=0, y, y5970 OF %4 =x% X 7 yo. 


Prove that if a, b and c are non-coplanar then xa+yb+ze = 0 implies x=y=z=0. 


Suppose x70. Then xa+yb+ze=0 implies xa - —yb—-zc or a= —(y/x)b—(z/x)e. But 
~(y/x)b — (z/x)c is a vector lying in the plane of b and c (Problem 10), i.e. a lies in the plane of b and c 
which is clearly a contradiction to the hypothesis that a, b and c are non-coplanar. Hence x=0. By sim- 
ilar reasoning, contradictions are obtained upon supposing y #0 and z #0. 


If xa + y,b iz,€ = xX, a + Yzb + z4C, where a, b and c are non-coplanar, then X17X5, Y37 Yo; 


1 2 


44> Z9 » 

The equation can be written (x1—7x5)a t (¥y-¥_)b + (z- 2,)€ - 0. Then by Problem 14, X1—X» =0, 
Xy1-X570, 2725,20 OF xj-x, Y1=Yp» 2, = 2%Q- 
Prove that the diagonals of a parallelogram bisect each other. 


Let ABCD be the given parallelogram with diagonals in- 


tersecting at P. B E C 
Since BD+a =b, BD - b-a. Then BP = x(b—a). 
Since AC- a*b, AP = yla +b). 
a a 
But AB = AP + PB = AP — BP, 
ie. a = y(atb) — x«b-a) = (x ty)a + (y-x)b. 
Since a and b are non-collinear we have by Problem 13, 4 D 
x+y =1 and y-x=0, ie. x-y - 2 and P is the mid- b 


point of both diagonals. 


If the midpoints of the consecutive sides of any quadrilateral are connected by straight lines, 
prove that the resulting quadrilateral is a parallelogram. 
Let ABCD be the given quadrilateral and P, Q, R, S the midpoints of its sides. Refer to Fig.(a) below. 
Then PQ -3(a*b) QR = z(bt+c), RS-2(c*d) SP -z(d*a). 
But a*btc*d-0. Then 
PQ = (a+b) = —-i(c*d) = SR and QR = 4(bt+c) = —Z(dt+a) = PS 


Thus opposite sides are equal and parallel and PQRS is a parallelogram. 


18. 
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Let P,, P,, Py be points fixed relative to an origin O and let r,, r,, r3 be position vectors from 
O to each point. Show that if the vector equation ar} + fo +a; = 0 holds with respect to 
origin O then it will hold with respect to any other origin O' if and only if atata, = 0. 


Let ns r5 and r^, be the position vectors of Py š P, and Pj with respect to O' and let v be the position 
vector of O' with respect to O. We seek conditions under which the equation ar} +t az ^ + ast = 0 will 
hold in the new reference system. 


: "n em i = t S t " 
: From Fig.(b) below, it is clear that Py-2Vf T2-V 4T. T =V+ T5 So that af; tar, + 3t, =0 
ecomes 


+ + = a (vr) * a (v r2) + a(v 1) 
aT ar, aT = atv n a, v lo 83 v E 


+a,r, + arl = 0 


Li 
md jh * 98$!5 + Gat; 


*a)v tar 


(a * a, 


The result arj* apto + ar; = 0 will hold if and only if 


(ay + ap +a) = 0, i.e. a + a +t az = 0. 


The result can be generalized. 


Fig.(a) Fig.(b) 


19. Find the equation of a straight line which passes through two given points A and B having posi- 


tion vectors a and b with respect to an origin O. 


Let r be the position vector of any point P on the line 
through A and B. 


From the adjoining figure, 
OA+AP = OP or at+tAP=r, ie. AP=r-a 
and OA+AB = OB or atAB-b, ie. AB- b-a 
Since AP and AB are collinear, AP=tAB or r-a-t(b—a). 
Then the required equation is 
r = a+ t(b-a) or r = (1-£)a * tb 


If the equation is written (1-—t)at+tb—r = 0, the sum 
of the coefficients of a, b and ris 1—:*:—1- 0. Hence by 
Problem 18 it is seen that the point P is always on the line 
joining A and B and does not depend on the choice of origin 
O, which is of course as it should be. 


Another Method. Since AP and PB are collinear, we have for scalars m and n: 


mAP - nPB or m(r—-a) = n(b—r) 


. ma * nb EM ; 
Solving, r - Serres which is called the symmetric form. 
mtn 


10 


20. 


21. 


22. 


23. 
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(a) Find the position vectors r, and r, for the 
points P(2,4,3) and Q(1, -5,2) of a rectangular 
coordinate system in terms of the unit vectors 
i,j,k. (b) Determine graphically and analyti- 
cally the resultant of these position vectors. Q(1,—5,2 & 


(a) Tr OP = OC + CB * BP = 2i + 4j + 3k 


ro = OQ = OD + DE * EQ = i- 5j *2k 


(b) Graphically, the resultant of r, andr, is obtained 
as the diagonal OR of parallelogram OPRQ. Ana- 
lytically, the resultant of r, and r, is given by 


nn = (2i+4j+3k)+(i—5i+2k) = 3i—j + 5k 


Prove that the magnitude A of the vector A = 
A,it+ A,j+A,k is A= VAL + 4; +A, ‘ 
By the Pythagorean theorem, 
PY = Oy + PY 
where OP denotes the magnitude of vector OP, etc. 
Similarly, (00)? = (ORY + (RQ). 
Then (OP) = (OR) + (ROY + (QPY or 


2 _ 42 2 PE _ 2 2 2 
A = A, + A, t Ag, ie. A = A, + A, + Ag. 


Given I, = 3i - 2j +k, i= 2i — 4j — 3k, t= —~i+2j+2k, find the magnitudes of 
(a) ra, (b)r,* r,*r,, (c) 2r — 3r — 9t . 


(a) |r| = |-i+ 2j+ 2K] = VD+ (27+ QP = 3. 


(b) tt rr, = Gi-2j4B) + (2i-4j-3k) + (“142542 = 41-45 + OK = 4i 4i 
Then |r,tr,+r,| = lai-aieok] = Viay+(-4y+()” = Ys = 4v2. 


(c) 2r, — 3r -5r = 23i-2j +k) ~ 3(2i -4j —3k) — 5(- E 2j + 2k) 
= 6i- 4j + 2k — 6i + 12j + 9k + 5i — 10j - 10k = 5i- 2j +k. 
Then |2,- 3r, - 5r | = lsi-2j4k| = v? 2» «ay = v30. 


If \t, = 2i-jek, r= i+ 3j-2k, ņ = ~2i+j-3k and r = 31+ 2j 4 5k, find scalars a,b,c such 
that r, = ar, + br, + cr, . 

We require 3i+2j+5k = a(2i-jtk) + b(i+3j—2k) + c(-2i t j - 3k) 
(2a +b —2c)i + (~a +3b +c)j + (a -2b —3c)k. 


Since i, j, k are non-coplanar we have by Problem 15, 
2a tb —-2c = 3, -a+3b+e = 2, a —2b —3c = 5. 
Solving, a =-2, b=1, c=-3 and r,- r,t r,— 3r, . 
The vector r, is said to be linearly dependent on r, , r,, and r, ; in other words r,, r,, Tọ andr, constitute a 


linearly dependent set of vectors. On the other hand any three (or fewer) of these vectors are linearly in- 
dependent. 


In general the vectors A, B, C,... are called linearly dependent if we can find a set of scalars, 
a,b,c,..., not all zero, so that aA+bBtcCt... = 0, otherwise they are linearly independent. 
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24. Find a unit vector parallel to the resultant of vectors r = 2i + 4j - 5k, r, = i+2j+3k. 
Resultant R = mth = (2i * 4j ~5k) + (i+ 2j * 3k) = 3i + 6j — 2k. 


R= |r| = |si«ej-2k| = v(3)?+ (6)? «(-22 = 7. 


R 3i + 6j — 2k 3i Go. 72 


Then a unit vector parallel to Ris = = ———————- = -i =j- >k. 
R 7 7 T 7 
3. 6. 2 342 6.2 2.2 
Check: i+ >j- = = >y +(>y+(- 5y = 1. 
eck: |Ži =j =k | Grey eie 
25. Determine the vector having initial point P(x, yr 24) z 


and terminal point Q(x , y,, Zp) and find its magnitude. Pe Hae 


The position vector of P is r, = x,i+y,j+2,k. 


The position vector of Q is r, 


xXji t yj + zk. d 
d b Qo. Yor 29) 
r PQ-r, or 

PQ-r,-r = (x ity jtz,k) 7 (x, ity j+z k) 


= (xm a)i t (y) * G,—-2z)k. 


Magnitude of PQ=PQ=Vix,—x,) + (,— XY + (22y. 


Note that this is the distance between points P and Q. x á 


26. Forces A, B and C acting on an object are given in terms of their components by the vector equa- 
tions A=A,it+ A j + AK, B=B,i+B,j+B,k, C=C,i+C,j+C,k. Find the magnitude of the 
resultant of these forces. 


Resultant force R = A+B+C = (4,+ Bj* Ci + (444 B, C)j + (444 B, 4 Ck. 


Magnitude of resultant - V4, * Bit CY + (A, + B,* E + (A, + B, + cy . 


The result is easily extended to more than three forces. 


217. Determine the angles &, 8 and y which the vector 
| r=xi+yj+zk makes with the positive direc- E 
tions of the coordinate axes and show that 


cos? & + cos? B + cos? y = 1. 


Referring to the figure, triangle OAP is a right 
triangle with right angle at A; then cos @ = T . Sim- 


ilarly from right triangles OBP and OCP, cos B = "n 


and cos Y = ne Also, lr|=r = Vx? y? + 2? | 
r 


x z 
Then cos a=—, cos B=2, cos Y= — from 


which Q, B.y can be obtained. F'rom these it follows 
that 


24,2 2 
ae + + 
cos? & + cos? B + cos? y = Se 1. 


r? 


The numbers cos Œ, cos B, cos y are called the direction cosines of the vector OP. 


28. Determine a set of equations for the straight line passing through the points P(x, 5: z,) and 
Q(x,, yo Zo). 
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Let r, andr, be the position vectors of P and Q respec- 
tively, and r the position vector of any point R on the line 


s PUn yis) P. 
joining P and Q. SQ S 


x 


n t PR- rr or PR=#=r- 5 -a 
n4 PQ-r of PRE- > Olean Yor 20) 
But PR -:PQ where t is a scalar. Then r-r, = gm 3 Za y 
t(r, - n) is the required vector equation of the straight line 
(compare with Problem 19). E 


In rectangular coordinates we have, since r = xi t yj + zk, 


Gd tyj + zk) — Gui t y,d t z,I) = t(@ity jt z,K) — Gui + yi + z,k)] 
or 
(ait (y— yit ezk = t[@,- xDi + 65 7 yd * G5 2,)k] 


Since i, j,k are non-coplanar vectors we have by Problem 15, 
x= x = t(x,— x4), yes ty, — 9» E = t(z,— 2) 


as the parametric equations of the line, ¢ being the parameter. Eliminating ¢, the equations become 


xm. Se Nae c ABA 


Xo = Xa Y27 Yi Zo = 24 


29. Given the scalar field defined by (x,y,z) = 3a^z — xy? + 5, find d at the points 
(a) (0,0,0), (5) (1,-2,2) (e) (71, -2, -3). 
(a) $(0,0,0 = 3(00*(0 - (Q(? + 5 = 0-025 = 5 
I (b $,-2,2) = süY(2 - (C25 +5 = 64845 = 19 


(c) $(-1,-2,-3) = 3(-1)2(-3) - (-D(C-25 + 5 = -9- 8+5 = -12 


30. Graph the vector fields defined by: 
(à V(x,y) = xi t yj, — (b) VG,y) = ~xi- yj, (c) VG yz) = xi + yl + zk. 


(a) At each point (x, y), except (0, 0), of the xy plane there is defined a unique vector xi yj of magnitude 


Vx? + y^ having direction passing through the origin and outward from it. To simplify graphing proce- 
dures, note that all vectors associated with points on the circles x?+ y? - a? a » 0 have magnitude 


a. The field therefore appears as in Figure (a) where an appropriate scale is used. 


M y 


Fig.(a) Fig.(b) 


31. 


32. 


35. 


36. 
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(6) Here each vector is equal to but opposite in direction to the corresponding one in (a). The field there- 
fore appears as in Fig.(b). 


In F'ig.(a) the field has the appearance of a fluid emerging from a point source O and flowing in the 
directions indicated. For this reason the field is called a source field and O is a source. 


In Fig.(b) the field seems to be flowing toward O, and the field is therefore called a sink field and O 
is a sink. 


In three dimensions the corresponding interpretation is that a fluid is emerging radially from (or pro- 
ceeding radially toward) a line source (or line sink). 


The vector field is called two dimensional since it is independent of z. 


(c) Since the magnitude of each vector is vx? + y? + z?, all points on the sphere x?+ y?+ 22 = a2, a» 0 
have vectors of magnitude a associated with them. The field therefore takes on the appearance of that 
of a fluid emerging from source O and proceeding in all directions in space. This is a three dimension- 
al source field. 


SUPPLEMENTARY PROBLEMS 


Which of the following are scalars and which are vectors? (a) Kinetic energy, (b) electric field intensity, 
(c) entropy, (d) work, (e) centrifugal force, (f) temperature, (g) gravitational potential, (h) charge, (i) shear- 
ing stress, (j) frequency. 
Ans. (a) scalar, (b) vector, (c) scalar, (d) scalar, (e) vector, (f) scalar, (g) scalar, (5) scalar, (i) vector 

(j) scalar 


An airplane travels 200 miles due west and then 150 miles 60? north of west. Determine the resultant dis- 
placement (a) graphically, (b) analytically. 
Ans. magnitude 304.1 mi (50V37), direction 25^17' north of east (arc sin 3V111/74) 


Find the resultant of the following displacements: A, 20 miles 30°south of east; B, 50 miles due west; 
C, 40 miles northeast; D, 30 miles 60? south of west. 
Ans. magnitude 20.9 mi, direction 21?39' south of west 


. Show graphically that -(A—B) = -A * B. 


An object P is acted upon by three coplanar forces as shown in Fig.(a) below. Determine the force needed 
to prevent P from moving. Ans. 323 lb directly opposite 150 Ib force 


Given vectors A, B, C and D (Fig.(b) below). Construct (a) 3A—2B- (C — D) (b) ic + Za- B + 2D). 


TN 


Fig.(a) Fig.(b) 


14 


37. 


38. 
39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


41. 


48. 


49. 


50. 


51. 


52. 


53. 


94. 
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If ABCDEF are the vertices of a regular hexagon, find the resultant of the forces represented by the vec- 
tors AB, AC, AD, AE and AF. Ans. 3AD 


If A and B are given vectors show that (a) lA *n| < EV + Isl, (b) |a-B| 2 EY - |n]. 
show that |a«B«c| € lA| «lal «|cl. 


Two towns A and B are situated directly opposite each other on the banks of a river whose width is 8 miles 
and which flows at a speed of 4 mi/hr. A man located at A wishes to reach town C which is 6 miles up- 
stream from and on the same side of the river as town B. If his boat can travel at a maximum speed of 10 
mi/hr and if he wishes to reach C in the shortest possible time what course must he follow and how long 
will the trip take? 

Ans. A straight line course upstream making an angle of 34°28’ with the shore line. 1 hr 25 min. 


A man travelling southward at 15 mi/hr observes that the wind appears to be coming from the west. On in- 
creasing his speed to 25 mi/hr it appears to be coming from the southwest. Find the direction and speed of 
the wind. Ans. The wind is coming from a direction 56°18" north of west at 18 mi/hr. 


A 100 lb weight is suspended from the center of a rope 
as shown in the adjoining figure. Determine the ten- 
sion T in the rope. Ans. 100 lb 


Simplify 2A * B*3C— (A—-2B -2(2A -3B- 0). 
Ans. 5A-3B4*C 


If a and b are non-collinear vectors and A= (x t 4y)a + 
(2x+y+1)b and B= (y-2x *2)a + (2x -3y - 1)b, 
find x and y such that 3A - 2B. 

Ans. x 72, y- -1 


1001b 


The base vectors a,,a,,a, 


a, = 2b, + 3b, — b}, a, = b, — 2b, + 2b, , a, = 2b, + b, — 2b, 


are given in terms of the base vectors b,, b,» b, by the relations 


If F= 3b, — b, * 2b, , express F in terms of a,,a, and a... Ans. 2a, + 5a, + 3a, 


If a,b, c are non-coplanar vectors determine whether the vectors r} = 2a—3b*c, ÈS 3a—-5b 2c, and 


Tq = 4a—5b+e are linearly independent or dependent. Ans. Linearly dependent since r,= 547 2r, : 
If A and B are given vectors representing the diagonals of a parallelogram, construct the parallelogram. 


Prove that the line joining the midpoints of two sides of a triangle is parallel to the third side and has one 
half of its magnitude. 


(a) If O is any point within triangle ABC and P, Q, R are midpoints of the sides AB, BC, CA respectively, 
prove that OA * OB * OC = OP* OQ * OR. 
(b) Does the result hold if O is any point outside the triangle? Prove your result. Áns. Yes 


In the adjoining figure, ABCD is a parallelogram with 
P and Q the midpoints of sides BC and CD respec- 
tively. Prove that AP and AQ trisect diagonal BD at 
the points E and F. 


A B 


Prove that the medians of a triangle meet in a common 
point which is a point of trisection of the medians. 


Prove that the angle bisectors of a triangle meet in a 
common point. 


Show that there exists a triangle with sides which are Q 
equal and parallelto the medians of any given triangle. 


Let the position vectors of points P and Q relative to an origin O be given by p and qrespectively. If R is 
a point which divides line PQ into segments which are in the ratio m:n show that the position vector of R 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 
63. 


64. 


65. 


66. 
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+ SC pus 
is givenby r- mp rna and that this is independent of the origin. 
m+n 
If ri Epse y are the position vectors of masses Ms May sees To respectively relative to an origin O, 


show that the position vector of the centroid is given by 


ee mit, + Mot, o.c may 
m, + m, +t... + my 


and that this is independent of the origin. 


A quadrilateral ABCD has masses of 1, 2,3 and 4 units located respectively at its vertices A (-1, ~2, 2), 
B(3, 2, —1), C(1,-2,4), and D(3,1,2). Find the coordinates of the centroid. Ans. (2,0, 2) 


Show that the equation of a plane which passes through three given points A,B,C not in the same straight 


line and having position vectors a,b,c relative to an origin O, can be written 
ma + nb + pc 


mt+nt p 
where m,n,p are scalars. Verify that the equation is independent of the origin. 


The position vectors of points P and Q are given by tS 2i * 3j —k, ry =4i-3j+2k. Determine PQ in 
terms of i,j,k and find its magnitude. Ans. 2i-6j+3k, 7 


If A=3i-j-4k, B--2i*4j-3k, C-i-2j—k, find 
(a) 2A-B *3C, (b |A+B+C|, (c) |3A-2B *4C|, (d) a unit vector parallel to 3A—2B *4C. 


Ans. (a) 11i-8k (6) 93. (c) 398 (d) SA-2B*4C 
398 


The following forces act on a particle P: F,- 2i * 3j — 5k, F,- -5i+j+3k, F,- i-2j 4k, F, - 4i — 
3j-2k, measured in pounds. Find (a) the resultant of the forces, (b) the magnitude of the resultant. 
Ans. (a) 2i-j (b) V5 


In each case determine whether the vectors are linearly independent or linearly dependent: 
(a) A7 2i *j-3k, B=i-4k, C=4i+3j—-k, (6) A= i-3j+2k, B-2i-4j-k, C-3i-*2j—k. 
Ans. (a) linearly dependent, (b) linearly independent 


Prove that any four vectors in three dimensions must be linearly dependent. 


Show that a necessary and sufficient condition that the vectors A =A,i+A,ij +A,k, B =B,itB,j+B,k 
A, Ay A, 
B, B5 Bs 
C, C5 C, 


C= C,i *Cj + Ck be linearly independent is that the determinant be different from zero. 


(a) Prove that the vectors A-3i*j—-2k, B--i- 3j+4k, C-4i— 2j — 6k can form the sides of a triangle. 
(b) Find the lengths of the medians of the triangle. 


Ans. (b) v6, 4V114, 47150 


Given the scalar field defined by (x,y,z) = 4yz? ^ 3xyz — 22 * 2. Find (a) $(1,—1,—2), (b) P(0,-3,1). 
Ans. (a) 36 (b) —11 


Graph the vector fields defined by Pai bik 
(a) V&, y) = xi-yi, (b) Vix,y) 2 yi-xj, (c) V, y,z) = Shtyit zk 


Vx? + y? + 2? 


Chapter 2 


THE DOT OR SCALAR PRODUCT of two vectors A and B, denoted by A.B (read A dot B), is de- 
fined as the product of the magnitudes of A and B and the cosine 
of the angle @ between them. In symbols, 
A-B -4Bco0, 956° 


nN 


Note'that A- B is a scalar and not a vector. 


The following laws are valid: 


1. AB = B'A Commutative Law for Dot Products 


2. A «(B £C) = A-B+A-C Distributive Law 


3. m(A: B) = (nA) B = Ac (mB) = (A:B)m, where m is a scalar. 


4. ii-jjz2kk-21, i-j=j-k = k-i=0 

5. If A= Ad * Aj * Ak and B= Bi + Boi + Bk, then 
A-B = A,B, + A,B, + AB, 
A-A = A? = A? + A2 + A; 
B-B = B? = B?+ B? + B3 


M ul 


6. If A-B - 0 and A and B are not null vectors, then A and B arelperpendicular. 


THE CROSS OR VECTOR PRODUCT of A and B is a vector C = AxB (read A cross B). The mag- 
nitude of Ax B is defined as the product of the magnitudes of 

A and B and the sine of the angle Ó between them. The direction of the vector C - AxB is perpen- 

dicular to the plane of A and B and such that A, B and C form a right-handed system. In symbols, 


AxB = ABsin@gu, 0268" 
where u is a unit vector indicating the direction of Ax B. If A=B, or if A is parallel to B, then 
sinÓ -0 and we define Ax B - 0. 
gap ——— 
The following laws are valid: 
1. (Commutative Law for Cross Products Fails.) 
2. Ax (B+C) = AxB + AXC Distributive Law 
——— 
3. m(AXB) = (nA) XB = Ax (mB) = (AXB)m, wheremisa scalar. 
— MM ee —— 


4. ixi = jxj = kxk = 0, ixj =) ixk-D xig) 
—————————— 


5. f A - Ad * Aj * Ak. and B = Bi * Bj * Bk, then 
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i j k 
AxB = A, A, T 
B, B, B, 


6. The magnitude of AxB is the same as the area of a parallelogram with sides A and B. 


7. If Ax B - 0, and A and B are not null vectors, then A and B are parallel. 
a CR — 


TRIPLE PRODUCTS. Dot and cross multiplication of three vectors A,B and C may produce mean- 
ingful products of the form (A B)C, A-(BxC) and Ax (BxC). The follow- 


ing laws are valid: 
1. (A B)C # A(B-C) 


2. A- (BxC) = B-(CxA) = € «(Ax B) = volume of a parallelepiped having A, B and C as edges, 
or the negative of this volume, according as A, B and C do or do not form a right-handed sys- 
tem. If A= Ai + Aoj F Ask, B = Bii + Boj + Bak and C= Cii + Coj + Cak, then 


A, A, A, 
A-(BxC) = |B, B, B, 
Ur ap A: 
3. Ax (BxC) # (AxB)xC (Associative Law for Cross Products Fails) 
4. Ax (BxC) = (A-C)B - (A-B)C 
(AXB)xC = (A-C)B - (B-C)A 


The product A-(BxC) is sometimes called the scalar triple product or box product and may be 
denoted by [ABC]. The product Ax (Bx C) is called the vector triple product. 


In A: (BxC) parentheses are sometimes omitted and we write A: BxC (see Problem 41). How- 
ever, parentheses must be used in Ax (Bx C) (see Problems 29 and 47). 


RECIPROCAL SETS OF VECTORS. The sets of vectors a,b,c and a,b,c’ are called reciprocal 
sets or systems of vectors if 


ata = beb’ = e-e’ = 1 
a-b = a'-c = ba = b’-c = c's a = cb = 0 
The sets a,b,c and a',b',c' are reciprocal sets of vectors if and only if 


1 _ bxKe cxa |; axb 


au oaks Be e ue ge. QE 


a-bxc ' a-bxc a-bxc 


where a: bxc £2 0. See Problems 53 and 54. 
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SOLVED PROBLEMS 


THE DOT OR SCALAR PRODUCT. 


1. Prove AB = B'A. 


A-B = AB cos 6 = BA cos O = B-A 


Then the commutative law for dot products is valid. 


2. Prove that the projection of A on B is equal to A-b, where 
b is a unit vector in the direction of B. 


Through the initial and terminal points of A pass planes per- 
pendicular to B at G and H respectively as in the adjacent figure; 
then 


Projection of A on B = GH = EF = Acos@ = Avb B 
3. Prove A'(Bt+C) = AF B* A: C. 
Let a be a unit vector in the direction of A; then 
Projection of (B - C) on A = proj. of Bon A + proj. of C on A B X 

(B+C)-a = Bra + Cra 

Multipiving by A, \ \ B+C \ 
(B+C)-da = B:4a + C-Aa \ \ \ 

and (B+C)-A = B-A + C'A j Y \ 

Then by the commutative law for dot products, i | \ 
A:(B+C) = A‘'B + A’C \ G ^ 

and the distributive law is valid. E d 


4. Prove that (A*B)-(C*D) = A-C+A-D+B-C +B-D. 


By Problem 3, (A+B)-(C+D) = A: (C+D) + B (C+D) = AC+A°D +B-C+B-D 


The ordinary laws of algebra are valid for dot products. 


» 
5. Evaluate each of the following. 
(a) ixi = lil [i] eos? = coco (D = 1 
(b) ick = Jil |k] cos 90° = (1)(1)(0) = 0 
€) kj = |k] lil cos 90° = (1)(1)(0) = 0 


(d) j- (2i-3j 4l) = 2j:i—3j:di + ick = 0-340 = -3 
(e) Qi -D: Gi*k) = 2i (3i +k) —j: (3i +k) = 6i-it+ Qik —3j-i-j-k =6+0-0-0= 6 


6. If A = Ad + Aj + A,k and B = Bá + Bji + B,k, prove that A-B = A,B, + 4B, * A, Ba . 


A-B = (A,i+A,j +Agk) -(B,i+ Bj + Bk) 


Ai (Bi B, +B) + Ajj: (Bi +B,j +B,k) + Ask- Gu + Boi + Bok) 


= A,B id + A Bold + A,Bivk ALB EHE AjBo ici + ApBgi-k + AgByked + AgB Kd + AgBak k 


10. 


11. 
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= A,B, + A,B, + A,B, 


since i-i = j-j = k-k = 1 and all other dot products are zero. 


.If A = Aji+A,j+A,k, show that A = VA-A = VA; + A; * As. 


A-A = (A)(A) cos 0° = A’. Then 4 - Y/A-A. 
Also, A:A = (A,i+A,j+Agk) + (41i +A j + Ak) 
= (A,)(A,) + (A,)(A,) + (A(4) = A? + A2 + AZ 


by Problem 6, taking B =A. 


Then A= VA-A = v A? + A2 + AZ is the magnitude of A. Sometimes A-A is written A^. 


Find the angle between A = 2i+2j-k and B = 6i —3j 2k. 


A-B=ABcos6, 4 = vV(2y + (2% +(-1)? 23, B= vV(6) + (-39 + (2 - 1 
A-B = (2)(6)+ (2)(~3) + (-1)(2) = 12-6-2 = 4 


ALB we —— x Be» 0,1905 and = 70? approximately. 


Then cos = EE 
AB (3) CT) 21 


. If A- B - 0 and if A and B are not zero, show that A is perpendicular to B. 


If A-B = AB cos Ó = 0, then cos - 0 or 0-907. Conversely, if O= 90°, A-B - 0. 


Determine the value of a so that A = 2i * aj* k and B = 4i — 2j - 2k. are perpendicular. 


From Problem 9, A and B are perpendicular if A- B - 0. 7 
Then A-B = (2)(4) + (a)(-2) + (1)(-2 = 8-22 -2 = 0 for a 


M 
w 


Show that the vectors A = 3i -2j*k, B=i-3j+5k, C =2i+j-4k form a right triangle. 


We first have to show that the vectors form a triangle. y d 
(3) (2) 
(2) (3) 
(1) (1) 
(a) (b) 


From the figures it is seen that the vectors will form a triangle if 


(a) one of the vectors, say (3), is the resultant or sum of (1) and (2), 
(b) the sum or resultant of the vectors (1)+(2)+(3) is Zero, 


according as (a) two vectors have a common terminal point or (b) none of the vectors have acommon terminal 
point. By trial we find A=B +C so that the vectors do form a triangle. 


Since A B- (3)(1) + (~2)(-3) + (1)(5) = 14, A- -C= (3)(2) + (—2)(1) + (1)(-4) =0, and 


B-C = (1)(2) + (-3)(1) + (5)(—4) = -21, it follows that A and C are perpendicular and the triangle is a 
tight triangle. l 
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12. Find the angles which the vector A-3i-6j * 2k makes with the coordinate axes. 
Let Q, By be the angles which A makes with the positive x,y,z axes respectively. 
Avi = (A)(1) cos @ = VY. + (-6)2 + (2 cos @ = 7 cos X 
Avi = (3i- 6) +2k)*i = 3i-1-6j°1+ 2k-i = 3 
Then cos Œ = 3/7 = 0.4286, and @= 64.6° approximately. 
Similarly, cos B =-6/7, B=149° and cos y= 2/7, Y= 13.45. 
The cosines of Q, B, and y are called the direction cosines of A. (See Prob. 27, Chap. 1). 


13. Find the projection of the vector A=i-2j+k on the vector B= 4i-4j+ 7k. 


4i-4j+7 4 4. 7 
A unit vector in the direction B is b = 5 = ae LS = -i- 9! tp 
V (4)? + (-4Y + (Dy 
— : , 4.4, 7 
Projection of A on the vector B = A-b = (i-2j+kh)- Gi-git gh 
4 4 T 19 
- Sy 4 (2) D4 DO ==: 
D (—2)( 9) 0069 9 


14. Prove the law of cosines for plane triangles. 
From Fig.(2) below, B+C =A or C -A-B. 
Then C€-C = (A-B) (A-B) = A-A * B-B- 2A: B 
and C? = A? + B? — 2AB cos O. 


Z| 


A o B 


Fig.(a) Fig.(b) a 


15. Prove that the diagonals of a rhombus are perpendicular. Refer to Fig.(b) above. 


OQ = OP +PQ=A+B 
OR +RP = OP or B+RP=A and RP-A-B 
Then OQ-RP = (A* B): (A-B) = A2—B? = 0, since A=B. 


Hence OQ is perpendicular to RP. 


16. Determine a unit vector perpendicular to the plane of A = 2i - 6j — 3k and B-4i-*3j-k. 


Let vector € = c * ci tek be perpendicular to the plane of A and B. Then C is perpendicular to A 
and also to B. Hence, 


C'A = 2c,- 6c, — 36, = 0 or (1) 2c, — 66, = 36 
C: B = 4e * 3e, — £a m 0 Or (2) 4c, + 30,7 6 
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2 : . _1 53 1 " 1. 1, 
Solving (1) and (2) simultaneously: c, - 39:57 - 39 , C= & 5i D 31 +k). 


é Cy ( ži - ii + k) 
Then a unit vector in the direction of Cis = =- ——- = = d( 


1 1 
/ td «c ay ray 


3. 2., 6 
qi-qitak. 


17. Find the work done in moving an object along a vector r = 3i + 2j — 5k if the applied force is 
F-2i-j-k. Refer to Fig.(a) below. 


Work done = (magnitude of force in direction of motion)(distance moved) 
= (F cos OT) = Fer 
= (24i-j-—k)-(3i+ 23-5k) = 6-245 = 9, 


e ` P(x,y,z) : : 
| aU da 


a 
c 


Fig.(a) 


Fig.(b) 


18. Find an equation for the plane perpendicular to the vector A=2i +3j+6k and passing through the 
terminal point of the vector B =i + 5j + 3k (see Fig.(6) above). 
Let r be the position vector of point P, and Q the terminal point of B. 


Since PQ -B-r is perpendicular to A, (B-r)-A=0 or r-A=B-A isthe required equation of the 
plane in vector form. In rectangular form this becomes 


(xi *yj *zk)-.(2i +3j * 6k) = (i +5j + 3k)-(2i+3j + 6k) 
or 2x +3y +6z = (1) (2) + (5)(3) + (3)(6) = 35 


19. In Problem 18 find the distance from the origin to the plane. 


The distance from the origin to the plane is the projection of B on A. 


A unit vector in direction Ais a = A is 2i + 3j + 6k 7 21 S 


= = -i + —j + —k. 
A V (2? + (3% + (6% 7 7 7 


Then, projection of Bon A = B-a = (+55 + 8k) (2i +3; + Sto = 1(2) + 5(3) + 3(2) = 5. 


20. If Ais any vector, prove that A - (A: Di + (A-j)j + (A: kk. 
Since A= Ai t Aj t Ak, A.i = Ai + Ajj-i + Ajkei = A, 
Similarly, A-j =A, and A-k 5455 
Then A - Ai + Aj + A,k = (A: Di + (A- Dj + (A-k)k. 
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THE CROSS OR VECTOR PRODUCT. 


21. Prove AXB = -BXA. 


Fig.(@) Fig.(b) 


AXB=C has magnitude AB sin @ and direction such that A,B and C form a right-handed system 
(Fig.(a) above). 


BXA-D has magnitude BA sin Ó and direction such that B, A and D form a right-handed system 
(Fig.(b) above). 


Then D has the same magnitude as € but is opposite in direction, i.e. €--D or AXB - -BXA. 


The commutative law for cross products is not valid. 


22. If Ax B - 0 and if A and B are not zero, show that A is parallel to B. 


If AXB =ABsin@u=0, then sin@=0 and 6 =0° or 180°. 


2 2 p^ 2 
23. Show that |AxB| + |A:B|. = |Al lB]. 
AB? sin?@ + AB? cos? 0 


ACR? = lA? (Bl? 


laxe? + |as = |48 sin@ ul? + | 4B cos) 


lt 


u 


24. Evaluate each of the following. 


(a) ixj =k (f) xj = 0 

(b jxk =i (g) ixk = -kxi = -j 

(c) kxi 7 j (h) (23) x(GE) = 6jXk = 6i 

(d) kxj = -jxk = ~i (i) (3) x(-2k) = -6ixk = 6j 
(e) ixi - 0 GG) 2jxi-3k = —2k ~ 3k = —5k 


25. Prove that Ax (B+C) = AxB * AxC for the 
case where A is perpendicular to B and also to 
C. 


Since A is perpendicular to B, Ax B is a vector 
perpendicular to the plane of A and B and having mag- 
nitude AB sin 90? - AB. or magnitude of AB. This 
is equivalent to multiplying vector B by A androtating 
the resultant vector through 90? to the position 
shown in the adjoining diagram. 


Similarly, AXC is the vector obtained by multi- 
plying C by A and rotating the resultant vector through 
90° to the position shown. 


In like manner, Ax (B + C) is the vector obtained 
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by multiplying B * € by A and rotating the resultant vector through 90? to the position shown. 


Since AX(B+C) is the diagonal of the parallelogram with Ax B and AxC as Sides, we have 
AX(B+C) = AXB+AxC. 


26. Prove that Ax(B+C) = AxB+AXC in the gen- 
eral case where A, B and C are non-coplanar. 


Resolve B into two component vectors, one perpen- 
dicular to A and the other parallel to A, and denote them 
by B, and B, respectively. Then B = B,+ Bi. 


If Gis the angle between A and B, then B,= B sin. 
Thus the magnitude of AxB, is AB sin G the same as 
the magnitude of AXB. Also, the direction of A xB, is 
the same as the direction of AXB. Hence AXB,=AXB. 


Similarly if C is resolved into two component vec- 
tors C, and C,, parallel and perpendicular respectively 
to A, then AxC, = AxC. 


Also, since B+C = B,+B,,+C,+C,, = (B,* C) - (B, * C) it follows that 
Ax(B,* C) = Ax(B-*C). 


Now B, and C, are vectors perpendicular to A and so by Problem 25, 
AX(B,* C) = AXB, * AxC, 
Then Ax(B*C) = AXB+AxC 


and the distributive law holds. Multiplying by —1, using Prob. 21, this becomes (B+C)x A = BXA + CxA. 


Note that the order of factors in cross products is important. The usual laws of algebra apply only if prop- 
er order is maintained. 


i j k 
27. If A = Aii + Apj + Ask and B= Bj + Boj + Bak, prove that AxB = | A, A, As 
Bı Bo Bg 


AxB = (Ai tAoj * Ask) x (B4i + Boj + Bak) 
= Ayix(Byit Boj + Bgk) + Aojx (Bai + Boj + Bak) + Ask x (B4i + Boj + Bak) 
= A,Byixi + AyBoixj + Ay Boixk + AoByjxi + ApBoixj + AoBajxk + AgB4kxi + AgBokxj + AgBgkxk 
. i j k 
= -(AgBg — AgBo)i + (AgB, — A4Bg)j + (AyBo — AgB4)k = A, Áp Ag 
Bi Bo Bs 


28. If A -2i -3j- k and B-i-*4j-2k, find (a) AxB, (D) BxA, (c) (A+B) x (A-B). 


i j k 
(a) AxB = (2i —3j-k) x (+4j-2k) = 2 -3 -1 
1 4 -2 
-3 -1 2 -1 2 -3 
= j -j + = 10i + 3j + 11k 
ee l i -2 dh a be: 
Another Method. 


(2i-3j-k)x(i+4j-2k) = 2ix(i+4j—2k) — 3j x (i+ 4j — 2k) — k x (i + 4j — 2k) 


= 2ixi + 8ixj- 4ixk —3jxi — 12jxj + 6j xk — kxi — 4kxj + 2kx k 


0 + 8k c 4j -3k — 0 t 6i — j c di cQ. = 10i +3j + 11k 


be... 
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i j k 
(b BXA = (i+4j-2k) x (2i-3j-k) = 1 4 -2 
2 -3 -~i 
eas pe ae + Kl) &| = -10 -3j cune 
-3 -1 2 -1 2 -3 
Comparing with (a, AXB = -B xA. Note that this is equivalent to the theorem: If two rows of 


a determinant are interchanged, the determinant changes sign. 


(c) A+B = (2i—3j-k) + (i+ 4j- 21) 


Il 


3i * j — 3k 


A-B - (2i -3j-k) — i+ 4j — 2k) 2-i-"j*k i i k 
Then (A+B) xX (A- B) = (3i+j—3k) x (i - Tj+ k) - 3 1 -3 
1 -7 1 
= i E E x Tb E + «|: al = -20i — 6j — 22k. 
Another Method. 
(A+B) x (A-B) = Ax (A-B) + Bx (A-B) 
= AxA~AXB+ BXA— Bx B = 0— AxB— AxB—0 = —2AxB 
= —2(10i+3j+11k) = —20i — 6j — 22k, using (a). 


20. If A-3i-j*2k, B=2i+j-k, and C =i-2j+2k, find (a) (AxB)xC, (b) Ax (BxC). 


i j k 
(à) AXB = |3 -1 2| = -i+ 7j + 5k. 
1 -i 
i j K 
Then (AxB)xC = (-i+7j+5k) x (i-2j+2k) = -1 7 5| = 241+ 7j — 5k. 
1 -2 2 
i j k 
(b) sxe = |2 1 -1| =0i-5j-5k = -5j -5k. 
1 -2 2 
i j k 
Then AX(BxC) = (3i—j+2k) x (—5j-5k) = 3 -1 2| = 15i+ 15j — 15k. 
0 -5 -5 


Thus (AXB)xC #AX(BXC), showing the need for parentheses in AXBXC to avoid ambiguity. 


30. Prove that the area of a parallelogram with sides A 
and B is |Ax B]. 


Area of parallelogram = A|B| 
F A 
= |A|sin 0 |B| 
= |AXBI. 
Note that the area of the triangle with sides A and 
B - i|lAxB|. B 


31. Find the area of the triangle having vertices at P(1,3,2, Q(2, 1,1), R(-1,2, 3). 


PQ (2-1)i*(-1-3)j + (10-2) k = i-4j-k 
PR (-1-Dit*(2-3j*(3-2h = -2i-jtk 
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From Problem 30, 


area of triangle = 2|PQxPR| = 3|(i-4j—k) x (-2i-j+b)| 
i j k — 
= l| 1 -4 -1|| = #|-5i+j-9k| = V5 aX «c9» = ivi. 
-2 -i 1 


32. Determine a unit vector perpendicular to the plane of A -2i— 6j -3k and B -= 4i + 3j-k. 


AxB is a vector perpendicular to the plane of A and B. 


i j k 
AxB = |2 -6 —3| = 15i — 10j + 30k 
4 3 -1 
; x i-1004 
A unit vector parallel to AX B is AXB pi U NS = Ži - 2 + Êk " 
laxB| | va5X-« (—10)?+ (30° 
Another unit vector, opposite in direction, is (—3i + 2j — 6k)/7. 
Compare with Problem 16. 
33. Prove the law of sines for plane triangles. 
A 
Let a,b and c represent the sides of triangle ABC 
as shown in the adjoining figure; then at+b+e - 0. Mul- 
tiplying by à X, b x and c x in succession, we find c 
axb = bxc = cxa b 
i.e. ab sin C = besinA = ca sin B 
B 
be sind _ sinB _ sinC " 
a b c C 


34. Consider a tetrahedron with faces F,,E,RK,RK. 
Let V,V,,V,,V, be vectors whose magnitudes are 
respectively equal to the areas of F; , Fo, F5, F, and 
whose directions are perpendicular to these faces 
in the outward direction. Show that ViAVAVGTV, = 0. 


By Problem 30, the area of a triangular face deter- 
mined by R and Sis 3|Rxs|. 


The vectors associated with each of the faces of 
the tetrahedron are 


V,= ZAXB, V= $BxC, V= ÍCxA, V4 = i(C—-A) x (B—A) 


Then Vit Vo * Va* V = 2[AxB + BxC + CXA + (C~A)x(B—A)] 
= &[AxB + BxC + CxA + CXB — CxA — AxB + AxA] = 9. 


This result can be generalized to closed polyhedra and in the limiting case to any closed surface. 


Because of the application presented here it is sometimes convenient to assigh a direction to area and 
we speak of the vector area. : 


35. Find an expression for the moment of a force F about a point P. 


The moment M of F about P is in magnitude equal to F times the perpendicular distance from P to the 
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line of action of F. Then if ris the vector from P to the ini- 
tial point Q of F, 


M = F(rsinO) = rF sin@ = |rxF | 


If we think of à right-threaded screw at P perpendicular 
to the plane of r and F, then when the force F acts the screw 


will move in the direction of rx F. Because of this jt is con- 
=rxF. 


venient to define the moment as the vector M 


36. A rigid body rotates about an axis through po 


angular speed c. Prove that the linear velocity V of a 
point P of the body with position vector T is given by 
y =wxr, where @ is the vector with magnitude w whose 
direction is that in which a right-handed screw would 


advance under the given rotation. 


Since P travels in a circle of radius 7 sin 6, the magni- 


tude of the linear velocity v is w(r sin 0) = lox 


must be perpendicular to both @ and r and is such that r,@ and 


v form a right-handed system. 


Then v agrees both in magnitude and direction with @ Xr; 
The vector @ is called the angular velocity. 


hence v- @ Xr. 


TRIPLE PRODUCTS. 


31. Show that A* (BxC) is in absolute value equal 
to the volume of a parallelepiped with sides 
A,BandC. 


Let n be & unit normal to parallelogram I, 
having the direction of BxC, and let À be the 
height of the terminal point of A above the par- 
allelogram 1. 


Volume of parallelepiped - 


I 


int O with 


r|. Also, V 


(height A) (area of parallelogram 7) 
(A-n)(|BxC}) 
a-{|Bxc|n} = A-(BxO 


If A,B and C do not form a right-handed system, A-n < 0 and the volume = |a. (Bx oj ; 


38. If A - A4 * Áoj * Ask , B = Bi + Boj + Bok , 


A: (BxC) 


i j 
C4 Co 


k 
B3 
Cg 


A: (Bx C) A: 


(A4 + Agoj + Ask) 


= Ay(BgCg—BgCo) + Ao(Bgl4— B4Ca) + Ag(B4Co — B201) = 


€ =C,i+Coj+Csk show that 
A, Á As 

= B4 Bz Bs 
C4 Co Cal 


e [(B5Cs - B3C2)i t (B4C4 - B1Cs)5 + (B4C5 — BoC) k 


Ay 
B4 
Ci 


Ag 
B2 
Co 


As 
Bs 
Cs 


39. 


40. 


41. 


42. 


43. 
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Evaluate (2i-3j) - [G+j—k)x(3i-k)] . 


2 -3 0 
By Problem 38, the result is 1 1 -1}] = 4, 
3 0 -1 


Another Method. The result is equal to 
(21 - 3) - [ix(3i 1) + jx(3i-k) - kx (3i — 1)] 
(21 -3j)- [3ixi — ixk + 3jxi — jxk — 3kxi + kxk] 
(2i —3j)-(0 + j — 3k — i — 3j + 0) 
(21-33). (—i— 2j- 3k) = (2)(—1) + (-3)(-2) + (0)(-3) = 4. 


Prove that A:(BxC) = B:(CxA) = C- (AxB). 


By Problem 38, A: (BXxC) = |B, Bo Bg 


By a theorem of determinants which states that interchange of two rows of a determinant changes its 
sign, we have 


A, Ag Ag B4 Bo Bs Bı Bə Bs 
B, Bə Bs} = — |44 Áp Ág = C4 Cy Cs = B-(CXxA) 
C4 Co Cs C4 Co Cs A, Ag Ag 
A, Ag Ag C4 Co Cg C4 Co Cg 
B4 Bo Bg = ole | B4 Bo Bs = l^ Áo Ág | = C+(AXB) 
C4 Co Cg A, Ag Ag Bi Bo Bs 


Show that A- (Bx C) = (AXB)-C. 


From Problem 40, A-(BxC) = C-(AxB) = (AxB)-C 


Occasionally A-(BXC) is written without parentheses as A- B XC. In such case there cannot be 
any ambiguity since the only possible interpretations are A- (BxC) and (A- B) xC. The latter however 
has no meaning since the cross product of a scalar with a vector is undefined. 


The result A- BXC = AXB-C is sometimes summarized in the statement that the dot and cross can 
be interchanged without affecting the result. 


Prove that A-(Ax C) - 0. 


From Problem 41, A-(AxC) = (AXA)-C = O0. 


Prove that a necessary and sufficient condition for the vectors A, B and C to be coplanar is that 
A: BxC = 0. 
Note that A-BxC can have no meaning other than A-(B xC). 


If A, B and C are coplanar the volume of the parallelepiped formed by them is zero. Then by Problem 
37, A- BxC - 0. 


Conversely, if A-BXC - 0 the volume of the parallelepiped formed by vectors A, B and C is Zero, 
and so the vectors must lie in a plane. 


Let rmaxityjtzk, ro =%i *tyej-z;k and ra=%i *tysj +zgk be the position vectors of 


n^ 
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41. 
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points PG, yas Z1) P(X, Yo. 22) and P,(xs,¥s, ze). 
Find an equation for the plane passing through P4, 
P, and P3. 


We assume that P1, Po and Pg do not lie in the same 
straight line; hence they determine a plane. 


Let r=xityj+zk denote the position vector of any 
point P(x,y,z) in the plane. Consider vectors Py Psy = 
fo- r4, PiaPg=tg—hh and P,P =r-f% which all lie in 
the plane. 


By Problem 43, P,P: P,P. X PPa = 0 or 


(r-r)-(t5-r)X(-r) = 0 


In terms of rectangular coordinates this becomes 
[xi + (y—ydi + G-29k] * [x57 x1 + 02701 + (25-2) k] x [G5 71 + (87523 + (zg9—2,)k] - 0 


X oc XH y —Y»y1i Z ~= Z4 


or, using Problem 38, Xo—x1 y27yı  ?72771| = 0. 


Xa 7X4 yayı Zg—24 


Find an equation for the plane determined by the points P,(2, -1, D, £(3,2, -D and P,(-1,3,2). 


The position vectors of P}, Py, Ps and any point P(x, y, z) are respectively r7 2i -j *k, T2 =3i+2j—-k, 
rg—- -i*3j *2k and r =xityj+zk. 


Then PP,=r-m, PoeP1= teh, P,P, = tg-% all lie in the required plane, so that 


(r —r) * (rz T4) X (ts T4) = 0 
i.e. [x -2)3i * (y *Di * (z-Dk] : [i+ 3) - 2k] x [721 + 4j + k] = 0 
[x -2i *( * Di + (z-Dk]- [110 4 5j * 13k] = 0 


6-2) + By #1) +138(z-1) = 0 or Mx + By + 182 = 30. 


If the points P,Q and R, not all lying on the same straight line, have position vectors a,b andc 
relative to a given origin, show that axb « bxc *cxa isa vector perpendicular to the plane 
of P,Q and R. 


Let r be the position vector of any point in the plane of P,Q ard R. Then the vectors r-a, b—a and 
c-a are coplanar, so that by Problem 43 


(r-a)- (p-a) x (c-a) = 0 or (r—a) (axb * bxc + exa) = 0. 


Thus axb+ bxc + cxa is perpendicular to r—a and is therefore perpendicular to the plane of P,Q 
and R. 


Prove: (a) Ax(BxC) = B(A: C) - C(A: B), (b) (AXB)xC = B(A: €) - A(B: C). 
(a) Let A=Ait+AgitAgk, B =B4i + Boj + Bok, € 2 C4À + Coj + Cok. 

i j K 
(Ad + Aoj +Agk) X | Ba Bo Ba 

Ca Co Cs 


(Agi + Agi + Ask) X( [B5Cs - BaC2]i + [B3C,—B4Cs]i + [B1C2 — BoC4] k) 


Then AX(BXC) 
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i. j k 
= Ay Ap Ag 
BoCa—BaCo — BaCi—B4Cag BC- BC, 


= (A2B4Co ~ ABC; — AgBgCy + AgB4Ca)i + (AgBoCg — AgBaCa — A4B4Co + AyBoCy)i 
+ (441B3C4 — A1B1C3 — A2B2C3 + ApBgCo) Kk 


Also B(A:C) - C(A: B) 
= (Bi + Boj + Bgk) (44C4 + AoCo + AgCa) — (Cii + Coj + Cak) (44B4 + AgBo + AgBs) 
(45B4C5 + AgB4C3 — A5C4B5 — AgC4Ba) i. (BoA44C4 + BodgCs — C2A4 B4 — Co45B4) j 
+ (ByA, C41 + BsA5Co — Cg A, B4 — CgAoBo) k 
and the result follows. 


(b (AXB) X € = -CX(AXB) = - (A(C-B) - B(C-A)} = B(A-C) — A(B:C) upon replacing A, B and 
C in (a) by C, A and B respectively. 


Note that AX (BXC) Z (AXB) XC, ie. the associative law for vector cross products is not 
valid for all vectors A, B, C. 


48. Prove: (AxB): (CxD) = (A&:C)(B&-D) - (A'D)(B-C). 


From Problem 41, X-(CXD) = (XXC)-D. Let X- AXB; then 


H 


(A x B) - (Cx D) {(AxB) x C}-D = {B(A‘C) - A(B-C)} - D 


(A: C) (B:D) - (A- D(B-C), using Problem 47(b). 


49. Prove: Ax(BxC) + Bx(CxA) + CX(AxB) = 0. 


By Problem 47(a), AX(BxC) = B(A- C) - C(A- B) 
BX(CXA) = C(B:A) - A(B- C) 


CX(AxB) = A(C-B) - B(C- A) 
Adding, the result follows. 


50. Prove: (AxB) x(C xD) = B(A-C xD) - A(B-CxD) = C(A- BxD) - D(A: Bx C). 
By Problem 47(a), Xx(CxD) = C(X-D) - D(X-C). Let X-Ax B; then 


(Ax B) x (Cx D) 


C(A x B: D) - D(A x B- C) 
= C(A-B XD) ~ D(A- B XC) 


By Problem 47(b), (AxB) x Y = B(A-Y)—A(B-Y). Let Y=CxD; then 
(A xB) x (CXD) = B(A; C xD) - A(B-CxD) 


91. Let POR be a spherical triangle whose sides p,q4,r are arcs of great circles. Prove that 
sin? . sinQ _ sinR 


sin p sin q sin r 


Suppose that the sphere (see figure below) has unit radius, and let unit vectors A,B and C be drawn 
from the center O of the sphere to P, Q and R respectively. From Problem 50, 


(7) (AXB) x (AxC) = (A:BxC)A 
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A unit vector perpendicular to Ax B and AxC is A,so 
that (1) becomes 


(2) sinr sing sinP A = (A-BXC)A or 
(3) sinr sing sinP = A-BxC 


By cyclic permutation of p,g,r, P, Q,R and A,B,C we 
obtain 


(4) sinp sinr sinQ = B-CXA 
(5) sing sinp sinR = C-AxB 

Then since the right hand sides of (3), (4) and (5) are 
equal (Problem 40) 


sinr sing sinP = sinp sinr sin Q = sing sin p sin R 


sin P sinQ sink 


from which we find ship s dn 2 zb our 


This is called the law of sines for spherical triangles. 


Prove: (AXB)- (BxC) x (CXxA) = (A- BXCY. 
By Problem 4%(a), Xx(CxA) = C(X-A) - A(X- CO). Let X- BxC; then 
(BXC) X(CXA) = C(BxC-A) - A(BXC-C) 
= C(A-BxC) - A(B-CxC) = C(A:BxO) 
Thus (AxB)-(BxC) x (CXA) = (A xB) + C(A-BXC) 
(AXB-C)(A-BXC) = (A: Bxcy 


bxc i cxa ,_ axb : 
whee? SOS and c'= ee that if a bxc #0, 


Given the vectors a’ = 


(a) a^a = b-b = che = 1, 

(b)a-b = ac = 0, Dra =b-c = 0, cta = ctb = 0, 

(c) if a-bxc = V then a-bx c! = 1/V, 

(d) a’, b',and c' are non-coplanar if a, b and c are non-coplanar. 
D bxc a- bxc 


4 
a a-a = a-a = a» = = 1 
(a) a*bxc a:bxec 


" cxa b-cxa a-bxc 


b-b = b-b = b> = = sc 
a-bxe a-bxec a-bxec 

' t axb c.axb a.bxc 

Cc =e¢-c = > = zo 


a-bxc a:bxc a-bxc 


(y ab Seat =h bxc . b:bxc _ bxbc _ 0 
a-bxe a-bxe a:bxc 


Similarly the other results follow. The results can also be seen by noting, for example, that a’ has 
the direction of bx c and so must be perpendicular to both b and c, from which d-b-0 and a-c=0. 


From (a) and (b) we see that the sets of vectors a,b,c and a' b, c/ are reciprocal vectors. See 
also Supplementary Problems. 104 and 106. 
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bb. s (bx c)- (ex a)x(ax b) (ax b). (bx e)x(c x a) 
'Then a-bxe = y? = y? 


(a- bx c? z y? 


y? y? 


1 
= using Problem 52. 
V 


(d) By Problem 43, if a,b and c are non-coplanar a-bxc £ 0. Then from part (c) it follows that 
i i f i H i 
a-bxe # 0, sothat a,b and c are also non-coplanar. 


54. Show that any vector r can be expressed in terms of the reciprocal vectors of Problem 53 as 
r = (r-a)at+ (r-b)b * (r-c)c. 


From Problem 50, B(A: CxD) - A(B:CxD) = C(A:Bx D) — D(A: Bx C) 


3i p - A(B.CxD)  B(A-CxD) , €A: Bx D) 
en 7 A-BxC |.  A.BxC A-BxC 


Let A=a, B=b, C-c and D-r. Then 


r: bxc r'cexa r'axb 
t + 


^  a-bxe a:bxc a-bxc- 
Z ai bxc " exa ba axb 
3 dicc? E asco) nts peel’ 


(r-a)a t (r-b)b * (r*c)c 


SUPPLEMENTARY PROBLEMS 


55. Evaluate: (a) k-(i+j), (b) (i — 2k)-(j + 3k), (c) (2i — j * 3k)- (3i + 2j — k). 
Ans. (a) 0. (b) —-6 (c)1 


56. If A-i*3j —2k and B - 4i — 2j * 4k, find: 
(a) A-B, (b) A, (c) B, (d) |3A*2Bl, (e) (2A +B). (A—2B). 
Ans. (a) 10 (b)V14 (c)6 (d)V150 (e)—14 


57. Find the angle between: (a) A = 3i t2j—6k and B = 4i—3j-k, (b) C = 4i — 2j * 4k and D = 3i—6j— 2k. 
Ans. (a)90? (b)arc cos 8/21 = 67°36! 


98. For what values of a are A = ai—2j+k and B = 2ai *aj—4k perpendicular? Ans. a2 2, —1 


59. Find the acute angles which the line joining the points (1,—3,2) and (3,—5,1) makes with the coordinate 
axes. Ans. arc cos 2/3, arc cos 2/3, arc cos 1/3 or 48°12’ 48°12’, 70?32' 


60. Find the direction cosines of the line joining the points (3,2,—4) and (1,—1,2). 
Ans. 2/1,3/1,—6/" or —2/1,—3/1,6/*1 


61. Two sides of a triangle are formed by the vectors A = 3i+6j—2k and B = 4i—j+3k. Determine the angles 
of the triangle. Ans. arc cos 7//75, arc cos V26/V5, 90° or 364', 53^56', 90° 


62. The diagonals of a parallelogram are given by A = 3i—4j—k and B = 2i t3j— 6k. Show that the parallelo- 
gram is a rhombus and determine the length of its sides and its angles. 
Ans. 5V3/2, arc cos 23/75, 180? — arc cos 23/75 or 4.33, 72°8', 10752 
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63. 


64. 


65. 


66. 
67. 


68. 


69. 


70. 


71. 
72. 


73. 


14. 


15. 


16. 


Ti. 


18. 


79. 


80. 


81. 


82. 
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Find the projection of the vector 2i—3j+6k onthe vector i+ 2j + 2k. Ans. 8/3 


Find the projection of the vector 4i — 3j +k on the line passing through the points (2,3,—1) and (—2,—4,3). 
Ans. i 


If A=4i—j+3k and B= —2i +j — 2k, finda unit vector perpendicular to both A and B. 
Ans. +(i—2j—2k)/3 


Find the acute angle formed by two diagonals of a cube. Ans. are cos 1/3 or 70°32! 
Find a unit vector parallel to the xy plane and perpendicular to the vector 4i—3j*k. Ans. t(83it4jy/5 
Show that A = (2i— 2j *k)/3, B = (i+2j+2k)/3 and C = (2i+j—2k)/3 are mutually orthogonal unit vectors. 


Find the work done in moving an object along a straight line from (3,2,—1) to (2,—1,4) in a force field given 
by F = 4i—3j *2k. Áns. 15 


Let F be a constant vector force field. Show that the work done in moving an object around any closed pol- 
ygon in this force field is zero. 


Prove that an angle inscribed in a semi-circle is a right angle. 


Let ABCD be a parallelogram. Prove that 4B? + BC? + CD? +.DA® = AC? + BD’. 


If ABCD is any quadrilateral and P and Q are the midpoints of its diagonals, prove that 
AB? + BC? + CD? + DA? = AC? + BD? + 4PQ* 
This is a generalization of the preceding problem. 


(a) Find an equation of a plane perpendicular to a given vector A and distant p from the origin. 
(b) Express the equation of (a) in rectangular coordinates. 
Ans. (a2) r-n 2 p, where n=A/A; (b) Aux + Any + Agz = Ap 


Let r and ro be unit vectors in the xy plane making angles (& and B with the positive x-axis. 
(a) Prove that r4- cos i + sind j, fo= cos B i+ sin 8 j. 
(b) By considering rı- ro prove the trigonometric formulas 

cos (Q —) = cos cos B+ sind sin B, cos (Q +B) = cosa cosS8—sin® sin B 


Let a be the position vector of a given point (x,,71,21), and r the position vector of any point (x,y,z). De- 
scribe the locus of rif (a) |r —al = 3, (b) (r—a) a= 0, (c) (r—a)-r=0. 
Ans. (a) Sphere, center at (x4, y1,24) and radius 3. 
(b) Plane perpendicular to a and passing through its terminal point. 
2 


(c) Sphere with center at (x, /2, y, /2, z,/2) and radius 2V2, + y, * 22, 


or a sphere with a as diameter. 
Given that A = 3it+j+2k and B = i—2j—4k are the position vectors of points P and Q respectively. 

(a) Find an equation for the plane passing through Q and perpendicular to line PQ. 

(b) What is the distance from the point (—1,1,1) to the plane ? 


Ans. (a) (r-B)'(A—B) = 0 or 2x+3y+6z = —28; (b) 5 


Evaluate each of the following: 
(a) 2§x(3i—4k), (b) (à*2j)xk, (c) (2i— 4k) x (i+ 2j), (d) (4i*j—2k)x(3i *k), (e) (2i *j—k)x (3i— 2j * 4k). 
Ans. (a)—8i—6k, (b)2i—ij, (c) 8i—4j+4k, (d)i—10j—3k, (e) 2i— 11j— "Tk 


If A = 8i—j—2k and B = 2i+3j+k, find: (a) lAxBl, (b) (A*2B)x(2A—B), (c) |(A*B)x(A—B)|. 
Ans. (a)V195, (b)—25i-*35j—55k, (c) 2V195 


IfA-i—2j—3k, B-2i*j—k and C =it+3j—2k, find: 

(a) | (AxB) x C], (c) A: (BxC), (e) (AxB) x (BxC) 

(b) |A x (Bxc)|, (d) (AxB) €, (f (AxB)(B: C) 

Ans. (a) 5V26, (b)3V10, (c)—20, (d)—20, (e) —40i—20j+20k, ((f) 35i —35j * 35k 


Show that if AZ 0 and both of the conditions (a) A:B = A-C and (b) AXB = AxC hold simultaneously 
then B= C, but if only one of these conditions holds then B #C necessarily. 


Find the area of a parallelogram having diagonals A - 3i +j—2k and B -i—3j*4k. Ans. 5V3 
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83. Find the area of a triangle with vertices at (3,—1,2), (1,—1,—3) and (4,—3,1). Ans. 3V165 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


92. 


94. 


95. 


96. 


97. 


98. 


99. 


100. 


101. 


If A = 2i+j—3k and B=i—2j+k, find a vector of magnitude 5 perpendicular to both A and B. 


Ans, + 8 apu 


Use Problem 75 to derive the formulas 
sin (€ — By = sin® cos B — cosa sinB, sin (Q+ By = sind cos B + cos sinB 


A force given by F = 3i * 2j — 4k is applied at the point (1,—1, 2). Find the moment of F about the point 
(2, —1, 3). Ans. 2i— "j — 2k 


The angular velocity of a rotating rigid body about an axis of rotation is given by & = 4i*j—2k. Find the 
linear velocity of a point P on the body whose position vector relative to a point on the axis of rotation is 
2i—3j+k. Ans. —5i — 8j — 14k 


Simplify (A+B): (B +C)x (C +A). Ans. 2A' BxC 
A:a A'b Are 

Prove that (A°BxC)(a-bxe) = B-a B-b B.c 
C-a Ch Cre 


Find the volume of the parallelepiped whose edges are represented by A-2i—3j*4k, B=i+ 2j-—k, 
C = 3i—j+2k. Ans. 7 


- If A. BxC =0, show that either (a) A, B and C are coplanar but no two of them are collinear, or (b) two 


of the vectors A, B and C are collinear, or (c) all of the vectors A, B and C are collinear. 
Find the constant a such that the vectors 2i—j*k, i*2j—3k and 3i+aj+5k are coplanar. Ans, a = —4 
If A-xatybt* Z6, B= xa +y b+ z,c and C =x,a + Yab + z4c, prove that 


X4 Yi 74 
A-BxC = |x y zo| (a-bxc) 


9 X 7g 


Prove that a necessary and sufficient condition that Ax (BxC€) = (AxB)xC is (AXC)X B- 0. Dis- 
cuss the cases where A-B- 0 or B:C-0. 


Let points P,Q and R have position vectors I,73i—2j—k, r,=i+3j+4k and r= 2i *tj—2k relative to 
an origin O. Find the distance from P to the plane OQR. Ans. 3 


Find the shortest distance from (6,—4,4) to the line joining (2,1,2) and (3,—1,4). Ans. 3 


Given points P(2,1,3), Q(1,2,1), R(—1,—2,—2) and 5(1,—4,0), find the shortest distance between lines PQ and 
RS. Ans. 3V2 


Prove that the perpendiculars from the vertices of a triangle to the opposite sides (extended if necessary) 
meet in a point (the orthocenter of the triangle). 


Prove that the perpendicular bisectors of the Sides of a triangle meet in a point (the circumcenter of the tri- 
angle). i 


Prove that (AxB)-(CxD) + (BxC)-(AxD) + (CxA)-(BxD) = 0. 


Let PQR be a spherical iriangle whose sides P.q,r are arcs of great circles. Prove the law of cosines for 
Spherical triangles, 


cosp = cosg cosr + sing sinr cos P 


with analogous formulas for cos q and cos r obtained by cyclic permutation of the letters. 
[ Hint: Interpret both sides of the identity (AxB): (AxC) = (B- C)(A- A) — (A: C)B - A).] 
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102. Find a set of vectors reciprocal to the set 2i +3j-k, i—j—2k, —i*2j +2k. 


235.1 Bo oye "edis 0 
.£2£it— —~2iti——k, —-citi—; 
Ans 31 35 31 i zE 31 j 3K 
r bxc 1 cxa 1 axb 
R = ———-, b = —— d =, hat 
103. If a axe bad an foe ce prove tha 
bxc! exa a xb’ 
arte oat b = Beatie he? eU y t 
a*bxc a-bxe a:-bxc 


104. If a,b,c and a,b,c’ are such that 
a^a-bb-c*c*1 
a^b = a^c = bea = bec = cra = chb = 0 
prove that it necessarily follows that 


1 bxc 1 cxa " axb 
a =——, b =-—-—> C = — 
a> bxc a-bxc a: bxc 


105. Prove that the only right-handed self-reciprocal sets of vectors are the unit vectors i,j,k. 


106. Prove that there is one and only one set of vectors reciprocal to a given set of non-coplanar vectors a,b,c. 


Chapter 3 


ORDINARY DERIVATIVES OF VECTORS. Let R(u) 
be a vector depending on a single scalar variable u. 
Then 


= An) — 
AR _ R(u*Au) — Ru) R(u+Au) — Riu) 


Au Au 


where Au denotes an increment in u (see adjoining 
figure). 


The ordinary derivative of the vector R(u) with respect to the scalar u is given by 


dR " ^R ; R(u * ^u) — R(u) 
— = lim = = lim 
du Au-0 Au Au-0 ^u 


if the limit exists. 


Since = is itself a vector depending on u, we can consider its derivative with respect to u. If 


this derivative exists it is denoted by In like manner higher order derivatives are described. 


aR 
di? 


SPACE CURVES. If in particular R(u) is the position vector r(u) joining the origin O of a coordinate 
System and any point (x, y, z), then 


r(u) = x(u)i + y(u)j + z(u)k 


and specification of the vector function r(u) defines x,y and z as(functions of u., 


AS u changes, the terminal point of r describes 
& space curve having parametric equations 


x -x(u), y —y(u), z =z(u) 


Then Ar = r(u*Au) — r(u) is & vector in the di- 
Au Au 


rection of Ar(see adjacent figure). If HE Bre at 
Au-0 ^u du 


exists, the limit will be & vector in the direction of 
the tangent to the space curve at (x, y, z) and is giv- 
en by 


dr de, , dy, NN 
du du da da 


If u is the time t, E represents the velocity v with 


od 
dt dt? 


which the terminal point of r describes the curve. Similarly, represents its acceleration a 


along the curve. 
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CONTINUITY AND DIFFERENTIABILITY. A scalar function du) is called continuous at u if 
jim dXu*^u) = du). Equivalently, (u) is continu- 
1,0 


ous at u if for each positive number € we can find some positive number 6 such that 
|d(utAu) — $(u)| < € whenever [Au] < 8. 


A vector function R(u) = Rx(u)i + Ra(u)j + Ra(u)k is called continuous at u if the three scalar 
functions R4(u), Ro(w) and Rs(u) are continuous at u or if jim R(u +Au) = R(u). Equivalently, R (u) 
4,0 
is continuous at u if for each positive number € we can find some positive number ô such that 


| Ru +Au) — R(u) | « € whenever | Aw | < 8. 


A scalar or vector function of u is called differentiable of order n if its nth derivative exists. A 
function which is differentiable is necessarily continuous but the converse is not true. Unless other- 
wise stated we assume that all functions considered are differentiable to any order needed in a par- 
ticular discussion. 


DIFFERENTIATION FORMULAS. If A, B and C are differentiable vector functions of a scalar u, and 
$ is a differentiable scalar function of u, then 


Ge ee 
2 BA. B) - A. UB a B 
a. 
3 T Ax B) = ax + Aye 
Core Ste ge ts 
4. Higa) -pa 
X LAE. AE e 
5. GA BO = A: Bx f * a-Bxe t u PC 
i q (Ax ae) - doa gC, + Ax Gu xe + dA x (Bx €) 


acsi wit ile a ai m er tn e tma SE a mae ees esent tH 


The order in these products may be important. 


PARTIAL DERIVATIVES OF VECTORS. If A is & vector depending on more than one scalar variable, 
say x,y,z for example, then we write A = A(x,y,z). The 
partial derivative of A with respect to x is defined as 


9A ii A(xtAx, y,2) — A(x,y,z) 
Ox Ax-0 Ax 


It 
H 


ifthis limit exists. Similarly, 


9A lim A (x, y ty, z) an A (x,y,z) 
oy Ay 0 Ay 


OA _ A(x,y, z+Az) — A(x,y,2) 
Oz T Az 


ll 
= 
pet 
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are the partial derivatives of A with respect to y and z respectively if these limits exist. 


The remarks on continuity and differentiability for functions of one variable can be extended to 
functions of two or more variables. For example, P(x, y) is called continuous at (x,y) if 
lim d(x +Ax, y+Ay) = (x,y), or if for each positive number € we can find some positive number 
2 
S such that | d(x Ax, y tAy) — à (x,y) | < € whenever |Ax| < 5 and | Ay | < 8. Similar defi- 
nitions hold for vector functions. 


For functions of two or more variables we use the term differentiable to mean that the function 
has continuous first partial derivatives. (The term is used by others in a slightly weaker sense.) 


Higher derivatives can be defined as in the calculus. Thus, for example, 


97A _ 0 dA oA 9 ,9A 97A 9 ,9A 


Oa? ^ 8k On?" "ay ay ay * Out Be ar) 
oA _ 29 dA, A — 23 (3A) eA | 9 (97A 
Ox dy Ox Oy 5 Oy Ox Oy Ox ©’ Ox Oz? dx Oz? 
m OA SA , 
If A has continuous partial derivatives of the second order at least, then coe T s i.e. the 
order of differentiation does not matter. wey Tue 


Rules for partial differentiation of vectors are similar to those used in elementary calculus for 
scalar functions, Thus if A and B are functions of x,y,z then, for example, 


OL 2 (A.B) Eu ig 2A n 

d Ox Ox Ox 

b 

1 d _ 9B , OA 

\ 2. 3, XB) Ax- + 5a B 

| 

T EN OT 2 OQ qXQSB , 3A 
E $9 M B c SS EE e (eS SHE 
| _ a. 2B , 2A, 2B , 2A. dB A 


dy dx Oy Ox | Ox Oy y Dr ett. 


DIFFERENTIALS OF VECTORS follow rules similar to those of elementary calculus. For example, 
I. If A=A,ji+A,j+A,k, then dA = dA,i + dA j+ dA,k 


2. d(A- B) = A-dB + dA-B 


$e 


d(AxB) - AxdB * dAxB 


If A= A(x,y,z), then dA ax on y + 5, etc. j 


r 
E Mann, 


a ne erie ia a c i ane 


DIFFERENTIAL GEOMETRY involves a study of space curves and surfaces. If C is a Space curve 


defined by the function r(u), then we have seen that a is a vector in 
‘ u 
the direction of the tangent to C. If the scalar u is taken as the arc length s measured from some fixed 


point on C, then g is a unit tangent vector to C and is denoted by T (see diagram below). The 
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rate at which T changes with respect to s is a mea- 


sure of the curvature of C and is given py 22 . The 


dT ds 
direction of d at any given point on C is normal to 
S 


the curve at that point (see Problem 9), If N is a 
unit vector in this normal direction, it is called the 


principal normal to the curve. Then iT = KN, where 


Kis called the curvature of C at the specified point. | 
The quantity o = 1/« is called the radius of curva- 
ture. : 


A unit vector B perpendicular to the plane of T and N and such that B = T xN, is called the bi- 
normal to the curve. It follows that directions T,N,B form a localized right-handed rectangular co- 
ordinate system at any specified point of C. This coordinate system is called the trihedral or triad 
at the point. As s changes, the coordinate system moves and is known as the moving trihedral. 


A set of relations involving derivatives of the fundamental vectors T,N and B is known collec- 
tively as the Frenet-Serret formulas given by 
aT i dN dB 


pipi m Bp — — = æ 
Ts KN, ds F KT, Js TN 


where T is a scalar called the torsion. The quantity c = 1/7 is called the radius of torsion. 


The osculating plane to a curve at a point P is the plane containing the tangent and principal 
normal at P. 'The normal plane is the plane through P perpendicular to the tangent. The rectifying 
plane is the plane through P which is perpendicular to the principal normal. 


MECHANICS often includes a study of the motion of particles along curves, this study being known 
as kinematics. In this connection some of the results of differential geometry can be of 
value. 


A study of forces on moving objects is considered in dynamics. Fundamental to this study is 
Newton's famous law which states that if F is the net force acting on an object of mass m moving 
with velocity v, then 


d 
F - g 


where mv is the momentum of the object. Ifmis constant this becomes F = m dX. = ma, where a is 


the acceleration of the object. at 
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SOLVED PROBLEMS 


1. If R(u) = x(u)i + y(u)j + z(u)k, where x,y and z are differentiable functions of a scalar u, prove 


dR _ dx, , dy, , dz 
Hes uu aab t abs 
dR . jm R(*^w)- Ru) 
du Au=0 Au 
= um BEHAD + yl +Âu)j +z(u+Au)k] — [xq +yu)j + zu)k] 
Au-0 Au 
y x(u +Au) — x(u) y(u +Au) — yu), z(u +Au) — z(u) 
= i ——————- 
A ^u y Au ka Au : 


_ dx, dy, | dz 
dye T Jui +t du € 


, T dR aR dR dR 
2. Given R = sint i + costj + tk, find erae (b) d? (c) [hs (d) | d) 


- 


(a) R anota A Di + Lok osti sintj +k 
a) I D Tu = =c — sin 
d P7 sint)i d COS t) j m S j 


Tm e ETC 
(b) dB ^ 26 de x: ap 008 2)1 — 4 oi 0i ao) = —sin cost j 
(c) 12| = V (cos t)? + (—sint)? + (1)? = V2 

dR 
(d) bl = V(—sint)? + (—cost)? = 1 


3. A particle moves along a curve whose parametric equations are x = a y = 2cos 3t, z = 28in3t, 
where ¢ is the time. 


(a) Determine its velocity and acceleration at any time. 
(b) Find the magnitudes of the velocity and acceleration at t =0. 


(a) The position vector r of the particle is r = xi+ yj+zk = e~ti+ 2cos 3t i+ 2sin3t k. 
dr -t 


Then the velocity is v = —e “i — 6sin3tj + 6cos3tk 


dt 
2 
and the accelerationis a = "i = eti — 18cos3¢j — 18sin3¢k 
t 
dr , d?r p 1 
(b) At t - 0, di^ —i + 6k and di = i — 18j. Then 


magnitude of velocity at ¢ = 0 is VG + y = v2 
magnitude of acceleration at t=0 is V(1)*+(—18)* = V 325. 


4. A particle moves along the curve x = 2t? , y= t — 4t , 2 =3t—5, where ż¢ is the time. Find the 
components of its velocity and acceleration at time t=1 in the direction i — 3j + 2k. 
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Velocity = x - [afi + (—40j + (31 — 5k] 
= 4ti + (20—4)j + 3k = 4i — 2j + 3k — att 1. 


i-3j+2k — , i- 3) + 2k | 


Unit vector in direction i— 3j + 2k is = 
v (1)? + (-3)** (2° V14 


Then the component of the velocity in the given direction is 


(4i — 2j + 3k)-(i — 3j + 2k) (4)(1) + (—2)(—3) + (3)(2) 16 8y 14 
14 j vi4 V14 7 
: d'r d dr d J F 4 
=z — = —(— =z — + — + k x 4 T t : 
Acceleration d PAS di [4i (2t —4)j + 3 ] i * 2j Ok 
Then the component of the acceleration in the given direction is 
(4i + 2j + 0k): (i — 3j + 2k) - (4)(1) + (2(—3) + (0) (2) = c ME Y 14 
A4 V14 A4 1 


5. A curve C is defined by parametric equations x —x(s), y =y(s), z =2(s), where s is the arc 
length of C measured from a fixed point on C. If ris the position vector of any point on C, show 
that dr/ds is a unit vector tangent to C. 


dr d rito dx, , dy, , dz, , 
— s — t t = + + — = = 
The vector ds ds (xi + yj + zk) dst PE js is tangent to the curve x= x(s), y=y (s), 
z -z(s). To show that it has unit magnitude we note that 
dr dx,» , dye , dz.» (dxY. + (dyf + (dz) 
— |= — + + (= = 
| ds | G Gs? Gis) 71 (ds Y? : 


since (ds)? = (dx)? + (dy)? + (dz)? from the calculus. 


6. (a) Find the unit tangent vector to any point on the curve x = t?+1, y =4t-3, z= 207 — 6t. 
(b) Determine the unit tangent at the point where £-2. 


(a) A tangent vector to the curve at any point is 
dr 
dt 


'The magnitude of the vector is | e| = V(2t + (4)2+ (4t — 63. 


= PARU + (4—3)j + (22—60k] = xi + 4j + (4t—6)k 


2tà + 4j + (4t-6)k 


Then the required unit tangent vector is T - 
VOY + (4. + (4t 6% 


dr ds dr/dt dr 
Note th Sele gos E 5 ds 
ote that since bs | di ds /dt ds 
j + 
(b) Att=2, the unit tangent vector is T = P Bedi oe. 
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7. If A and B are differentiable functions of a scalar u, prove: 


dap =a 2 4 Aap, œ) (AxB) = Agee y On 
du du 


(a) du 7 du io n 
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(A + ^A): (B * ^B) — A'B 


d 
= A-B = li 
uc LE s 
.. A-AB + AA-B + AA-AB 
= lim 
Au-0 Au 
AB , AA AA dB , dA 
= lim AV + B + —À.AB = A-— + S.B 
Au-0 Au Au Au du du 


Another Method. Let A = Aji + Ajj + Ask, B = Bi + Boj + Bgk. Then 


-Z (A-B) = (AB, + ApBo + ABa) 
du du 
dB dB dB dA dA dA dB dA 
A, ——1 + 2+ 3) + (AB, + —B, + “58 = A.== n. [SR 
(4s du ^ du 4s du! Tu z du ? du Ba) du du 
(b) d (Ax B) zoom (A + AA) x (B + AB) — AxB 
du Au=0 Au 
= lim Ax Ap + AAxB + AAxdB 
Au-0 Au 
= lim ax SB, AA p + PA AR = 4x 2B + Ay 
Au-0 Au Au Au u du 
Another Method. 
i i k 
d d 
qj, x P nig A, Ag Ag 
B4 Bə Bg 


Using a theorem on differentiation of a determinant, this becomes 


i j k i j k 
dA, dás dás| _ , dB , dA 
Ay As As 3 du du du 3 AX du t du 58 


B4 Be Bs 


8. If A=5:i ttj — i?k and B=sinti — cos: j, find (a) PCS B), (b) dax B), (c) Z(A-A. 


| 
> 
e 


Gog, 
(a) d AB) 


Gi + tj — Ck)*(costi + sinti) + (10ti + j — 3k) - (sint i — cos: j) 


= Bi^cost + tsint + lOrsint — cost = (B5t—1)cost + lltsint 


Another Method. A-B = 5i?sint —tcost. Then 


4 (A.B) = 4 (62? sint —tcost) = Bi?^cost + 10¢ sint + t sint — cost 


(5t?—1) cost + lt sint 
d dB, d , 1 : ï : 
(6) (AxB) = AxTÉ &fAxp = | 52 —8| + | 10: 1 322 


cost sint 0 sint —cost 0 
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[8 sinti — cos:j + (St? sint — t cos t)k] 


+ [-35costi — 3 sintj + (—10¢ cost — sint)k] 


(9 sint — 3f? cost)i — (t cost + 3/2 sint)j + (Bt?sin: — sint — 11t cost)k 


Another Method. 


i j k 
AxB - 5t? t —2] = —@costi — (sint j + (—5t2 cost — t sint)k 
Sint — cost 0 
d 8.4 2 ‘ 8 2.45 ; 2. g 
Then quí = (f sint — 3t cost)i — (C cost + 3t^sint)j + (bt sint — 11t cos t — sint)k 
d -a JA, dA a = ga. dA 
(c) ah A) = As di + dt A = 2A dt 
= 2(5t2i + tj — Ok) + (10zi + j — 307K) = 100: + 2¢ + 6 
Another Method. A-A = (5€ + (Y + (CPF = 250 + * (65 
Then 2 gor + i + £9) = 100/08 + 2: + 6. 


9. If A has constant magnitude show that A and dA/dt are perpendicular provided | dA/dt | x 0. 


Since A has constant magnitude, A-A constant. 


d _ a4, dA.A = 2A. 1A = 
Then (AA) = AG) + GA = Avg, = 9. 


Thus A: dA - 0 and Ais perpendicular to gA provided lod # 0. 


10. Prove d (A-BX C) = A: Bx 2€ + a Bx + dA Bx, where A,B,C are differentiable 
du du du du 


functions of a scalar u. 


By Problems 7(a) and 7(b), d. aspx C) = act ix €) + dA exe 
du du du 
i dc , dB dA, 
= A [Bx 7 + a, xc] t Ju BxC 
dC dB dA 
= . EL GE — 4+ =. 
A’ Bx? Ata Xe du BxC 
d. dV d’ 
11. Evaluate ~ (V7 X 72). 
de‘ dt dg) 
d. dv | d'N dv av d'v dv . dv dN dN 
B Sweex = mE . 4 . 
a EIODIeDE T0. ae dt de? Y d: ' di? y di * dg dt dt dt? 
dV dN dv | dv 
= V. — —— + +0 = V-— = 
dt d? . dt dt? 


12. A particle moves so that its position vector is given by r = coswti+ sinwtj where w is a con- 
stant. Show that (a) the velocity v of the particle is perpendicular tor, (b) the acceleration a is 
directed toward the origin and has magnitude proportional to the distance fromthe origin, (c) rxv = 
a constant vector. 
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dr t . P 
(a) v = ae —O sin@ti + w coswt j 
Then r-v = [eos wti + sinwt j] . [—w sin @t i + c cos cot jl 


H 


(cos Wt)(—@ sin ct) + (sin wt) (w cos wt) = 0 


and r and v are perpendicular. 


d?r dv 
b) —5; = — = -w cos wti — w? sinwt j 
(5) dt? dt 3 


= =w? [eos wti + sinwtj] = -or 


43 


Then the acceleration is opposite to the direction of r, i.e. it is directed toward the origin. Its 


magnitude is proportional to |r| which is the distance from the origin. 


(c) rxv = [cos cot i + sinot j] x [-w sinct i +w cos ox j] 
i j k 
= COS Wt sin Wt 0| = w(cos*we + sin?ct)k = Wk, a constant vector. 


—w Sinwt Wcoswt 0 


Physically, the motion is that of a particle moving on the circumference of a circle with constant 
angular speed w. The acceleration, directed toward the center of the circle, is the centripetal accel- 


eration. 
dB dA d,, dB dA 
13. Prove: Ax=5 — —>xXxB = AX — xB 
1? dt? "m dt dt ) 
daB — dA dy OB. d dA 
GU E cum qj acu m 
dB , dA dB (dA, dB d?A ] iB 
= A + —- t B = zm 
"une Gee dt dt dt de? A 7 
14. Show that A. dA = A dA . 
dt dt 
Let A = Ai *tAjj*tAsk. Then A = VA, + A, + A3. 
dA 1,2. 42) 5. 42 dA dA dA, 
T = 21454454 Ary 1/2 1 2 
543 + Ap + Ag P4, Gt tho? + 24457) 
dA, | , dA, | , dds dA 
Ag ttn t^g o Mg "E a aR, 
VIVE A a 
Another Method. 
Si AA = A2, Laa = Eon 
ince -A = gp "a4 
fin, 2oA.dA Q, dA aa .dA d ,49 = 9494 
aA A) = A ar m A = 2 di and a) = 2s 
dA | o4 44 dA | ,dA 
Then 2A- di ~ 2A Ji or A- qe A di: 


Note that if A is a constant vector A* dA 


ar 0 as in Problem 9. 


2 2 2 2 
Lem ABUS "pda ET ee ee a2 ing: 2A, OA, 9A, 9A, 9A, 9A, 
15. If A (2x^y — xi + (e y sinx)j (x* cos y) k, find: ENS pm 3.2 $5 FSF dy ds 
9A MM EN Ai 2 y i i EE 
aout 5, y —x^)i + xU y sinx)j * ELS cos y)k 
= (4xy — 4x9)i + (ye) — y cosx)j + 2x cosy k 
S = Sony cxi * Ane sinx)j + LL 
= 2x2i + (xe? —sinx)j — x?siny k 
SA _ 29 3 d 
LA 2 .C(4xy—4x9))) + yA j + —(2% cosy)k 
E x xy x")i 5, 7° y cosx)j x COS y) 
= (4y — 12x32 + (ye +y sinx)j + 2cosy k 
QA _ 2 2 9 
ga = = (2x7)i + Z (xe) — sinx)j — > (x? siny)k 
Oy? Oy oy Oy 
= 0 + x2eX» j — x?cosy k= xe j — x?cosy k 
2 
QA ð ,9A 0 9 b pee Oo 
LA . 2 PA - Lái + -—(xeXY —sinx)j — < (x° siny)k 
Ax ew uw s Rd 
= 4xi + (xye +e% —cosx)j — 2x siny k 
2 
OA d 0A d à : 9 
= 2 (28) = —(qaxy — 425i + l—(ge? - + = (% k 
pu Soe a y x")i a y cosx)j a cosy) 
= 4xi + (xye™ 4 e —cosx)j — 2x siny k 
QA FA , NOW T" 
Note that 2 = 3 , ie. the order of differentiation is immaterial. This is true in general if A 
x X 
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y 
has continuous partial derivatives of the second order at least. 


3 


16. If D(x,y,z) = xy?z and A = xzi — xy? į *yz?k, find —À — (ga) at the point (2,—1,1). 


Ox" dz 

PA = (xy2z) (xz i — xy? j + yz? k) = x2y2224 — x?y*z 5 + xy? z? k 

9 - 9 2,2221 2,451 3,8 = 2025»1 24^ 1 38.2 
c QU e qua ied ers dere cosa doas 
z z 

z d 
$3 (PA) = 3, Q7 r1 — xP yj + Buy? 2? Y) = Axy2z i — 2xy*j + 3y)9z? k 
x Oz x 

2 9 
3,55, 0 - a ye A e^ roy = 4y?zi — 2y*j 


Of x=2,y=—1,z=1 this becomes 4(-1) (Di — x-1yj = 4i — 2j. 


17. Let F depend on x,y,z,t where x,y and z depend ont. Prove that 


dF OF , OF dz , OF dy , OF dz 
dt ot  oxdt dy dt — Oz dt 
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under suitable assumptions of differentiability. 
Suppose that F = Fi(x,y,z,t)i + FEjx,y,z,0)] + Eyx,y,z,t)k. Then 


dF = dhi + dF,j + dhk 


OF OF, OF, OF, QE, OF OF 9E, 
E LA i + i— dt + =*dx + dy + Rd 
US d tr + dy + Shalt Dx dt + Aids Se 
OF OE OF OF 
+ [=2¢ 3 dx € dy + SZ dz]k 
X ret Ox á Oy y Oz z] 
OF 9E, ORE, OF, OF> Fs 
= (— =j + => kd + + + k)d. 
Mage ae ae Sop eae ey P 
[721 OF OF; dA op OF; 
+ + k)dy + (i + -—j-* kd 
a ‘on oa SLM 
OF OF OF OF 
= dt + dx + dy + =d 
E Ox Oy ee 
ess dF | OF , OFdx , OFdy | OF dz. 
dt Ot ox de dy dt -Ək de 
DIFFERENTIAL GEOMETRY. 
18. Prove the Frenet-Serret formulas (a) dT = KN, (b) dB = —TN, (c) dN = TB—x«T 
ds ds ds 
: A dT ; dT , , 
(a) Since T-T = 1, it follows from Problem 9 that TON = 0, i.e. de is perpendicular to T. 


19. 


If N is & unit vector in the direction iT , then ET =KN. We call N the principal normal, K the 


curvature and p = 1/K the radius of curvature, 


(b) Let B - TxN, sothat dB z qx ZN t TON = px IN + KNXN = Tx2N . 
d ds ds ds ds d ds 
Then T. HE T. Tx ZN = 0, so that T is perpendicular to Le 
ds ds ds 
But from B:B = 1 it follows that p.2B = 0 (Problem 9), so that zB is perpendicular to B and 


ds 
is thus in the plane of T and N. 


d ! 
Since Tn is in the plane of T and N and is perpendicular to T, it must be parallel to N; then m = 


Ei 


—TN. We call B the binormal, T the torsion, and © = 1/7 the radius of torsion. 


(c) Since T,N,B form a right-handed system, so do N, B and T, ie. N - Bx T. 
dN dT dB 


Then > = Bx 7— + xT = BXKN — TNXT = —x«T ^ TB = TB — KT. 
ds ds ds 


Sketch the space curve x - 3 cost, y 7-3 sint, z - 4t and find 
(a) the unit tangent T, (b) the principal normal N, curvature x 
and radius of curvature o, (c) the binormal B, torsion 7 and 
radius of torsion c. 


The space curve is a circular helix (see adjacent figure). Since 
72/4, the curve has equations x = 3 cos(z/4), y = 3 sin(z/4) and 
therefore lies on the cylinder x? + y? = 9. 


(a) The position vector for any point on the curve is 
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r = 3costi + 3sinej + 4tk 
dr . 2 dis ; 
Then u ` —3 sinti + 3costj + 4k 
ds _ |dr . fde dr _ a ye 2 2 . 
de [x = eae v 3 sint) + (3 cost) + 4 5 
dr dr/dt o AMNES 3 ; 4 
= d = potak ia = Seay ie + = + 7 
Thus T ds Js dt 5 sinti 5 cost i B k 
dT d "NC i 3 : 4 3 P "ae i 
— = aie, Joe += + = = —— —- — 
(b) dt à 5 sint i 5 cost j 5 k) 5 costi 5 sint j 
dT _ dT ` 3 En Loe 
ds ds /dt jg (8r c peint 
Since a = KN, | T | B PIE = K as Kk20. 
- NOE ANNUS .1,25, 
Then K = - J Roost? + cost’ + (— 5 s. sint) = gg and D^X 7g 
From dT = KN, we obtain N = 1dr- -costi — sintj. 
ds K ds 
i j k 
(co) B = TXN = - $ sin: $ cost H = <= sinti — = costj + 2k 
— cost — sint 0 
dB 4 ; 4. dB dB/dt 4 " 4 4 A 
pecieent — dieti + = a ape? = = — + — 
d 5 costi 5 sin: j, Ts ds/dt 25 cost i 25 sint j 
: PROPIS? 4 : 4 . 0, 4 1 25 
a = — — — = — + — =z — == 
TN T(— costi sint j) 35 costi 25 sintj or 7 25 and C T7 3 
20. Prove that the radius of curvature: of the cuve with parametric equations x =x(s), y =¥(s), z = z(s) 
: $ 1/2 
is givenby p = (Č a E d + E ey / 
ds? 
The position vector of any point on the curve is r = x(s)i + y(s)j + z(s)k. 
2 2 2 
men Te 4.4 9,4 Hu one TT o D TX, Se. 
ds ds ds ds ds ds? ds? ds? 
dT dT d? x2 d?y 2 d?z 2 1 
But — = KN sothat K = |—j = —) + (=) + (Cz and the result follows si => 
fa Z| = Gay + Gay + Ge s since p=" 
dr dt dt T 
21. Show that 7-* 2X 7s = 73° 
ds ds? ds? p’ 
2 
dtu. Ér dE. dr _ aN, dky = dky- 2y + 2K 
dm T oe qe N za fe ds N K(TB—-KT) +s SN = KTB- T+ Is N 
2 3 
dr dr dr dK 
due d3 “7 T+ KNX(KTB—K°T + 5— N) 
= TET NX B — ONXT + k É NXN) = THOTT + KB) = KT = a 
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The result can be written 


T = foe")? n (oy + "y ~i X y 


where primes denote derivatives with respect to s, by using the result 


of Problem 20. 


22. Given the space curve x=t, y «t2, z= 22, find (a) the curvature x, (b) the torsion 7. 


(a) The position vector is r = ti + (^j + 2p k. 


Then 2 = 1 r3 + 27k 
dt 
ds 


- |£] - fara 2 Ya? 2, eye 
dt E: dt dt va) Tutar) ak Fur) 


dr dr/dt _ i + 2tj + Xk : 


= 1 + X? 


2 


ix TUM ds/dt 1 + 202 
dT — (1t27)(2j + 4ek) — (i+ 2tj + 207k) (40) des T 
a (1 + 207)? EE 
i Die 
Then ZE . Eat _ —4ti + (2 any tanks 
ds ds /dt a + 2699 
since ST sun, «= [T] = Vow f G-4 P+ we 0 03 
ds E ds (1 + 2t2)8 TES ray 
i 2, 
(b) From (a), N= 42T = —2ti + a - a6 + %k 
K ds 1+ 2% 
1 j k 
2 2. ; 
Then B - TxN - r a ne . Ri- 2j 6k 
d M c See 1 + 20? 
—2t 1- 9? 2t 
1 + 207 1 + 22 i200 
dB 4ti + (4? —2)j — 4tk dB dB/dt ati + (42 — 2)j — atk 
Hw ovem oe" Jal. xe es oie 
dt (1 + 27) ds ds/dt a + 20) 
-2Xi + (1—27j + wk aR 
Also, ~TN = —7[—> A 7. i NE g 
ili [ 1 +2? ] Since ds N, we find T 


Note that K = T for this curve. 


A+R 
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23. Find equations in vector and rectangular form for the (a) tangent, (b) principal normal, and (e) 


binormal to the curve of Problem 22 at the point where ¢ = 1. 


Let T5, No and Bg denote the tangent, principal normal and binormal vectors at the required point. 


Then from Problem 22, 


m _ it 24 + 2k _ ~2i - j + 2k 
GE a QC ee: ABS 


2i — Atk 
= 3 
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24. 


25. (a) Show that the equation r = r(u, v) represents a surface. 
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If A denotes a given vector while ro and r denote respectively the position vectors of the initial point 
and an arbitrary point of A, then I, is parallel to A and so the equation of A is @—r,) xA=0. 


Equation of tangent is 
Then: Equation of principal normal is 
Equation of binormal is 


In rectangular form, with r - xi + yj + zk, fo=it+it 
x-1  y-1 | 2-2/8) x-1, y-l 


(fo) X To = 0 


z —2/3 , 


1 2 2 —2 —1 2 
These equations can also be written in parametric form (see Problem 28, Chapter 1). 


(r—rg) X Ny = 0 
(t —r9) x Bo = 0 


d k these become respectively 


x1  y-1  z-2/3. 


2 —2 H 


Find equations in vector and rectangular form for the (a) osculating plane, (b) normal plane, and 
(c) rectifying plane to the curve of Problems 22 and 23 at the point where ż = 1. 


(a) The osculating plane is the plane which contains the tangent and principal normal. If r is the position 
vector of any point in this plane and rg is the position vector of the point ż=1, then r—rj is perpendic- 
ular to Bo, the binormal at the point t=1, i.e. (r-rg) Bo = 0. 


(b) 


(c) 


The normal plane is the plane which is perpendicular to the tangent vector at the given point. Then 


the required equation is (r—rj* To = 0. 


The rectifying plane is the plane which is perpendicu- 
lar to the principal normal at the given point. The 


required equation is (r—ro) * No = 0. 


In rectangular form the equations of (a), (b) and (c) 


become respectively, 
2(x — 1) — Xy —1) + 1(z 2/3) 
1x—1)* 2(y—1) + 2(z — 2/3) 
—2(x —1) —1(y—1) + 2(z — 2/3) = 


u 


0, 
0, 
0. 


The adjoining figure shows the osculating, normal 
and rectifying planes to a curve C at the point P. 


Normal Plane Osculating Plane 


Rectifying Plane 


(b) Show that or x or represents a vector normal to the surface. 


u v 
(c) Determine a unit normal to the following surface, where a » 0: 


r = acosu sinv i + a sinu sinv j + a cosv k 


(a) If we consider u to have a fixed value, 


Say ug, then r -r(ug,v) represents a 
curve which can be denoted by u = ug. 
Similarly u=u, defines another curve 
r=ru,,v). AS u varies, therefore, r = 
r(u,v) represents a curve which moves in 
space and generates a surface S. Then 
r=r(u,v) represents the surface S thus 
generated, as shown in the adjoining fig- 
ure. 3 


The curves u zug, ucus., e represent definite curves on the surface. Similarly v = Vg, vz V4, 


represent curves on the surface. 


By assigning definite values to u and v, we obtain a point on the surface. Thus curves u = ug and 
v = vo, for example, intersect and define the point (ug, vo) on the surface. We speak of the pair of num- 
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bers (u,v) as defining the curvilinear coordinates on the surface. If all the curves u= constant and 
v=constant are perpendicular at each point of intersection, we call the curvilinear coordinate system 
orthogonal. For further discussion of curvilinear coordinates see Chapter 7. 


(b) Consider point P having coordinates (ug , v5) 
on a surface 5, as shown in the adjacent dia- 
gram. The vector Or/ Ou at P is obtained by 
differentiating r with respect to u, keeping 
v =constant =v,. From the theory of space 
curves, it follows that Or/du at P repre- 
Sents a vector tangent to the curve v - Vo at 
P, as shown in the adjoining figure. Similar- 
ly, Or/Ov at P represents a vector tangent 
to the curve u = constant = ug. Since Or/ Ou 
and or/ dv represent vectors at P tangent 
to curves which lie on the surface S at P, it 
follows that these vectors are tangent to the 

Or Or 


surface at P. Hence it follows that a 


v 
is a vector normal to S at P. 
or _ ; OS X: 
(e) 59 = —a sinu sinv i + a cosu sinv j 
u 
Or _ ] ] ; i 
pom = acosu cosv i + a sinu cosv j — a sinv k 
v 
i i k 
or. Or : . 3 
Then AU Ir —a sinu sinv a cosu sinv 0 
Ou Ov 
@cosu cosv a sinu cosv —a sinv 
= a? cosu sin?v i — a? sinu sin?v j- a^ sinv cosv k 


represents a vector normal to the surface at any point (u,v). 


A unit normal is obtained by dividing or x E by its magnitude, | at x a | » given by 
v u v 


Ou 


Vat cos*u sintv + a* sin?u sin^v + a^ sin?v cos? v 
Ru a NE Ae ee Pe RR 
Vat (cos2u + sin?u)sin^v + a^ sin?v cos?v 


VES : : 
: a^ sinv if sinv > 0 

Vat sin?v (sin?v + cos2v) = AM S ; 
-—a^ sinv if sinv < 0 


Then there are two unit normals given by 
t(cosu sinv i + sinu sinv j + cosv k) = tn 


It should be noted that the given surface is defined by x-acosu sinv, y -a sinu sinv, z=a cosv 
from which it is seen that x?-4 y^ z?- d', which is a sphere of radius a. Since r =an, it follows that 


n = cosu sinv i + sinu sinv j + cosv k 


is the outward drawn unit normal to the Sphere at the point (u,v). 


26. Find an equation for the tangent plane to the surface z= x? ty? at the point (1, —1, 2). 


Let x=u, y=v, z= u^ 4 v? be parametric equations of the surface. 'The position vector to any point 
on the surface is 


T - ui + vj + (u? v? )k 
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Then E = i+ Qk = it 2k, z = jtQvk = j —2k at the point (1,—1,2), where u=1 and v - —1. 
nu 
By Problem 25, a normal n to the surface at this point is 


n = xE = Gt omy xG-m) = —-20 24k 
Ou Ov 


The position vector to point (1,—1,2) is Rg-i—i* 2k. 
The position vector to any point on the plane is 
R = xityjt+zk 
Then from the adjoining figure, R—R, is perpendicular to 
n and the required equation of the plane is (R-R9):n- 0 


or [&i*yjtzk-ü-i*20]-[-2i + 2i +k] = 0 


ie. —2(x—1) + Aly +1) + (z—2) = 0 or 2x — 2y =z - 2. 


MECHANICS 


21. Show that the acceleration a of a particle which travels along a space curve with velocity v is 
given by A 
a = ae T + 2N 
dt p 
where T is the unit tangent vector to the space curve, N is its unit principal normal, and p is ihe 
radius of curvature. 


Velocity v - magnitude of v multiplied by unit tangent vector T 
or v = vT 

Differentiating, a = E = i (T) = ae T +v x 
But by Problem 18(a), a = a a z ZI = KUN = S 
Then a = aT + vce = Br SN 


This shows that the component of the acceleration is dv/dt in a direction tangent to the path and v?/O in 
a direction of the principal normal to the path. The latter acceleration is often called the centripetal accel- 
eration. For a special case of this problem see Problem 12. 


28. If r is the position vector of a particle of mass m relative to point O and F is the external force 
on the particle, then rxF =M is the torque or moment of F about O. Show that M = dH/dt , where 
W=rxmv and v is the velocity of the particle. : 


d 
M = rxF = FX dr (mv) by Newton’s law. 
d x a dr 
But dt (rxmv) = rX dt (mv) + dt X mv 
T d z d 

r x 7, (mv) + vxmv = r Xg (mv) + 0 
; . d _ dH 
i.e. M = d (rxmv) = dt 


Note that the result holds whether m is constant or not. H is called the angular momentum. The result 


29. 
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states that the torque is equal to the time rate of change of angular momentum. 


This result is easily extended to a system of n particles having respective masses Mgs Moy sey My 


n 
and position vectors Tye Tyr ee A kn external forces F, E, ee’ F,. For this m H CE r, X v, 
is the total angular momentum, M= > rx F, is the total torque, and the result is M = m as before. 
k-1 


An observer stationed at a point which is fixed rel- 
ative to an xyz coordinate system with origin O, as 
Shown in the adjoining diagram, observes a vector 
A =A,i + Aj + Ask and calculates its time de- 
rivative to be dA i+ diee: dAg k. Later, he 
dt dt dt 

finds out that he and his coordinate system are ac- 
tually rotating with respect to an XYZ coordinate 
System taken as fixed in space and having origin 
also at O. He asks, ‘What would be the time de- 
rivative of A for an observer who is fixed relative 
to the XYZ coordinate system ?' 


dA dA 
(a) If dt D and dt 


denote respectively the time derivatives of A with respect to the fixed 


™ 
and moving systems, show that there exists a vector quantity @ such that 
dA dA 
dt dt 


+ @wxA 


57 lh, 
(b) Let Dy and Dp be symbolic time derivative operators in the fixed and moving systems re- 
spectively. Demonstrate the operator equivalence 


Dp = Dy + wx 


(a) To the fixed observer the unit vectors i,j,k actually change with time. Hence such an observer would 
compute the time derivative of A as 


dA _ dAi, , dda. , dás di dj dk 
a a up voco ou utt Aag ten t her "Rs 
dA | . dA di dj , dk 
(2) dt l GE ja T Aige T SES As di 


Since i is a unit vector, di/dt is perpendicular to i (see Problem 9) and must therefore lie in the 
plane of j and k. Then 


di 
(3) de =“ j + Ok 
NE: dj _ : 
Similarly, (4) di 7 Cak + Qi 
dk , . 
(5) d Oi + oj 
: 3 1 s ; , dj di. . dj di.. 
From i.j - 0, differentiation yields i. + @.j=o0. But i. 4 = from (4), a 
j y PES. du (4), and qj a, 
from (3); then a, == Q.. 
m pte . dk di | _ = . srep 7, ck Q4 o, 
Similarly from i-k-0, i up a k-0 and d5-2 —0,; from j-k-0, iJe ta E570 and 
A=- Ag. 
di : dj dk 
Then di^ “i+ Ok, q Ck — 04i, d; ^ ~%i- ~j and 
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(b) 
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d, d V 48 
Ava, + fadt * dt 


which can be written as 


(AO, A, — 0,4, + (1,4, — Og] + (154, + 04h 


i j k 
tg to 04 
A, 4, 4s 


Then if we choose @g=@1, -02 = 02, (4 = Wg the determinant becomes 


Ay Ay As 


where @ = wii + Woj + csk. The quantity @ is the angular velocity vector of the moving system 
with respect to the fixed system. 


By definition DjA - EA - derivative in fixed system 
f 
dA NIE" . 
DA ar = derivative in moving system. 
m 
From (a), DA = DA + @xA = (Dy +@x)A 


and shows the equivalence of the operators Ds =D,+@x.- 


30. Determine the (a) velocity and (b) acceleration of a moving particle as seen by the two observ- 
ers in Problem 29. 


> 


(a) Let vector A in Problem 29 be the position vector r of the particle. Using the operator notation of 


Problem 29(5), we have 


(1) Det = (D, + @x)r = Dyr + @xtT 
But D Fal = v pif = velocity of particle relative to fixed system 
Dp € = V bim = velocity of particle relative to moving system 
Qxt = Yal f = velocity of moving system relative to fixed system. 


Then (1) can be written as 


(2) v SON OXT 


or in the suggestive notation 


3 E 
x ‘ye ^ Vom ^ mf 


Note that the roles of fixed and moving observers can, of course, be interchanged. Thus the fixed 
observer can think of himself as really moving with respect to the other. For this case we must inter- 


change subscripts m and f and also change @ to -œ since the relative rotation is reversed. If this is 
done, (2) becomes 


= v — @xr or M = v + @xr 


v 
Pin olf olf p\n 


so that the result is valid for each observer. 


31. 


32. 


33. 


34. 
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(b) The acceleration of the particle as determined by the fixed observer at O is Der = Dy(Dyr). Take Dy 
of both sides of (1), using the operator equivalence established in Problem 29(b). Then 


Dy (De r) = De (Dy r t @xr) 
= (Dyt € X)(D,r + @Xr) 
= DDt + @xr) + € x(D,r + @xr) 


= Dor + Dy(@xr) + w xD,r + €x (@xr) 


2 2 
Or Det = Dt t 20 xD,r + (D, @) xt + @x(@xr) 
Let aaf = D, r = acceleration of particle relative to fixed system 
abim = Der = acceleration of particle relative to moving system. 
Then qf = 20 xD,r + (D,€) xr + @x(@xr) 


= acceleration of moving system relative to fixed system 


and we can write pir = Ap) m + anif > 


For many cases of importance @ is a constant vector, i.e. the rotation proceeds with constant an- 
gular velocity. Then D_@ =0 and 


anif = 2€ x D,r + @x(@xr) = 20 xv, + @X(@xr) 


The quantity 2@ X Va is called the Coriolis acceleration and «0 x(@ xr) is called the centripetal accel- 
eration. 


Newton’s laws are strictly valid only in inertial systems, i.e. systems which are either fixed or 
which move with constant velocity relative to a fixed System. The earth is not exactly an inertial sys- 
tem and this accounts for the presence of the so called ‘fictitious’ extra forces (Coriolis, etc.) which 
must be considered. If the mass of a particle is a constant M, then Newton’s second law becomes 


(4) MDgr = F — 2M@xD,1) — M[@x(@xr)] 


where Dy denotes, d/dt as computed by an observer on the earth, and F is the resultant of all real 
forces as measured by this observer. The last two terms on the right of (4) are negligible in most 
cases and are not used in practice. 


The theory of relativity due to Einstein has modified quite radically the concepts of absolute mo- 
tion which are implied by Newtonian concepts and has led to revision of Newton's laws. 


SUPPLEMENTARY PROBLEMS 


2 2 
If R- ei « In(Z* 1)j — tant k, find (a) 9E , oy SE, ex |E], od i at t=0. 


dt 
Ans. (a)—i~—k, (b)i+2j, (c)V2, (d) V5 


Find the velocity and acceleration of a particle which moves along the curve x = 2 sin 3t » yY = 2 cos 3t, 
z=8t at any time ż>0. Find the magnitude of the velocity and acceleration. 
Ans. v =6cos3ti — 6sin3tj + 8k, a-—18 sin 3¢i — 18 cos 3t j, |v|= 10, [al = 18 


Find a unit tangent vector to any point on the curve x =a cos wt > y =@sin@Wt, z= bt where a,b,w are 
aw sincti + ac coswtj + bk 
2 


2 2 
aw +6 


constants. Ans. 


If A =i — tj + (2¢+1)k and B = (g-3)3) +j — tk, find 


(a)-2 (A; B), (6)-É (ax), (c) £ |A«B ; a) $ (ax ®, att=1. Ans, (a) —6, (b) Tj * 3k, (c)1, 
d : t ý t (d) i + 6j + 2k 
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35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 
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If A =sinui+tcosuj+uk, B = cosu i — sinu j — 3k, and C = 2i +3j— k, find £ (Ax(Bx0)) atu=0. 
Ans. Ti+ 6j — 6k 


2 2 
— ZA -B) if A and B are differentiable functions of s. Ans. AÀ- SB 2 ove 


: d dB 

Find Ts (A- ds d 

2 

If A(t) = 3i — (¢+4)j + (? —2t)k and B(t)= sint i + 3e^*j — 3costk, find Ls (AxB) at £70. 
Ans. ~30i + 14j + 20k 


dA. 
E ge 


Ans. A = (i$ —t+2)i + (1—22j + (t—4sint)k 


= Gti — 240° j*4sintk, find A given that A= 2i+j and ee a att-0. 


Show that r = et (C4 cos 2t + C sin 2), where C, and C, are constant vectors, is a solution of the dif- 


; "Ed: dr 
ferential equation —; + 2— + or = 0. 
» dt? dt 
dt, ogd 
Show that the general solution of the differential equation di * 20 A + w*r =0, where @ and c are con- 
stants, is 


(a) r = ato, eV ta ea ee) if -w > 0 


(b) r = eec, sin Vc? — Y? t + €, cos Vo? — a? t) if w? < 0. 
(c) r = ette, «C40 if a? — a? - 0, 
where C4 and Co are arbitrary constant vectors. 


2 


1 d r dr 
Solve a — 4 
( ) i 2 


dr _ 5p = 0, ày £t & adt +r =0, (e) ÉE + a - o. 
dt dt? dt dt? 


Ans. (a) r = Cet + Coet, (b) r= etc + Cet), (c) r = C4 cos 2t + Co sin 2t 


solve £¥ = x, Tsay, Ans. X = C4 cost + Co sint, Y =C, sin: — Co cost 
9A. 2A, FA 24 Pa OA 
ms ae + =; r 

If A = cosxy i + (3xy 2x? yi (3x + 2y)k, find ae oy” et ' Ox oy Oy Ox 

OA _ i y : OA . : : 
Ans. Sy 7 TY Sinxy i + (8y—4x)j — 3k, y = —x sinxy i + 3xj — 2k, 

OA _ E oye , oa LA. i 

obs -? cosxy i — 4j, Oy 2 = —x' cosxy i, oy Oy Ox = —(xy cosxy + sinxy)i + 3j 

2 


If A = x*yzi — x2 j xz?k and B 
Ans, —4i — 8j 


Ut 


2zi t yj — x? k, find a (AXB) at (1,0,—2). 


-x 


If C4 and C» are constant vectors and Nisa constant scalar, show that H = e 


2 
satisfies the partial differential equation on + $t = 6. 


(C4 sin Xy +C cos Ay) 


Qt r/o 


Prove that A = -————— , Where po is a constant vector, w and c are constant scalars and i -V—1, 


OA , 29A z 
- HE 2 <3 . This result is of importance in electromagnetic theory. 


satisfies the equation 


DIFFERENTIAL GEOMETRY 


47. 


Find (a) the unit tangent T, (5) the curvature K, (c) the principal normal N, (d) the binormal B, and (e) the 


torsion T for the space curve x -:—17/8, ysi^, z=t+t 3/3. 
1- Bi + xj + (1 Pk 2t ar 
Ape cni ps i ) ! ( ) (co) N=- i + 
Y2(1 +22) 1+2 1+? - 1 
e) T= WR 
a cath ads 2d (1 +0?) 
b) k= 1 (d) B = (t 1) 2tj + (t 1k 


a ey Va *£) 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


VECTOR DIFFERENTIATION 55 


A space curve is defined in terms of the arc length parameter s by the equations 
x=arctans, y= $V2 In(s2 +1), z=s —arc tans 
Find (a) T, (b) N, (c) B, (d) K, (e) T, AP, (go. 


i+ V2sj + s?k v2 
Ans. (a) T = sh (d) K= 3211 
" NDW 2 
(b N»-*"32si* sj * V2sk (e)T- v2 E) 02$ +1 
s? +] s? +1 V2 
2. : 2 
(c) B = Si Vasj +k (pos Sti 
s^-1 y2 


Find x and 7 for the space curve x= t, y= £^, z= t? called the twisted cubic. 


_ 2V9 + gi? + 1 7 3 


Ans, z. Map Se ee Se ro 
(9t4+ 422 + 1)8/2 9r^ + 942 4+ 1 


Show that for a plane curve the torsion 7 - 0. 
Show that the radius of curvature of a plane curve with equations y = f(x), z= 0, i.e. a curve in the xy 


4273/2 
plane is given by o = ar ; 
n 
y 


Find the curvature and radius of curvature of the curve with position vector r =a cosu i +b sinu j. where 


a and b are positive constants. Interpret the case where a=b. 
1 , UE. F : 
Ans. K= 2 3 g: 28/2 = 53 if a=b, the given curve which is an ellipse, becomes a cir- 
(a^ sin ^u + b^ cos*u) p 
cle of radius a and its radius of curvature pra, 


Show that the Frenet-Serret formulas can be written in the form x = @xT, EA =@xN, 28 = @xB and 
determine @. Ans. @ = T T + KB 


Prove that the curvature of the space curve r= r(t) is given numerically by x = dee » Where dots de- 
note differentiation with respect to ¢. | J 
EIXE 
(a) Prove that T = —————- for the space curve r= r(t). 
rx 
dr dr dt 
2 
(b) If the parameter t is the arc length s show that 7 = Hm ou fy . 
(d r/ds ) 
Q QI 


Find K and 7 for the space curve x - € — sin, y - 1—cosÓ, z-4 sin (6/2). 


dine Du 1/33 5088, pe B + cos 0) cos 0/2 + 2sinÓ sina 
8 12cosÓ — 4 
20 t1 a 


Find the torsion of the curve x = » 2=t+2, Explain your answer. 


Pate Yum] 
Ans. T=0. The curve lies on the plane x — 3y + 3z 25. 


Show that the equations of the tangent line, principal normal and binormal to the Space curve r=r(t) at the 
point t-:5 can be written respectively r= Io t!To, F=tottNo, r-r5 * tBo, where £ is a parameter. 


Find equations for the (a) tangent, (b) principal normal and (c) binormal to the curve x = 3 cost, y = 3 sint, 
z = 4t at the point where t=T. 


Ans. (a) Tangent: r = —3i + 41k -+ TET EL or x--3,yc- -i. z = ant Se, 
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61. 


62. 


63. 


64. 


65. 
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(b) Normal: r-—83it4Wjii or x 


lt 

l 
ce 
+ 
S 

se 
I 
A 
A 

N 

H 
e 


(c) Binormal: r = —3i + 4T j t £d or xh y= AM + Gt 2 = 3. 


Find equations for the (a) osculating plane, (b) normal plane and (c) rectifying plane to the curve x "Lr 
y= 3, z=3t +22 atthe point where t=1. Ans. (@)y—2 +1= 0, (b)y+z—7= 0, (c)x=2 
(a) Show that the differential of arc length on the surface r= r(u,v) is given by 
ds? = Edu? + 2Fdudv + Gdy? 
Or. Or _ ory or Or oOx, (Oro 
where E SR = y+ F = oy? 579 dw 7 Bo 


(b) Prove that a necessary and sufficient condition that the u, v curvilinear coordinate system be orthogonal 
is F=0. 


Find an equation for the tangent plane to the surface 2 =xy at the point (2,3,6). Ans. 3x + 2y —z2 7*6 


Find equations for the tangent plane and normal line to the surface 4z =x? —y? at the point (3,1,2). 
Ans. 3x —y — 2z = $; x-8t*3,y71—f, z =2— 2t 


Prove that a unit normal to the surface r =r(u,v) is n = + ar , where £,F, and G are defined as 
in Problem 62. = 


MECHANICS 


66. 


67. 


68. 


69. 


70. 


A particle moves along the curve ¥ = (9 — 4t)i + (2 + 40)5 + (gt2 — 3¢°)k, where t is the time. Find the 
magnitudes of the tangential and normal components of its acceleration when ¢=2. 
Ans. Tangential, 16; normal, 2V 13 


If a particle has velocity v and acceleration a along a space curve, prove that the radius of curvature of its 


ps 


path is given numerically by p = 
| vxa | 


An object is attracted to a fixed point O with a force F = f(r, called a central force, where t is the posi- 
tion vector of the object relative to O. Show that rxv =h where his a constant vector. Prove that the 
angular momentum is constant. 


Prove that the acceleration vector of a particle moving along a space curve always lies in the osculating 
plane. 


(a) Find the acceleration of a particle moving in the xy plane in terms of polar coordinates (P,P). 
(b) What are the components of the acceleration parallel and perpendicular to p ? 


Ans. (a) 1 = [(— pd?) cosh — (oh * 2o) sinóli 
+ [Q—pd?ysiné + (oh + 209) cos ó] 1 


à») p-pó*, po *2pó 


Chapter 4 


THE VECTOR DIFFERENTIAL OPERATOR DEL, written V, is defined by 
A P, 9 
V = Ed i + d + d = 9 — + k n. de 
Ox oy Oz x tay Oe 
This vector operator possesses properties analogous to those of ordinary vectors. It is useful in de- 
fining three quantities which arise in practical applications and are known as the gradient, the diver- 
gence and the curl. The operator V is also known as nabla. 


THE GRADIENT. Let ¢(x,y,z) be defined and differentiable at each point (x,y,z) in a certain re- 
gion of space (i.e. } defines a differentiable scalar field). Then the gradient of $, 
written Vo or grad œ, is defined by 
Lr» o. I) oo. od, , ap 
V = (i +2 j + Êk = Sep 4 IM cg k 
Wen cA du s c Es 
Note that Vi defines a vector field. 


The component of V6 in the direction of a (init vector a js given by[ Vo -a)and is called the di- 
rectional derivative of œ in the direction a. Physically, this is the rate of change of ¢ at (x, y,z) in 
irection a. 


THE DIVERGENCE. Let V(x,y,z) = Vi + Vj + ¥,k be defined and differentiable at each point 


(x,y,z) in a certain region of space (i.e. V defines a differentiable vector field). 
Then the divergence of V, written V+ V or div V, is defined by 


V-v Git Fir Sao e Ki + yw 


i 


H.W Oy, 
$e 109. "OD 


Note the analogy with A-B = A,B, + A,B, + A,B,. Also note that V- V # V-V. 
THE CURL. If V(x,y,z) is a differentiable vector field then the curl or rotation of V, written Vx V, 


cur] V or rot V, is defined by 


Vxv = (214 il + Sky x(yi + Fi Xo 


dz ars 
i j k 
-{2 3 23 
x y Xz 
v, ^ A 
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dð 2 dð 2 d. o 
=- (əy oz]; Ox Əz|j + dx Əy IK 
V, L^ ^ y V, 5 
SH ee CS E oco tas x xs 


Note that in the expansion of the determinant the operators 2 > = ; 2: must precede WW. 


FORMULAS INVOLVING V. If A and B are differentiable vector functions, and $ and w are differen- 
tiable scalar functions of position (x, y, z), then 


1. Vb* y » Vb +W} or grad ($+ y) = grad p + grad y 

2. V(A+B)=V-A+VB or. div(A*B) = div A + div B 

3. Vx(A*B) = VxA+VxB or curi (A+B) = curl A + curl B 
4. V- (pA) = Vp)-A + $(V-A) 

5. Vx (pA) = (Vp) xA + (V xA) 

6. V-(Ax B) = B-(VxA) — A- (V x B) 

7. Vx(AxB) = (B-V)A — B(V-A) — (A:V)B + A(V-B) 

8. V(A-B) = (B-V)A + (A:V)B + Bx(VxA) + Ax (V xB) 


2 2 a 
E E ee ee oe 
I) NGS ae e Oat 

d z ci 
Ox? + dy? 5 dz? 


10. Vx (Vd) = 0. The curl of the gradient of $ is zero. 


where V^ = is called the Laplacian operator. 


11. V-(Vx A) = 0. The divergence of the curl of A is zero. 
12. Vx(Vx A) = VV-A) - VA 


In Formulas 9-12, it is supposed that d and A have continuous second partial derivatives. 


INVARIANCE. Consider two rectangular coordinate systems or frames of reference xyz and x'y'z' (see 
figure below) having the same origin O but with axes rotated with respect to each 
other. 


A point P in space has coordinates (x, y, z) or ; Gu 
(x, y, z)) relative to these coordinate systems. The 
equations of transformation between coordinates 
or the coordinate transformations are given by 


x' = lax + hey + haz 
(1) y! = lax + ley + lesz 
z! = lax + ley + laz 


where liz, j&=1,2,8, represent direction cosines 
of the x’, y' and z’ axes with respect to the x,y, and 
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z axes (see Problem 38). In case the origins of the two coordinate systems are not coincident the 
equations of transformation become 


x = dax + hoy + hz + ay 
(2) y = lax + lay + laz + a 
z' = log x + lao y + log z + as 


where origin O of the xyz coordinate system is located at (al, d5, aş) relative to the x'y'z' coordinate 
System. 

The transformation equations (1) define a pure rotation, while equations (2) define a rotation plus 
translation. Any rigid body motion has the effect of a translation followed by a rotation. The trans- 
formation (1) is also called an orthogonal transformation. A general linear transformation is called 
an affine transformation. 

Physically a scalar point function or scalar field $ (x,y,z) evaluated at a particular point should 
be independent of the coordinates of the point. Thus the temperature at a point is not dependent on 
whether coordinates (x,y,z) or (x; y; z^ are used, Then if P (x,y,z) is the temperature at point P with 
Coordinates (x,y,z) while $'(x; y, z') is the temperature at the same point P with coordinates (x; y; z^, 
we must have (x,y,z) = d'(xiyiz). If p(x,y,z) = $'(xiy;z), where x,y,z and x,y,z are related 
by the transformation equations (1) or (2), we call (x,y,z) an invariant with respect to the transfor- 
mation. For example, x^*y^*z? is invariant under the transformation of rotation (1), since x*+y?+z? = 
x? y^ + 25 

Similarly, a vector point function or vector field A(x,y,z) is called an invariant if A(x,y,z) = 
A (x,y,z. This will be true if 


Asay zi + Ayr + AQGuyz)k = AQ + Aro + AL Go, zt 


In Chap. 7 and 8, more general transformations are considered and the above concepts are extended. 


It can be shown (see Problem 41) that the gradient of an invariant scalar field is an invariant 
vector field with respect to the transformations (1) or (2). Similarly, the divergence and curl of an in- 
variant vector field are invariant under this transformation. 


SOLVED PROBLEMS 
THE GRADIENT 


1. If (x,y,z) = 3x^y — y?z^, find Vd (or grad d» at the point (1, —2, —1). 


Vo 2i + ii + 2 ky (ax?y — y°27) 


e d 9 
= daG y 22) + 33 yy) s eS arty 22 


= 6xyi * (3x? — By? 27)j — oy z k 
= 6(1)(-2)i + (say —3(-2 -1f Hy — 2(-2f(-1)k 
= —12i — 9j — 16k 
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2. Prove (a) V(F*G) = VF+VG, (b) VEG) = F VG * G VF where F and G are differentiable sca- 
lar functions of x, y and z. 


(a) ViF+G) = Èi + $i + Sade 


pum BI 3. 
= 15 +6) + IR FHC) + k $F +6) 


LABE aE E 438 ea dE a 
M EC EET ic 
= ad sid + ko )F ud «12 rns = VF+VG 
(b) VFG) = Èi rg OEO 
= 2 Foi + Zeo + $e 
z ce 8€ cS * ree + +6 SF yi + LES +6 SF yk 
= rS i + EIE * oats d 5+ Fay = FVG + GVF 


3. Find Vó if (a) d= in| rl, (by) p= 2. 


(a) r=xityjt zk. Then |r| = Vx? vy? +2? and $ -1n |e] = $ In (x? ty? +2). 
Vo = $V In (x? +y? +27) 


= HÈ In(x2+y24+27) + Td * r2 In (x2 +y2 + 22)} 


Lf; 2x 2y 2z xityj + zk r 
2 zli zi 2172 + jag * k apra] = -2}y24z2 ` 
x?ty*tz x^ty*tz x^ty*tz x^ty^tz r 


à) Vb = VW) = Vety re Vat 2452 15) 
d V x^ ty? 2? us 
-1/2 9 1/2 


= iS (x2 +y2 422)" V? + j2 oy? ez + k&(2ty? tz) 
Ox Oy Oz 


= i {— Beat +y2422)7 xx) p Te iy k(- lote? ey 722) 


p —xi—yj—zk uuu 
(x2 y2 e 22)? D 


4. Show that Vr” = nr t. 
Vr" = VqYx?ey?rz2y, = Vi? y24 22/2 


gD (onem) + gd (tete ) + k-9- (a2?) 
Ox Oy Oz 


n/2 Y 
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n/2- nf - 


li 


n/2-1 2z} 


i (56 y? +2) ton} + i 5o ty? +2”) tay} + k (5G? ty? +27) 


n/27i os fuk 


2-1 -2 
nf E s nr” 


= n(x?^*y?422) 


H 


n (r?) r 


Note that if r = rr, where r, is a unit vector in the direction r, then Vr” = ar ne 


i 
O5 Show that Vd is a vector perpendicular to the surface P(x,y,z) = c where c is a constant. 


Let r= xityj*zk be the position vector to any point P(x,y,z) on the surface. Then dr- dxi + 
dyj *dzk lies in the tangent plane to the surface at P. 


od, , , : 
But dd S 29a, + ay + SP az = 0 or LÍ E + Pry. (i + dyj +dzk) = 0 


ie. Vb-dr = 0 so that Vo is perpendicular to dr and therefore to the surface. 


6. Find a unit normal to the surface x^y + 2xz = 4 at the point (2,—2,3). 


Vey + 2x) = (2xy + 2z)i + x?j + 2xk = —2i + 4j + 4k at the point (2,—2,3). 


—2i + 4j + 4k 1 2 2 

Then a unit normal to the surface = Te = ——j + —j + —k. 
V(~2y * (4) +(4) 3 3 3 

Another unit normal is li — 2j - 3x having direction opposite to that above. 


7. Find an equation for the tangent plane to the surface 2x2? — Bxy — 4x =7 ai the point (1,—1,2). 


V (2x2? —3xy —4x) = (242—3y —4)i — 3xj + 4xzk 
Then a normal to the surface at the point (1,—1,2) is Ti — 3j + 8k. 


The equation of a plane passing through a point whose position vector is rg and which is perpendicular 
to the normal N is =r) N =0. (See Chap.2, Prob.18.) Then the required equation is 


[wi + yj +zk)— (i —j+2k)] - (i 3j + 8k) = 0 
or "(x—1) — 3(y*1) + 82—2) = 0. 


8. Let $(x,y,z) and d(x+Ax, ytAy, z *^z) be the temperatures at two neighboring points P(x,y,z) 
and QO(x+Ax, y* ^y, z+Az) of a certain region. 


(a) Interpret physically the quantity Ad . $GtAs, yy, z+Az) — P (x,y,z) where As is the 
: i s As 
distance between points P and Q. 


(b) Evaluate lim Ad = db and interpret physically. 
As-0 As ds 


(c) Show that 2% = Ve. E. 
ds ds 
(a) Since Ad is the change in temperature between points P and Q and As is the distance between these 
points, = represents the average rate of change in temperature per unit distance in the direction from 
S 
P to Q. 
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(b) From the calculus, 


Ad = D M * Cas + OP Ke + infinitesimals of order higher than Ax, Ay and Az 
Ox ‘Oy Oz 


Aso As Asso ox As Oy As Oz As 


dp _ Ob dx , 9b dy , Pde 
22 ds | Ox ds Oy ds z ds 
ie represents the rate of change of temperature with respect to distance at point P in a direction 


toward Q. This is also called the directional derivative of È. 


dp Od dx Od dy Od dz Ob Op o dx dy dz 
TU o. Æ 4x - i+ j + (i+ j+ -k 
e ds Ox ds i Oy ds t ‘Oz ds (a, * $,! Oz E) Vda ds! ds ) 
=- Vo. 
2 ds 
Note that since a is a unit vector, Vp. is the component of V in the direction of this unit 
vector. 


9. Show that the greatest rate of change of Q, i.e. the maximum directional derivative, takes place 
in the direction of, and has the magnitude of, the vector Vo. 


By Problem 8(c), ae = Vb I: is the projection of Vo in the direction T . This projection will be 
S E 
a maximum when Vj and cE have the same direction. Then the maximum value of ag takes place in the 
direction of V» and its magnitude is | Vb n 


10. Find the directional derivative of p =x*yzt 4xz? at (1,—2,—1) in the direction 2i —j — 2k. 


Vo 


Vhyz t4xz) = (2xyz +4z°yi + xzj + (y + 8xz)k 
= Bi—j-— 10k at (1,-2,--1). 
The unit vector in the direction of 2i — j — 2k is 


, 2i —j —2k 


E = $i- $i - 3k 
v (2y. + (AY. + (-2Y 


Then the required directional derivative is 


em m px (2i—lj—-2p = 48 44 20 . 37 
Vó.a = (81—j—109.(1—31—39 3*3' 3 


Since this is positive, is increasing in this direction. 


11. (a) In what direction from the point (2,1,—1) is the directional derivative of $ = yz a maximum? 
(b) What is the magnitude of this maximum? 


Vo 


Vo? yz)) = xyz i + xj + Syz k 
—4i— 4j *12k at (2,1,—1). 


Then by Problem 9, 


12. 


13. 


14. 
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(a) the directional derivative is a maximum in the direction Vo = —4i — 4j + 12k, 


(b) the magnitude of this maximum is | Vo | = V(—42+(-4°+ 2" = Vite = 4yil. 


. Find the angle between the surfaces x?’ +y? +z? =9 and z =x? +y?—3 at the point (2,—1,2). 


The angle between the surfaces at the point is the angle between the normals to the surfaces at the 
point. 


A normal to x? +y?+2?=9 at (2,—1,2) is 

Vb. = Voety2+22) = oi + 2yj + 2zk = 4i — 2j + 4k 
A normalto z - x? 4,?—3 Or x^ ty? —z 73 at (2,—1,2) is 

Voo = V(x?4y?—z) = %i + 2yj —k = 4i —2j — k 


(Vha (Veo) = | Vgl KA cos Ó, where @ is the required angle. Then 


(4i — 2j + 4k)+ (4i — 2j — k) | 4i —2i +4k | | 44 — 21 - k | cos 8 
16 * 4 — 4 = v(Ay «(—2y «(4 V(4y +(-2)°+(-1 cos 0 
16 _ 8V21 


and cos = = "gs 7 0.5819; thus the acute angle is Ü = arc cos 0.5819 = 54°25’. 


eva; 8 


Let R be the distance from a fixed point A(a,b,c) to any point P(x,y,z). Show that VR is a unit 
vector in the direction AP - R. 


If r, and rp are the position vectors ait+tbj+ck and xi +yj+zk of A and P respectively, then 
R= p-r; = (x—a)i+(y—b)j+(z—c)k, sothat R= V(x—aY*(y—bY*(z—cY . Then 


VR = VY-ay*(y-by*G-cy) = CDi + g-b) + (zek _ R 


V(x —a). + (y—by + (z—cy. R 


is a unit vector in the direction R. 


Let P be any point on an ellipse whose foci are at points A and B, as shown in the figure below. 
Prove that lines AP and BP make equal angles with the tangent to the ellipse at P. 


Let R= AP and Ro=BP denote vectors drawn re- 
spectively from foci A and B to point P on the ellipse, and 
let T be a unit tangent to the ellipse at P. 


Since an ellipse is the locus of all points P the sum 
of whose distances from two fixed points 4 and B is a 
constant p, it is seen that the equation of the ellipse is 
RitRo=p. 


By Problem 5, V(R,* R5) is a normal to the ellipse; 
hence [V(R,+R,)]-T=0 or (VR). T = —(VRj).T. 

Since VR; and VR, are unit vectors in direction Ri 
and Ro respectively (Problem 13), the cosine of the angle 
between VR, and T is equal to the cosine of the angle be- 
iween VR, and —T; hence the angles themselves are equal. 


The problem has a physical interpretation. Light rays (or sound waves) originating at focus A, for 
example, will be reflected from the ellipse to focus B. 
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THE DIVERGENCE 


15. If A = x^zi — 2y?z?j + xy?zk, find V: A (or div A) at the point (1,—1,D. 


V-A = c * Ži + Za.) — 2y9;? j + xy?z k) 
= 2 i's) + $ cav + Zn 


2 z — 6y? + xy? = ADO) — (D Y + (C1 


16. Given $ = 2x^y?^z^. (a) Find V-V¢ (or div grad $). 
2 


2 
(b) Show that V-V = V ó, where Vx 39 4.93 


2 


Ox? Oy? 

WV m à 3, 2,4 E 3,2 4 o 3,24 
(a) Vb = ia (2x8y2e4) + GF (2xP yx) + ku-Qy7) 
n &x^y?z^ i + 4x?yz^ j ES 8x°y72" k 


Then V:-Vb 9 9 


u 


3 


2 
ae Ww ok 
24 
x 


d 
= 6x?y?z^) + = (4x8 yz4) + 
3 y 


H 


Loxy2z* eee d oar y?2” 


d 3 d dp. Æ, , 99 
V-Ve EC ULT ee SENE Beare Sa E 
NG Ec Ga ee on 


u 
~ 


33$, , 236, , 2%. 9$ , 9e 
Ox Ox y Oy dz dz à2 ^ ow 
2 
d d d 2 
= Ga 32 t ap? = Vo 
17. Prove that AES =0. 
24 $ ww € 1 
Vo = G2 FEX 


1 


————) = 9 (2 4y24 2)? = x(x? +y? +z) 


rr a 
Ox yx? ty? + Ox 


2 


d 1 CEREREM 
aS JEE S [exe y te) ] 
= 3x2 (x? +y? sey 92 — (x? ty? +z?) 


Similarly, 


à 
dz? 


-8/2 


-3/2 


denotes the Laplacian operator. 


+ ——— ——— 
2 E eS 
Ox Oy z x* iy^ z? 


= —3 at (1,-1,1). 


i+ >j + k): (6x yz i + Ax*yz* j * 8x°y*2" k) 


3 (832229) 


z 


Ox? — y2— 2? 


(x24 y2 z?) 5/2 
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2 


f) ( 1 Qy? — 2? = x? d d ( 1 ) 2z? — x? — y? 
n - an - 
oy? Vx? ty? ez? (x? y? 4.22)? oz Y x^ y? tz (x? ty? +27) 5/2 
2 2 2 
E d 9 1 


Then by addition, = D. 


L2 MU rer 


2 
The equation V $ = 0 is called Laplace’s equation. It follows that d - l/r is a solution of this 
equation. 


18. Prove: (a) V-(A* B) = V. A + V.B 
(b) V- (A) = (Vd)-A + (V-A). 


(a) Let A = Aii de A j + Agk, B= Bii + Boj + Bak. 


9 9 9 


Then V+(A+B) = (<i + 3i [(4* B)i + (4B) + (AHB)k] 


9 9 E 
a: tap t a + 3, ^s! B) 


O4, , 942 , 94g , OB. , OB, , OBg 
$e ^ ey wm Doe Cy — 4 


Gu t = + Ê k). (Li + 45] + Aak) 


+ cu + si t Za. + Boj + Bk) 
= V.A + V-B 
(b) V-A) = V-(PAri + PAoi + PAgk) 
= 2 ($4) + $e $ CN 
- Pa, + p% PII Hs 
= a, + $4 + 2 4, + oh + “e E 
= dh + AE + Pi + Aoj + Ask) + $i + v + 29-4 + Aoj + Ask) 


= (VA + (V-A) 


19. Prove V-(4) =0. 
r 
Let [o =r" and A=r in the result of Problem 18(6). 


Then V-.(r?r) = (Vr^9.r + 2)Ver 


—3r r.r + 367 = 0, using Problem 4. 
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20. Prove V-(U VV - V VU) = UVY — V VU. 


From Problem 18(b), with @ =U and A= VV, 

Ve VV) = (VU) (VV) + U(V-VV) = (Wuy-(VV) + U V/v 
interchanging U and V yields V-(V VU) = (VV) (VU) + y Vy. 
V- u VV — V VU) 
(VUy (VV) + UVV = [Vy Vuy « v V^u] 
uvv -vVy 


Then subtracting, V- (U VV) — V-qy VU) 


21. A fluid moves so that its velocity at any point is V(x,y,z). Show that the loss of fluid per unit 
volume per unit time in a small parallelepiped having center at P(x,y,z) and edges parallel to the 


coordinate axes and having magnitude Ax, Ay, Az respectively, is given approximately by div v = 
V.v. 


x 


Referring to the figure above, 


x component of velocity v at P = v 
19 
x component of v at center of face AFED = wv — ves Ax approx. 
Xx 
10 
x component of v at center of face GHCB = v, + z% Ax approx. 
x 
È : ^ " i 1 Ov, 
Then (1) volume of fluid crossing AFED per unit time = (v, — 3 om Ax) Ay Az 
x 


(2) volume of fluid crossing GHCB per unit time 


oe IA Ax) Iph. 
x 


Loss in volume per unit time in x direction 


u 


20-0) = BN Ax Ay Az. 
Ox 


Ov 
Similarly, loss in volume per unit time in y direction = —2 oAxy^z 
dy 
Ov 
loss in volume per unit time in z direction = ae Ax Ay Az. 
z 
Then, total loss in volume per unit volume per unit time 
9 à [ 
= + = + Ao) Ax Ay Ae 
id Y = divv = V-v 
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This is true exactly only in the limit as the parallelepiped shrinks to P, i.e. as Ax, Ay and Az approach 
zero. If there is no loss of fluid anywhere, then V- v = 0. This is called the continuity equation for an in- 
compressible fluid. Since fluid is neither created nor destroyed at any point, it is said to nave no sources 
or sinks. A vector such as v whose divergence is zero is sometimes called solenoidal. 


22. Determine the constant a so that the vector V = (x +3y)i + (y—2z)j + (x *taz)k is solenoidal 


A vector V is solenoidal if its divergence is zero (Problem 21). 


V-v = Des) * $ 0-2 * Sean "itita 


Then V-V=a+2=0 when a= —2. 


THE CURL 


23. If A = xz^ i — 2x^yz j + 2yz^k, find V x A (or curl A) at the point (1,—1,1). 


VxA = (Si i5 + Sh) xcs? — 2x*yz j + 2yz^ k) 


i i 
- | 2 2 9. 
Ox oy Oz 
xz? —2x yz 2yz* 
= [Liam aar [2a c Daly + 1a Pay = cO uh T 
3,05 ea yz)]i [Xem x0" i [x yz) a )] 
= (224 +2%y)i + 8xz?j — 4xyzk = 3j + 4k at(1,—1,1). 
24. If A = x"yi — 2xzj + 2yzk, find curl curl A. 
curl curl A = Vx(Vx A) 
i j k 
TNA E 5 x = Vx [2x *22)i — (x7 *22)k] 
xy — 2xz 2yz 
i j k 
d 9 d : 
= 2 EU ze. - (2x42 
x F 3 (2x * 2)j 
2x +2z 0 —x — 2z 


25. Prove: (a) Vx(A+B) = VxA * VxB 
(b) Vx($A) = (Vd) x A + (VX A). 


68 - 


(a) Let A = 4,1 * Ajj * Ajk, B= B,i * Bj * Bk. 
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Then: 


9,,9,,9 
Vx(atB) = (Sita dt am * [(A,+B)i + (45*B23 + (As Bk] 
i j k 
-| 2 2 2 
Ox dy dz 
A,t+B, A+B, Aat Bg 
= [= Ast) - 2 cajtB gli + [Zate - Zayi 
2 d 
+ [= 42+82 - 3, 4H Polk 
As Aoi, 04, OAs), O04. dA, 
.[—- = — - k 
5 ee y ]i * : 2^ 
OBg  OBoy, OB, OBs OB, OB, 
- —— —— — ——Jk 
3 Sb P ed E? y 
Li VxA t VxB 
(b Vx ay = Vx (GA + G41 + P4k) 
j k 
-12 2 2 
Ox Oy E? 
pA, | QA, | QA, 
= [9445 - $a + [2 - ($4) — LESE + [2 4p - Ak 
OA Op OA ap 
[p23 + L Aa — p - — Ai 
v e n B uu 
OA, , OP OA ob 4, dA | Oh OA Op 
[p i + A, — 5 239 - =A 24 A4 ul EA 
do a eee a Pete es alx 
043 O4; 04, O45 dA Ma 
= uud arcas yl eet pcs ZSS 
tg ot Sa a r dece 3 
d d d d 3 d 
+ m - Pani + (La, - Pag yi + (Lay - anl 
i j k 
" ob | 9$ Od 
= @(Vxa) + |— ate az 
E" E" Oz 
Ay Ao Ag 


f(Vxa) + (Vp) x A. 
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26. Evaluate V-(Axr) if VxA=0. 


Let A = A,i + Aj + Ak, r=xi+yj+zk. 


i j k 
Then Axr = Ay Ag Ag 
x y z 


(z4o — yÁg)à + (xA4g—2Aq)j + (yAi—xAz)k 


and V. (Axr) = 2 (aAa = ydo) + 2 xha — z4) + 2 yA, — xå) 


dy dz 
20.94 DAs , „Ms _ ,94 dA, _ „24 
E E dy EY dz dz 
= (24a M, QA M, p, Bho _ OAs 
ay d Oz dx E Oy 
= Let tyi tnd [E o Mey 4 OA Me, y (4e _ da 
= [xit+yi+zk] a x t Gu SD a "l 


H 


r-(Vx A) = r-culA. If VxA=0 this reduces to zero. 


27. Prove: (a) Vx(Vd) = 0 (curl grad $ =0), (b) V-(VxA) =0 (div curl A=0). 


aj Vy e Vxc ian Ee Pi 
Ox y 


D Oz 
i j k 
_|2 d 3 
Ox dy dz 
96 dÆ æ 
E" dy dz 
9 0$. dI da, 9 Ob. I da, 9 d$ 3d d$ 
= -——( — -— ——— — —( — — —— —— 111 T | —— { ——— }) = ——i—— k 
x3, 7 Bg * Ligh - sighs x3, 7 3, 3, 
2 2 2 2 2 2 
M C CE MC NL REC EM 
Oy Oz Oz dy Oz dx Ox Oz Ox dy — Oy Ox 
provided we assume that @ has continuous second partial derivatives so that the order of differentiation is 
immaterial. 
i i k 
i -v.l2 E d 
(b) V-(Vxa) = V à yy 3. 
Ay 42 Ag 
i OAs | O45 O44 DAs dA 94; 
OV use) Cà; COO +t OX ou M 
. 2 Bde 343, , 9 (394 _ Ms, , D Az DA 
(Ox Oy — x Oy Oz d Oz Ox — dy 
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2 2 2 2 2 2 
_ QA. _ A , 94 _ Ode , 942 _ dM ao 


woy  Oxdz Oy zs ye dz% dzy 


assuming that A has continuous second partial derivatives. 


Note the similarity between the above results and the results (CxCm)=(CxC)m=0, where m is a 
scalar and C. (CXA) - (CxC)*A - O. 
28. Find curl(rf(r) where f(r) is differentiable. 


curl (r f(r) = Vx fir) 
= Vx(xf(i ty fi + z fk) 


i j k 
-|2 2 d 
dx dy 3: 


x f(r) y f(r) z f(r) 


3b dre OFS mel TOR f ede ety Det 
But -x7 as) = aa, x ty" +27) Tee ame Similarly, ar and S uM 
Then the result = o Eyi + xf 2 Ey * quiet y = 0. 
29. Prove Vx (VxA) = — V^A + V(V- A). 
i i 
7 2 2 2 
Vx(VxA) = Vx 3. em 3; 
Ay Ae Ag 
OA OA OA OA OA OA 
a Vk [rods 22 94i _ 94s 945 ik 
Ky cox mele ex o Tea 
i 
Š 2 2 E 
7 Ox Oy Oz 
4 4s M) _ das 3, _ dM 
dy oz Oz dx dx y 
- [3 (94 .. 94 = d 241 _ 949, 
dy Ox Oy Oz Oz Ox 
D DAs _ 942) _ 9 O42 _ 94s); 
ls; af oa? ee ee M 
+ [3,94 949, _ 9,949 Moy, 
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-a May a o Oe ley, NEZ 
- Oy? Oz? z2 22^ Aye Oy? 
2 2 2 2 2 2 
(242 4 24s yy T BANS gy Odd Any 
Oy Ox dz Ox Oz Oy Ox dy Ox Oz dy dz 


2 2 
oA, OA, dA.. OA. dA OAs. OA, | 04g DA 
Od yor E Ose un aoe oe 


Gedy y Gy 


ONE ee eee 
= — E t 3,2 t 3,2) Art + Aoi + Ask) 
TECH TEE p p2 BA | Ble, dA 
Pia 44 14 cB ds coL c a Oe 


= -VA + V(V.A) 


If desired, the labor of writing can be shortened in this as well as other derivations by writing only the i 
components since the others can be obtained by symmetry. 


The result can also be established formally as follows. From Problem 47(a), Chapter 2, 


(1) AX (BxC) = B(A C) — (A-B)C 
Placing A=B=V and C =F, 


V x (VxF) V(V-F) — (V-V)er = VV.F) — VF 


Note that the formula (7) must be written so that the operators A and B precede the operand C, otherwise 
the formalism fails to apply. 


30. If v=q@xr, prove w = curl v where w is a constant vector. 


i j k 
curly = Vxv = Vx(oxr) = Vx |o, we We 
x y z 


V x [woz — wsy)à + (wsx -wizji + (Wry —coox)k] 


i i k 
x o 2 2 = i = 
= p" dy As 2(c4i ¥ oj + wg k) 20 . 


Woz —Osgy | (gx —OZz Wry —Wox 
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Then @ = 4V xv = z curl v. 


This problem indicates that the curl of a vector field has something to do with rotational properties of 
the field. This is confirmed in Chapter 6. If the field F is that due to a moving fluid, for example, then a 
paddle wheel placed at various points in the field would tend to rotate in regions where curlF #0, while if 
curlF = 0 in the region there would be no rotation and the field F is then called irrotational. A field which 
is not irrotational is sometimes called a vortex field. 


2 
31. f. V-E - 0, V-H - 0, Vxg- - 2H, VxH- B show that E and H satisfy Vu = Ou 
t 


or C 
2 
OH d 9 ,9E QE 
V V = V -— MÀ = —- = V = — —( — = ILL 
POST x ae ph du Ot Ot Ot? 
2 
By Problem 29, Vx(VxE) = -VE+V(V-E) = OVE. Then VE = 2E. 
2 
ere. OE d d, OH on 
V = V ru = um V = IDL(———)--.—-———. 
Similarly, x (Vx B) x CS A x E) = 37 s 
2 
But Vx(Vxm) = -Vu + V(V-Ħ) = —V'H. Then Vu E er 
t 


The given equations are related to Maxwell's equations of electromagnetic theory. 


The equation 
2 2 2 2 


is called the wave equation. 


apa) O22 OP 


MISCELLANEOUS PROBLEMS. 


32. (a) A vector V is called irrotational if curl V=0 (see Problem 30). Find constants a,b,c so that 


V = («+2 taz)i + (bx —3y — z)j + (4x * cy + 2z)k 
is irrotational. 


(b) Show that V can be expressed as the gradient of a scalar function. 


i j k 
(a) cu] V = Vxv = 2 s 2 = (c+1)i + (a—4)j + (b—2)k 


x t2y taz bx—3y—z 4xtey+2z 


This equals zero when a 24, b-2, c- —1 and 


V = (xt2y t4z)i + (2x — 3y —z)j + (4x — y + 2z)k 


(b) Assume V = Vo = b "$n + 20 


Then ince ioca ds (2) 2 . xs: (a) 9$ . ym. 
Ox Oy Oz 


Integrating (1) partially with respect to x, keeping y and z constant, 


2 
(4) p = «ot ay + xs + fy?) 


where f(y,z) is an arbitrary function of y and z. Similarly from (2) and (3), 


33. 


34. 
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2 
(5) p = my M — yz qn 
(6) o = 4xz — yz + z2? + h(x,y). 


Comparison of (4), (5) and (6) shows that there will be a common value of ¢ if we choose 


2 2 2 2 
foe) = Se, ganit, hey = 5-3 
so that 
x? 3 2 5 
¢-=5-f+e + 2xy + 4xz — yz 


Note that we can also add any constant to ®. In general if Vx V =0, then we can find $ so that v= Vo. 
A vector field V which can be derived from a scalar field so that V= Ve is called a conservative vector 
field and d» is called the scalar potential. Note that conversely if V - V5, then Vx V = 0 (see Prob.27a). 


Show that if P (x,y,z) is any solution of Laplace's equation, then Vo is a vector which is both 
Solenoidal and irrotational. 


2 
By hypothesis, $ satisfies Laplace’s equation V ¢ = 0, i.e. V-(Vd) = 0. Then V¢ is solenoidal (see 
Problems 21 and 22). 


From Problem 27a, V x (Vd) = 0 so that Vj is also irrotational. 


Give a possible definition of grad B. 
Assume B = B,i + Boj + Bak. Formally, we can define grad B as 


VB = (2i + 2j + 2k (Bii + Boi + Bgk) 
x oy Oz 


The quantities ii, ij, etc., are called unit dyads. (Note that ij, for example, is not the same as ji.) 
A quantity of the form 


aii + aij + aik + aji + aji + a jk + anki + a, kj + a, kk 


is called a dyadic and the coefficients a11, a,9,... are its components. An array of these nine compo- 
nents in the form 


911 019 a13 
221 925 923 


031 G32 agg 


is called a 3 by 3 matrix. A dyadic is a generalization of a vector. Still further generalization leads to 
triadics which are quantities consisting of 27 terms of the form Q44, ii + ag jii +.... A study of how 
the components of a dyadic or triadic transform from one system of coordinates to another leads to the sub- 
ject of tensor analysis which is taken up in Chapter 8. 
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35. 


36. 
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Let a vector A be defined by A = Ai + Aoi + Ask anda dyadic ® by 
b = anii + dui] + aik + agji + Good) + asik + aki + dggkj + ak 


Give a possible definition of A°®. 


Formally, assuming the distributive law to hold, 
A: = (A, + Aoi + Ask) = A4iP* Aj- + Ask: b 
As an example, consider i: (p. This product is formed by taking the dot product of i with each term of 


@® and adding results. Typical examples are i- aii, i+ oii, i- a5, ji, iv as2kj, etc. If we give mean- 
ing to these as follows 


i-ayii = ay- ii = ayi since i-i = 1 
i-aoij = “litij = apj since i-i = 1 
i-anji = an (i-j)i = 0 since i-j = 0 
i-askj = Qso(i-kK)j = 0 since i-k = 0 


and give analogous interpretation to the terms of j-@ and k-@®, then 


A: Aj(a44i* 042 3 * asg K) + Alag i+ ap j* dos K) + As(asr i+ agp Í + ass K) 


(A4044 + Anao + Agasi) i + (41012 + Ag dap + Asas2) i + (Ay arg + Ao des + Ag dag) K 


which is a vector. 


(a) Interpret the symbol A-V. (b) Give a possible meaning to (A-V)B. (c) Is it possible to 
write this as A-VB without ambiguity? 


(a) Let A = Agi + Apj + Ask. Then, formally, 


" d., PEN 
A-V = (Agi + Aoi + Ask) (Zi + a t0 
"E è 2 
= Avy + Aaa + Asx 


is an operator. For example, 
à d à 
(A-V) b = (Aa ac + Aon t Aga)? = 4157 + pee + 
Ox Oy Oz y 
Note that this is the same as AV. 
(b) Formally, using (a) with d replaced by B= B i+ Boj * Bak, 


(A-V)B = 


I 
= 
| 
+ 
$ 
| 
+ 
& 
ib 
Wa 
lt 
e 
| 
+ 
a 
| 
+ 
a 
| 


OB, , dB, | OBL, 9B, OB. , Bə, 2B, OBs, , dB 
= (Ay S + Ao zm t As zH + (Ay S + Ao cm + Ag 3! * (Ac + Áo > + Ag 5, 


(c) Use the interpretation of VB as given in Problem 34, Then, according to the symbolism established 
in Problem 35, 


A:VB - (44i s Aoi + Agk) .VB = A,i*VB + Aoj -VB + Ask- VB 
ƏB. dBa, Ba, , , OB, , OB2, , OB ƏB. OB... OB 
i 9. à : ! A ! 1 
AUS CL 2! * 2, 9 + dee ne c * rH * scat * 32) + 2 


k) 
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which gives the same result as that given in part (b). It follows that (A-V)B = A-VB without ambi- 
guity provided the concept of dyadics is introduced with properties as indicated. 


37. If A = 2yzi — vyj + xZk, B = x?i + yzj — xyk and $ = 2x?yz?, find 
(b) A-V, (c) (B-V)A, (d) (A 


(a) (A‘V)¢, 


(a) (AV)p 


(b) AV = 


(2yzi — x°yj + xz^k)- T: toL 
Ox 


9 9 


xV)ó, (e) Ax Vo. 


[(3yzi — xyi + xz?) (Li € Sit 2ko 


d dy 


(aye 2 — xy E + xP 2) ety) 


Oz 


2yz 2 (2x2y2?) — By S (ya) + x2? D (y2) 

ox y zn 
(2yz)(4xyz?) — (Py) + (uz?) (6x7y2”) 
8xy^ z^ — x^ yz? + Byz’ 


op 
oy 


og 
ik) 


(2yzi — x^y j + xz^k) - (Axyz^ i + 2:229 4 6x, yz? Kk) 


8xy z^ - 2x*yz? * 6x^yz^ 


Comparison with (a) illustrates the result (A-V) = A-Vó. 


(c) (B-V)A 


It 


[o1 + yzj - ayk) (Èi d 


9 9 9 29 


2 — = 
Woe ul M SUA 


DE 


E NET 


x? (— 2xy j + z^ k) * yz(2zi — x?j) — xy(2yi 


+ 2xz k) 


(yz? — 2xy?)à — (28y + xyz)j + (x22? ~ 2x?yz )k 


For comparison of this with B-VA, see Problem 36(c). 


(d) (Ax Vo 


a y 


[(2yz i — x?y j * xz?k) x (5 + 3; * S'il 
z 
i j k 
2yz ~—x*y xz? o 
3 2 2 
dx dy F 


i(— E ed 2.0 27 = 
[i( ay xz p + j(xz x 2yz 


E 
Oz 


+ k(2yz 2 + y 2-0 
Ox 


oy 


og 


à 
— 2yz —-)i + (2yz E + ay K 


ob d$ ad ad 
c Pa 2x QE 

(x^y 3 + xz a + (xz z 3: 
— ( 6x^?z2 $ 292° yi + (4x?y2° — 12x2y?2? )j 


bs 


+ (ayz + 4 


By, )k 
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(e) Ax Vb = (2yzi — x?yj + vx GR + ET n Po 
i J k 
= | 2yz xy xz? 
op op Æ 
Ox Oy Oz 
op 2 OP 2 9h op op ob 


Mu 


(ray ee 5,4! t (xz? — 3ys dd t (aim ay SE 


2 (ey mS + (ys 1248y2,9)j + (AX5yz* + 4y z k 


Comparison with (d) illustrates the result (Ax V)@ = AX Vo. 


INVARIANCE 


38. Two rectangular xyz and x'y'z' coordinate systems having the same origin are rotated with re- 
spect to each other. Derive the transformation equations between the coordinates of a point in 
the two systems. 


Let r and r’ be the position vectors of any point P in the two systems (see figure on page 58). Then 
1 i 
since r=r, 


a) xd toy fl tz k = xb + yj tzk 


Now for any vector A we have (Problem 20, Chapter 2), 
A = (ibi + (dbi + (A-k’) k’ 
Then letting A = i,j,k in succession, 
Poco Gi) € ddoj + Ge DB = mi + laf + log k' 
(2) j gahi + dioi + Gk 
k kii + jhj + ekk = lai + laj + dk 


hoi + lei + look’ 


i 


Substituting equations (2) in (1) and equating coefficients of i, i. k' we find 
(3) x = hax + hoy + haz. y' = lax + ley + lee, z' = dax + lay + les? 


the required transformation equations. 


39. Prove i = lai + boi + hak 
j = lai + loi + beak 
k lori + ls2j + lask 


For any vector A we have A = (A:Di + (A Dij + (A- k)k. 
Then letting A = i, ï, k’ in succession, 
dii + G-Dj + G-Ek = hid + hod + Lek 


digi + GDI + Gk = lni + lei + look 
(Di + (^j + (kk = Ji + de + lsk 


o 
u 


H 


LA 
M 
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3 
40. Prove that Pi lym lyn = 1 if m=n, and 0 if m#n, where m and n can assume any of the values 
1, 2,3. i 


F'rom equations (2) of Problem 38, 
ib = 1 = (ud + laj dk) (ui + laj + lak’) 
= ia + I2 T EA 
s " sf af i af of F 
ij = 0 = (had + laj + lak )- (loi + Dj + Bk) 


= laho + lalo + lgıls2 


i-k 


H 
o 
It 


(hii! + laj + lak’) + (agi + laj + lask’) 


= lalis + biles + dejas 
These establish the required result where m=1. By considering j-i,j-j,j-k,k-i,k-j and k-k the result can 
be proved for m=2 and m-3. 


1 if m-n 


By writing ô = 
iE risa 


3 
the result can be written Foal Lom lon = ban . 


The symbol San is called Kronecker’s symbol. 


41. If (x,y,z) is a scalar invariant with respect to a rotation of axes, prove that gradi» is a vector 
invariant under this transformation. 


By hypothesis $(x,y,z) = D(x", y, z. To establish the desired result we must prove that 


D a o gee 
x y 


Using the chain rule and the transformation equations (3) of Problem 38, we have 


C NE OR M RC ECCE EE EE 
Ox W Ox Oy! Ox Oz; Ox wY au Oz! t 
Ob . dP OG" By’ . 999] EN EN 3e, 
Oy w Oy Oy! Oy Oz! Oy Ox!” ay! ? dz 
[E OU OE OPO M E NEC - 9 of, 
Oz Ox! Oz ay’ dz 94 Og WEO Bye Be 


Multiplying these equations by i,j,k respectively, adding and using Problem 39, the required result fol- 
lows. 
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42. 


43. 


44. 


45. 


46. 


41. 


48. 


49. 


50. 
51. 


52. 


53. 


54. 


55. 


56. 


91. 


58. 


59. 


60. 


61. 


62. 


63. 
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SUPPLEMENTARY PROBLEMS 


Io = z^ —2%y, find Vo and | Ve at the point (2,-2,-1). Ans. 10i— 4j — 16k, 293 


If A = 207i — 3yzj + x27k and = 2z — x°y, find A-Vé and Ax V at the point (1,-1,1). 
Ans. 5, Ti-j—11k 


it F = x22 +0." and G = 22%y — xy”, find (a) V(F*G) and (b) V(FG) at the point (1,0,—2). 
Ans. (a) —4i * 9j +k, (b) —8j 


Find Vlr. Ans. arr 


Prove Vfg) = LOE. 


T 


cede Versa hy, ugue Ae She 
3 


r 


t VU = or*r, findU. Ans. r5/3 + constant 


Find (r) such that Vp =- and P(1)=0. Ans. P(r) = ia = 
T T 
a A 24 2 - 
Find Vy where W= o y^ tz’ )e X FY FZ |, Age eye E 
uf Vo = wy? i +x + 3x2? k, find $(xuuz) if (1—2,2) = 4. Ans. $ = xyz? + 20 
it Vj = (y? — xyz )i + (8 + 2xy — xz? yj + (62° — 3x yz^ )k, find y. 


Ans. Y = xy? — x"yz? + 3y + (3/2) z^ * constant 
If U is a differentiable function of x,y,z , prove VU-dr = dU. 


If F is a differentiable function of x,y,z,t where x,y,z are differentiable functions of t, prove that 
dF _ OF + VF- dr 
dt 


dt Ot 
If A is a constant vector, prove Vitr A) =A. 


If AGuy,z) = 4,i + Aoj + Ask, show that dA = (VA,+dr)i + (VAg-dr)j + (VAgedryk. 


Prove VO . CVF Pe if G#0. 


Find a unit vector which is perpendicular to the surface of the paraboloid of revolution z = x? y? at the 


2i+ 4j — k 
tV21 


Find the unit outward drawn normal to the surface (x—1) *y^*(z*2) = 9 at the point (3,1,—4). 
Ans. (2i + j — 2k)/3 


point (1,2,5). Ans. 


Find an equation for the tangent plane to the surface xz + xy = z — 1 atthe point (1,—3,2). 
Ans. 2x —y—3z+1=0 


Find equations for the tangent plane and normal line to the surface z = x ty? at the point (2,—1,5). 


x—2 yti_z-5 
—À——À € = LL = 4t 2, = —2t—]1, matt 
q 5 1 or x-4t*2, y 2t—1, z 5 


Ans, 4x —2y -z = 5, 


Find the directional derivative of d = xz) — Bx yz at (2,—1,2) in the direction 2i —3j + 6k. 
Ans. 376/7 


Find the directional derivative of P - 4e2%-¥*2 at the point (1,1,—1) in a direction toward the point 


(—3,5,6). Ans. —20/9 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 
72. 
73. 
14. 
15. 
16. 
77. 
"78. 
79. 
80. 
81. 


82. 


83. 
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In what direction from the point (1,3,2) is the directional derivative of P = 2xz —y? a maximum? What is 
the magnitude of this maximum ? Ans. In the direction of the vector 4i — 6j + 2k, 2v 14 


Find the values of the constants a,b,c so that the directional derivative of d» = axy? + byz ^ cz?x? at 
(1,2,—1) has a maximum of magnitude 64 in a direction parallel to the z axis. Ans. a=6, b=24, c- —8 


Find the acute angle between the surfaces xy?z = 3x+z° and 3x°—y? +22 =1 at the point (1,—2,1). 


7/6 


Ans. arc cos = arc cos Tá = 79°55" 


3 
vi4 v21 
Find the constants a and b so that the surface ax? — byz = (a+2)x will be orthogonal to the surface 
4x^y +z? = 4 at the point (1,-1,2). Ans. a=5/2, b=1 


(a) Let u and v be differentiable functions of x,y and z. Show that a necessary and sufficient condition 
that u and v are functionally related by the equation F(u,v)=0 is that Vux Vo = 0. 
(b) Determine whether u = arc tanx + arc tany and v = E 


Ans. (b) Yes (v = tan u) 


are functionally related. 


(a) Show that a necessary and sufficient condition that u(x,y,z2), V(x,y,z) and w(x,y,z) be functionally re- 
lated through the equation F(u,v,w)=0 is Vu: Vv x Vw - 0. 
(b) Express Vu: Vox Vw. in determinant form. 'This determinant is called the Jacobian of u,v,w with re- 


spect to x,y,z and is written Sturt) or (ELL), 


(x,y,z) X,Y,Z 

(c) Determine whether u =x+y+z, v =x°+y°+z?° and w =xy+yz+zx are functionally related. 
Sa oe ES 
Ox Oy oz 
Ov w dv 2 

.@ |2 2 2 —v-2w = 

Ans. (b) a ER ER (c) Yes (u“—v—Qw = 0) 
ow w w 
Ox dy oz 


If A = 3xyz^i + 2xy? j — x^yz k and db = 3x2—yz, find (a)V-A, (b) A-Vó, (c) V- (PA), (d) VVD), 
at the point (1,—1,1). Ans. (a) 4, (b) —15, (c) 1, (d) 6 


Evaluate div (2x^zi — xy?z j + 3yz? k). Ans. 4xz — 2xyz + 6yz 

If $ = 3x72 — 972 +4x%y (2x — 3y — 5, find Vid. Ans. 62 + 24xy — 22° — Gy^z 

Evaluate Vn r). Ans. 1/1? 

Prove Vu. n(n*1)r^ 7? where n is a constant. 

If F = (8x°y —z)i + (x2? +y*)j — 2x5 k, find V(V- F) at the point (2,—1,0). Ans. —6i + 24j — 32k 
If œ is a constant vector and v = @xr, prove that div v - 0. 

Prove V (py) = Vp + 2Vb-Vy + YVG. 

If U- 3x^7y, V=xf — 2y evaluate grad [(grad U). (grad Vy] : Ans. (6yz7 — 12x)i + &xz? j + 12xyzk 
Evaluate V-(Pr). Ans. 6r? 

Evaluate V- [r Va7p)) 3 Ans. 8r ^ 

Evaluate v^[v. (r/72)]. Ans. 2r7* 

If A -r/r, find grad div A. Ans. —2r ? r 

2 df 


r dr 
Ans. f(r)- A + B/r where A and B are arbitrary constants. 


2 
(a) Prove Vr = VH (b) Find f(r) such that V ri) =0. 
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84. Prove that the vector A = 3y*z°i + 4X2? j — 34^y^ k is solenoidal. 


85. Show that A = (2x? 4 Bxy^z)i + (8x°y — 3ay)j — (&y z^ + ox2z)k is not solenoidal but B -xyz^ A is 
Solenoidal. 


86. Find the most general differentiable function f(r) so that f(r)r is solenoidal. 
Ans. f(r)= C/r? where C is an arbitrary constant. 


87. Show that the vector field V = NL PP. is a "sink field". Plot and give a physical interpretation. 
vx? t y? 
88. If U and V are differentiable scalar fields, prove that VUx VV is solenoidal. 


89. If A = 2xz?i — yzj + 3xz?k and d = x^yz, find 
(ay Vx A, (b) curl PA), (c) Vx (Vx A), (d) VIA. curl Al, (e) curl grad (PA) at the point (1,1,1). 
Ans. (a)it+j, (b) 5i— 3j — 4k, (c) 5it 3k, (d)—2i *j * 8k, (e) 0 


90. If F = x*yz, G = xy —3z?, find (a) V [V F)-(V6)], (y V: [VFyx(V6)], (0 Vx ((VF)x(Ve)]. 
Ans. (a) (2y?z + 3x72 — l2xyz)i + (4xyz — 6x^z)j + (2xy? Eg — 6x^y) k 
(b) 0 
(c) (x22 — 24xyz)i — (12x + 2xyz)j + (Quy? + 12yz? +2°)k 
91. Evaluate Vx(r/r). Ans. 0 


92. For what value of the constant a will the vector A = (axy—z?)i + (a—2)x?j + (1—a)xz^k have its 
curl identically equal to Zero ? Ans. a -4 


93. Prove curl (fp grad o) = 0. 


94. Graph the vector fields A=xit+yj and B-yi-—xj. Compute the divergence and curl of each vector 
field and explain the physical significance of the results obtained. 
95. If A - x/zi *yz^j — 3xyk, B'- yli — yzj + 2xk and $= 2x? + yz, find 
(a) A- (Vd), (6) (AV), (6) (A-V)B,. (D) B(A-V), (e) (V A)B. 
Ans. (a) 4x°z + yzt 3xy?, (b) Ax?z + yz* — 8xy? (same as (a)), 
(c) 2y?z8 i + (3xy? — y24)j + 2x?z k, 
(d) the operator (x?y?z i — x?yz?j + 2x?z we + z i — y?z^ d + xyz? Kye 
x Y 
3 


*o(—3xyj9i + 3xy?z j — 6x?y Es. 
z 


(e) Qxy?z + y222)i — (2xyz? yz) + (4z + 2xz°)k 
96. If A = yz2i — 3xz° j + 2xyzk, B = 3xi + 4zj — xyk and $ = xyz, find 
(a) Ax (Vj), (b) (AxV) od, (e) (VxA)x B, (d) B-VxA. 
Ans. (a) —5x°yz2i + xy?2?4 + Axyz? k 


(b) —5x?yz2i + xy?z?j + 4xyz°k (same as (a)) 
(c) 16294 + (8x°yz — 12x27) + 32xz?^ k (d) 24x72 + Axyz? 


97. Find Ax(VxB) and (AxV) in at the point (1,—1,2), if A = xz^i + 2yj — 3xz k and B = 3xzi + 2yz j —-zZk. 
Ans. Ax(Vx B) = 18i - 12j + 16k, (AxV)xB = 4j + 76k 

98. Prove (v-V)v = VW? — vx (Vx v). 

99. Prove V-(Ax B) = B:(Vx A) — A-(Vx B). 

100. Prove Vx (Ax B) = (B-V)A — B(V-A) — (A-V)B + A(V- B). 

101. Prove V(A- B) = (B-V)A + (A-V)B + Bx(VxA) + Ax (Vx B). 


102. Show that A = (6xy +2%)i + (3x? — z)j + (8xz? — y)k is irrotational. Find $ such that A = Vo. 
Ans. P = 3x°y + xz? — yz + constant 
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103. Show that E = r/r? is irrotational. Find $ such that E = — Vo and such that f(a)=0 where a» 0. 
Ans. [o = In(a/r) 


104. If A and B are irrotational, prove that Ax B is solenoidal. 
105. If f(r) is aifferentiable, prove that f(r)r is irrotational. 


106. Isthere a differentiable vector function V such that (a) curl V =r, (b)culV-2i *j * 3k? If So, find V. 
Ans. (aì No, (b) V = 3xj + (2y —x)k + Vo, where [o is an arbitrary twice differentiable function. 


107. Show that solutions to Maxwell's equations 
Vn = 2 3E, Vxg - 19H V.n-o, V-E = 4mp 


where p is a function of x,y,z and c is the velocity of light, assumed constant, are given by 


E=-Vp—-124  g.VxA 


* Ot 
where A and , called the vector and scalar potentials Iespectively, satisfy the equations, 
d 1 9 1 0A 
d) V-A Q4 05 os. (2) Ve-l OP cdi: (3) Va-4 2 
€ Qt c* Qt c^ Qt 


108. (a) Given the dyadic $ = ii+ jj +kk, evaluate r-(B-r) and (r-d).r. (b)Is there any ambiguity in 
writing r-@-r? (c) What does r-g-r=1 represent geometrically ? 
Ans. (a)r«(B-r) - (r-d)-r =x?+y?+z?, (b) No, (c) Sphere of radius one with center at the origin. 


109. (a) If. A - xzi — y^ j * yz? k and B = 2z2i — xyj * Y! k, give a possible significance to (Ax V)B at 
the point (1,—1,1). 
(b) Is it possible to write the result as Ax (VB) by use of dyadics ? 
Ans. (a)—4ii— ij + 3ik — ijj — 4ji + 3kk 
(b) Yes, if the operations are suitably performed. 


110. Prove that (x,y,z) = x^ ^y? tz? is a scalar invariant under a rotation of axes. 


111. If A(x,y,z) is an invariant differentiable vector field with respect to a rotation of axes, prove that (a) div A 
and (b) curlA are invariant scalar and vector fields respectively under the transformation. 


112. Solve equations (3) of Solved Problem 38 for x,y,z in terms of x^ y, z’. 
Ans. x = hix + liy + biz, y = hox + boy + loz, z= ls x) + ls y + las z' 
113. If A and B are invariant under rotation show that A- B and Ax B are also invariant. 


114. Show that under a rotation 
Vs Spe RS. ret 


Ox 


Eo ae 
Gyr oy a ae 


115. Show that the Laplacian operator is invariant under a rotation. 


Chapter 5 


ORDINARY INTEGRALS OF VECTORS. Let R(u) = Rí(u)i + Ro(u)i + R,(u)k be a vector depending 
on a single scalar variable u, where R,(u), Ro(u), Ra(u) are 
supposed continuous in a specified interval; Then 


IET = JE * JE * SEC 


is called an indefinite integral of R(u). If there exists a vector S(u) such that R(u) = £ (s), then 


n - fisa = Su) +e 


where c is an arbitrary constant vector independent of u. The definite integral between limits u=a 
and u-b can in such case be written 


b by b 
f R(u)du = f Ja (S(u)) du = su) +c| = sb) — S(a) 
a 
a a 


This integral can also be defined as a limit of a sum in a manner analogous to that of elementary in- 
tegral calculus. 


LINE INTEGRALS. Let r(u) = x(u)i + yai + z(u)k, where r(u) is the position vector of (x,y,z), 
define a curve C joining points P, and P}, where u=u, and u-u» respectively. 


We assume that C is composed of a finite number of curves for each of which r(u) has a contin- 
uous derivative. Let A(x,y,z) = 41i + 4gj + Ask be a vector function of position defined and con- 
tinuous along C. Then the integral of the tangential component of A along C from P, to P; , written as 


Po 
f A:dr = fra = fa dx + Áo dy + As dz 
Py C C 


is an example of a line integral. If A is the force F on a particle moving along C, this line integral 
represents the work done by the force. If C is a closed curve (which we shall suppose is a simple 
closed curve, i.e. & curve which does not intersect itself anywhere) the integral around C is often 


denoted by 
f aa = $ A, dx + Agdy + Ag dz 


In aerodynamics and fluid mechanics this integral is called the circulation of A about C, where A 
represents the velocity of a fluid. 


In general, any integral which is to be evaluated along a curve is called a line integral. Such 
integrals can be defined in terms of limits of sums as are the integrals of elementary calculus. 


For methods of evaluation of line integrals, see the Solved Problems. 


The following theorem is important. 
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THEOREM. If A-Vó everywhere in a region R of space, defined by a, Sx < ag, b Sy $ bs, 
c, Š z $ cə, where (x,y,z) is single-valued and has continuous derivatives in R, 
then Po 


1. A-dr is independent of the path C in R joining P, and PB. 


2. A:dr =0 around any closed curve C in R. 


d-e o 


In such case A is called a conservative vector field and œ is its scalar potential. 


A vector field A is conservative if and only if VxA-0, or equivalently A-Vdó. In such case 
A:dr = A, dx + Ao dy + Ag dz = dd, an exact differential. See Problems 10-14. 


SURFACE INTEGRALS. Let $ be a two-sided surface, such as shown in the figure below. Let one 

side of $ be considered arbitrarily as the positive side üf S is a closed 
surface this is taken as the outer side). A unit normal n to any point of the positive side of S is 
called a positive or outward drawn unit normal. 


Associate with the differential of surface 
area dS a vector dS whose magnitude is dS and 
whose direction is that of n. Then dS= ndS. 
The integral 


[Jo = fen 


S 


is an example of a surface integral called the 
flux of A over S. Other surface integrals are 


ff». feno. ffas 


where $ is a scalar function. Such integrals can 
be defined in terms of limits of sums as in ele- 
mentary calculus (see Problem 17). 


The notation df is sometimes used to indicate integration over the closed surface S. Where 


5 
no confusion can arise the notation $ may also be used. 
5 


To evaluate surface integrals, it is convenient to express them as double integrals taken over 
the projected area of the surface S on one of the coordinate planes. This is possible if any line per- 
pendicular to the coordinate plane chosen meets the surface in no more than one point. However, this 
does not pose any real problem since we can generally subdivide S into surfaces which do satisfy 
this restriction. 


VOLUME INTEGRALS. Consider a closed surface in space enclosing a volume V. Then 


fff m fff 


are examples of volume integrals or space integrals as they are sometimes called. For evaluation of 
Such integrals, see the Solved Problems. 
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SOLVED PROBLEMS 


2 
1. If Ru) = (u—u?)i + 2 j — 3k, find (a) few du and o f R(u) du. 
4 


(a) frw du = f [uui + wei — 3k] du 
= AE t j foo + f 


2 3 4 
= ite ae ep + is + cg) + k(—3u * eg) 


2 3 4 

= ($-$5 + ad — 3uk + cai + coj + cok 
u? u? u^ 

- Uu lf + Àj — + 
(Gea 3 3uk c 


where c is the constant vector c,i + c2j t cs k. 


f u? u., u*. i 
(b) From (a), ^ R(u)du = C -3. + 5i ` 3uk + c i 
pO B2, tee Sees dee 
- Ký- Bi +35 - sce +e] — KE- doi + Fi - 30k +e] 
=- i 15; _ 
= gi + 2 i 3k 
Another Method. 
2 2 2 2 
f. R(u)du = if, (u-u’)du + if, ue du + k f. — 3 du 
2 4, a u t Ts es 5; 15, 
- 1-8 )[, + api, + a = cgi + 23 - 9X 
2. The acceleration of a particle at any time #20 is given by 
a = B = 12cos2ti — 8sin2¢j + 16tk 


If the velocity v and displacement r are zero at £—0, find v andr at any time. 


li 


Integrating, V if 12cos2tdt + i f -ssinaede + k f ieta 


6sin2żi + 4cos2tj + 8k + ci 


Putting v=0 when £-0, we find 0 = 0i + 4j + Ok + c4 and c= —4j. 


6sin2ti + (4cos2t—4)i + 82k 


Then v = 
so that a = 6sin2ti + (4cos2¢—4)j + 82k. 


Integrating, T if 6 sin2tdt + ifau cos 2t — 4) dt + kf 8:2 dt 


_scos2ti + (2sin2t—40j + bok i795 


Putting r- 0 when t=0, 0 = —3i + 0j + Ok + co and c2- 3i. 
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Then r = (3—3cos2¢)i + (2sin2t — 42)j + Bsk, 


dt? 
d, dA dA , dA dA d^A 
= — AX Cx = AX—S 
dt (Ax dt ) dt? dt dt dt? 
2 
i dA f d dA dA 
of dt = fax yd = AxfA te. 
Integrating, f AX did dt l (Ax dt ) dt Ax a c 


. The equation of motion of a particle P of mass m is given by 


dr 


nag . fin 
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where r is the position vector of P measured from an origin O, r, is a unit vector in the direction r, 


and f(r) is a function of the distance of P from O. 

(a) Show that r x at - € Where c is a constant vector. 

(b) Interpret physically the cases f(r) «0 and f(r)»0. 

(c) Interpret the result in (a) geometrically. 

(d) Describe how the results obtained relate to the motion of the planets in our solar system. 


2 
(a) Multiply both sides of m 2 = f(r)r, by rx. Then 
dt? 2 


mrx $1 = f(rrxm = 0 
since r and r4 are collinear and so rXr, = 0. Thus 
dr 


e d dr, _ 
rx z and qu) 0 


Integrating, rx A = €, where c is a constant vector. (Compare with Problem 3). 


2 


(b) If f(r) <0 the acceleration has direction opposite to r4; hence the force is directed toward O and 


the particle is always attracted toward O. 


If f(r) » 0 the force is directed away from O and the particle is under the influence of a repulsive 


force at O. 


A force directed toward or away from a fixed point O and having magnitude depending only on the 


distance r from O is called a central force. 


(c) In time A: the particle moves from M to N (see ad- 
joining figure). The area swept out by the position 
vector in this time is approximately half the area of 
a parallelogram with sides r and Ar, or irx Ar, 
Then the approximate area swept out by the radius 
vector per unit time is jr x ae ; hence the instan- 

t 
taneous time rate of change in area is 
Ar dr 
lim rx = irx — = irxv 
At~o 2 At 2 dt 2 


where v is the instantaneous velocity of the parti- 
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cle. The quantity H = 3r x T = irxv is called the areal velocity. From part (a), 
Areal Velocity = H = ¿rx d = constant 


Since r-H = 0, the motion takes place in a plane, which we take as the xy plane in the figure above. 


(d) A planet (such as the earth) is attracted toward the sun according to Newton’s universal law of gravita- 
tion, which states that any two objects of mass m and M respectively are attracted toward each other 


GMm 


with a force of magnitude F = De where r is the distance between objects and G is a universal 


constant. Let m and M be the masses of the planet and sun respectively and choose a set of coordi- 


nate axes with the origin O at the sun. Then the equation of motion of the planet is 


dr _ | GMm dr _ GM 
m 1 - 2h or 


jee 


assuming the influence of the other planets to be negligible. 


According to part (c), a planet moves around the sun so that its position vector sweeps out equal 
areas in equal times. This result and that of Problem 5 are two of Kepler’s famous three laws which he 
deduced empirically from volumes of data compiled by the astronomer Tycho Brahe. These laws ena- 


bled Newton to formulate his universal law of gravitation. For Kepler’s third law see Problem 36. 


5. Show that the path of a planet around the sun is an ellipse with the sun at one focus. 


From Problems 4(c) and 4(d), 


dv GM 
(1) dr ox ae 
(2) rxv = 2H = h 


Now r2THh, Q = ru uu so that 


dr dr dr. 
(3) h = rxv = rex (roe ttm = rm x oe 
dv GM d 
From (1), Te xh = Sr Rh = — GM n x (rx FH) 
dr. dr dr 
"DE. Md E 5 tj] cu 1 
M [o Tm (ret) GM Z> 
dr _ 


using equation (3) and the fact that r4. mo 0 (Problem 9, Chapter 3). 


But since h is a constant vector, A xh = PE h) sothat 


wxh) = cy dn. 
Integrating, vxh = GMmr +p 


from which r-(vxh) = GMr.r, + r-p 
= GMr * rre p = GMr + rpcos Ó 


where p is an arbitrary constant vector with magnitude p, and 6 is the angle between p and r4. 


Since r-(vx h) = (rxv)-h = heh = h, we have h = GMr + r p cos Ó and 
he 12/GM 


" “GM +p cos @ ~ 1 *(p/GM) cos Ó 
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From analytic geometry, the polar equation of a conic 
section with focus at the origin and eccentricity € is 


a š 1 
= 7 —-75, where a is aco : arin is 
gap h S nstant. Comparing th Planet 


with the equation derived, it is seen that the required 
orbit is & conic section with eccentricity € = p/GM. PA x 
The orbit is an ellipse, parabola or hyperbola accord- 
ing as € is less than, equal to or greater than one. 
Since orbits of planets are closed curves it follows 
that they must be ellipses. 


[^] 


Ellipse = Tye cos 


LINE INTEGRALS 


6. If A= (3x? +6y)i — l4yzj + 20xz?k, evaluate f A-dr from (0,0,0) to (1,1,1) alongthe follow- 
ing paths C: C 
(a) x =t, y=, z- D. 
(b) the straight lines from (0,0,0) to (1,0,0), then to (1,1,0), and then to (1,1,1). 
(c) the straight line joining (0,0,0) and (1,1,1). 


f Adr = fiee- 14yz j *20xz?k]-(dxi + dyj + dzk) 
C C 


f eo dx — l4yz dy + 20x27 dz 
n 


(a) If x=t, y 2 t^, zz t?, points (0,0,0) and (1,1,1) correspond to t= 0 and £-1 respectively. Then 


1 
uu E f GC +627) de — 14(07) (7) d¢e?) + 00E ace?) 
t=0 


1 
= f 97 dt — 28 de + 600° dt 


1 
Jf o£ me ya = 3w +e] = 5 
O 


Another Method. 
Along C, A = 9i — 140°j + 2007k and r=xi+yj+zk=ti+:j+Êk and dr - (1 4 2tj * 32 k)dt. 


1 
Thén f ^ = foe? 145 + 2007 osa emi eso 
C 
t=0 


H 


t 
f (97 — 288 + eoi?) de = 5 
[6] 


(6) Along the straight line from (0,0,0) to (1,0,0) y=0, z=0, dy=0,dz=0 while x varies from 0 to 1. Then 
the integral over this part of the path is 


1 1 
* (8? «6 (0) de — 14(0)(0)(0) + 20%(0)° (0) = f 3x? dx = 6| = 1 


x=0 Xx=0 


Along the straight line from (1,0,0) to (1,1 ,0) x=1, z=0,dx=0,dz=0 while y_varies from 0 to 1. 
Then the integral over this part of the path is Se 


OR Cee — 14y(0)dy + 20(1)(0% 0 = 0 
y=0 
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Along the straight line from (1,1,0) to (1,1,1) x21, y=1, dx=0,dy=0 while z varies from 0 to 1. 
Then the integral over this part of the path is 


1 1 3 1 
f (3(1)°+6(1)) 0 — 14(1) z(0) + 20(1)2° dz = f 2022 dz = 205 = z 
Z-0 2=0 


Adding, NT = 1+ 0+ 9 7o. 
C 


(c) The straight line joining (0,0,0) and (1,1,1) is given in parametric form by x-t,y-t,z-t. Then 


i 


1 
f A: dr f (3t? +6t) dt — 14(e)(t) de + 20(0( dt 
C 
t=0 


1 1 
f (307+ 6t — 142 +20?) dt = f (6t —11£ +20) dt = p 


5o f-o 


1. Find the total work done in moving a particle in a force field given by F = 3xyi — 5zj + 10xk 
along the curve x =:°+1, y = 22°, z=t? from t=1 to t-2. 


Total work = f F- dr f (3xy i — 5z j + 10x k)- (dxi + dy j + dz k) 
C C 


3xy dx — 5z dy + 10x dz 


oon 


IHI (207) d(2+1) — 5(¢°) dae?) + 10(¢7+1) dee?) 


t=1 


(12:9 + 10¢4 + 1208 +3027) de = 303 


2 
J 
8. If F = 3xyi — yi. evaluate Í F-dr where C is the curve in the xy plane, y = 2x?, from (0,0) 
to (1,2). C 


Since the integration is performed in the xy plane (z=0), we can take r = xi * yj. Then 


fen = Jom 
C C 
2 
xz f 3xy dx — y^ dy 
C 


First Method. Let x-t in y=2x*. Then the parametric equations of C are x=t, y= 21^. Points (0,0) and 
(1,2) correspond to £- 0 and t=1 respectively. Then i 


3: 1 
f v = f 3(t)(2t2) dt — (WYF U?) = f (6—16) dt = -7 
e to £o 
Second Method. Substitute y= 2x? directly, where x goes from 0 to 1. Then 
2 1 
f v = f 3x(2x^)dx — (2x^y d(2x^) = f (6x°—16x°) dx = -1 


C x=0 X=0 
Note that if the curve were traversed in the opposite sense, i.e. from (1,2) to (0,0), the value of the integral 
would have been 7/6 instead of — 7/6. 


VECTOR INTEGRATION 


89 


. Find the work done in moving a particle once around a circle C in the xy plane, if the circle has 


center at the origin and radius 3 and if the force field is given by 


F = (2x —-y+z)i + (x ty —z?)j + (3% — 2y + 4z)k 


In the plane z=0, F = (2x —y)it(@ty)j + (3x—2y)}k and dr =dxi + dyj so that the work done is 


f F-dr 
C 


f [(2x—y)i + (x +y)j + (3x —2y)k] - [dxi + dy j] 
C 


f (2x —y) dx + (x+y) dy 
C 


Choose the parametric equations of the circle as x- 3cos t, y - 3sint 


where ¢ varies from 0 to 27 (see adjoining figure). Then the line integral 
equals 
on 


ft 


on 9 27 : 
= f (9 — 9sint cost) dt = of — 2 sin? t | = 187 
o (0) 


In traversing C we have chosen the counterclockwise direction indicated 
in the adjoining figure. We call this the positive direction, or say that C 
has been traversed in the positive sense. If C were traversed in the clock- 


r=xi+yj 
wise (negative) direction the value of the integral would be — 187. 


f [X3 cost) — 3sinz] [—~3sine]de + [3cost +3sint] [3 cos] de 
t=0 / Y 


-3costi-3 sint j 


. (a) If F-Vó, where ¢ is single-valued and has continuous partial derivatives, show that the 
Work done in moving a particle from one point P, (x4, Yı 24) in this field to another point 


Py = (xo, Y2, Z2) is independent of the path joining the two points. 


(b) Conversely, if F-dr is independent of the path C joining any two points, show that there 


(H 
exists a function $ such that F - Vj, 
P5 Po 
(a) Work done = f F-dr = Vod-dr 
B B 
E 
= pm eee eee eee 
B x dy Oz 
1 
E op op og 
= » aro acd Pe dz 


PPa — PPO = (xo. yo,29) — P Ga Lys 24) 


T 
AS) 3 
NS 
a 
© 
u 


Then the integral depends only on points P4 and P, and not on the path joining them. This is true 


of course only if (x,y,z) is single-valued at all points P, and Po. 


(b) Let F = Fi + Ej t+ Fok. By hypothesis, f F-dr is independent of the path C joining any two 


C 
points, which we take as (x4, y4, z4) and (x,y,z)respectively. Then 


(x,y,z) (x,y,z) 
Ó(x,y,z) = F-dr = Fidx + Fody + Fjdz 


(4, Y1 24) (2. ya, 24) 


is independent of the path joining (X4, y1, 21) and (x,y,z). Thus 
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(x *Ax,y,z) (x,y,z) 
f F-dr — F- dr 
(X4, y» Z4) 


(x1, yn 24) 
(X1 Ya. Z1) (xtAx,y,z) 
F-dr + f F-dr 
(x,y,z) (X45 yai 24) 


(x+Ax,y,2) (x+Ax,y,2) 
= J F-dr = F, dx + Fody + Fzdz 
(x,y,z) (x,y,z) 


P(xtAx, y; z) P" Ó (x,y,z) 


n 


Since the last integral must be independent of the path joining (x,y,z) and (xx, y, z), We may choose 
the path to be a straight line joining these points so that dy and dz are zero. Then 


bote yz) — Dun) p Qe UTEM Le 
EE EE o DEED NE UE ee = Lr amd 4 
Ax Ax (x,y,z) 


D 
Taking the limit of both sides as Ax—0, we have st =F. 


d à 
Similarly, we can show that em = Fy and oS = Fy. 
o, E? 


op 


à à 
Then F = Ai+Fpj+Fk = Jİ S (Sa = Vo. 
Po 


If f F-dr is independent of the path C joining P, and P2, then F is called a conservative field. 


Py 
follows that if F= Vb then F is conservative, and conversely. 


Proof using vectors. If the line integral is independent of the path, then 


11. (a) 
(b) 


(a) 


(b) 


(x, iu) (x,y,z) 
P(%,y,2) = i : Fedr = f r. 2 ds 
(X3, ya, Z1) (X2, Y1» Z1) s 


: E: d _ dr dp _ dr dr . 
By differentiation, z- = F-7-. But z = Vo. . 50 that (VP F7. = 0. 


Since this must hold irrespective of at , we have F= Vo. 


If F is a conservative field, prove that curlF = Vx F=0 (i.e. F is irrotational). 
Conversely, if VxF=0 (i.e. F is irrotational), prove that F is conservative. 


If F is a conservative field, then by Problem 10, F= Vo. 
Thus curiF = Vx Vo = 0 (see Problem 27(a), Chapter 4). 


i j k 
Vxr- ð ə 2|, 
If VxF=0, then er zm à: 0 and thus 
1 E 3 
OF, _ òR OF, OF 9E Of 
Oy ~ dz’ oz vx’ Ox -— Oy 


We must prove that F= Vo follows as a consequence of this. 


The work done in moving a particle from (x1, Y1, Z1) to (x,y,z) in the force field F is 


It 
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f Fi (x,y,z) dx + Fo(x,y,z) dy + Fg (x,y,z) dz 
C 


where C is a path joining (X4, y1,21) and (x,y,z). Let us choose as a particular path the straight fine 


segments from (x1, y4, z4) to (*,y3, 24) to (x,y,z4) to (x,y,z) and call (x,y,z) the work done along this 
particular path. Then 


x y z 
Py) = f Fi (x, ya, z1) dx +f Fa(x,y, 24) dy er Fo (x,y,z) dz 
X4 Yi z 


1 


It follows that 


E 


EN = Fs (x,y,z) 


og 


2 OF; 
Fo(x,y,24) + i M (x,y,z)dz 
dy 2 y.21 be Oy y 


2 OF 
= Fo(x,y, 24) e 3. 02) dz 
Z4 * 


z 
= Fo(x,y,24) + Fo(x,y,2) |, = Fo(t,y,24) + Folx,y,z) — FoGuy.n) = Folx,y,z) 
1 
D Y OF 2 OF: 
se = FQx,y.z) + ; *. za) dy * f. S aye) dz 
1 


Y OF 2 OF, 

= Fy(%,y4,24) + ST (x,y, zady + A (x,y,z) dz 
y. Oy E. Oz 
A 


y z 
zi Fi (x, ya, 24) + Fy(x,y,zy | + Fa (x,y,z) | 
^ 21 


*oFQG,ya 2) + Fylx,y,24) — F(x, yaza) + Alx) — Fi(x,y,zi) = F (x,y,z) 


Then F = Foi + Ej + Fak = OF jig DP B. = Vo. 
Oe ee. 


Thus a necessary and sufficient condition that a field F be conservative is that curl F = VxEF = 0. 


12. (a) Show that F = (2xy *z?)i + x? j + 3xz?k is a conservative force field. (b) Find the sca- 
lar potential. (c) Find the work done in moving an object in this field from (1,—2,1) to (3,1,4). 


(a) From Problem 11, a necessary and sufficient condition that a force will be conservative is that 
curl F = VxF = 0. 


i j k 
7 d d 9 " 
Now VxF = E ak NUUS 0. 


2xy + 23 x? 3x27 


Thus F is a conservative force field. 
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(b) First Method. 


à à 
By Problem 10, F - Vb or Se i+ Si + 3. 
op _ 3 op 
(1) um 2xy +z (2) à, 


Integrating, we find from (J), (2) and (3) respectively, 


These agree if we choose f(y,z) = 0, g(x,z) = xz 


db = 
hb = 
$ = 


be added any constant. 


Second Method. 


[s 
on = (2xy *z?)i t x? j + 3xz? k. 


x? 3) x = 


Then 


3x27 


x?y + xz? + fty,z) 


2 
Xy 


3 
xz 


+ g(x,z) 
+ h(y) 


3. h(x,y)exby sothat  - x^y * xz? to which may 


Since F is conservative, f F-dr is independent of the path C joining (x1, Y1, 24) and (x,y,z). 


Using the method of Problem 11(5), 


T 3 Y 2 1 2 
(2xy1 + zi) dx + x dy + 3xz^ dz 
x 


$(yz) = 


Third Method. 


Then 


and $ = 


(c) Work done 


C 
) 


Another Method. 


From part (b), 


Then work done 


1 yı Z1 
x Y 
ES 2 8 2 3 
= (x y, + xz) p t xy Ds + xz la 
z xy + xz DEA - 5% + x?y i xy, + x2? — xi 
= xy + xz? A x. = xy + xz? + constant 
op op op 
Fedr = Voedr = dx + =~ dy + Æ dz = d 
r pe dr o T ae y +a dz p 
db = Fedr = (anytz%)\dx + x? dy + 3xz? dz 
=  (2xy dx +x? dy) + (z2? dx + 3x27 dz) 
= d (x^ y) + d(xz) = d (x^y +xz°) 
x?y + xz? + constant. 
Fo 
F- dr 
Py 
fo 3 2 2 
(2xy +2°)dx + x° dy + 3xz dz 
Py 
Po P, (3,1,4) 
d(x?y xz?) = x?^y + xz" = x?y toxz | - 202 
B (1, -2, 1) 
1 1 
Pixy) = xy + xz? + constant. 
= $(3,1,4) — $(1,—2,1) = 202. 
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P, 
13. Prove that if F-dr is independent of the path joining any two points P, and P, in a given 
B 


region, then f F-dr = 0 for all closed paths in the region and conversely. 


Let P,AP,BP, (see adjacent figure) be a closed curve. Then 


A 
frs - f F-dr = f Fedr + f F-dr P 
P, 4P,BP, BP, PBP, 
= f F-dr — f F-dr = 0 
P,AP> P BP, 


since the integral from P, to P along a path through A is the same as 
that along a path through B, by hypothesis. 


Conversely if fra = 0, then 


f Fedr = f wa + f Fedr = f F-dr — f rx = 0 


PAR, BP, PAP FBP, P, APp P BP 
so that, f Fedr = F-dr. 
Pi AP PBR 


14. (a) Show that a necessary and sufficient condition that F, dx + Fə dy + F dz be an exact differ- 
ential is that Vx F = 9 where F = Fi + Fpj + Fk. 
(b) Show that (y?z? cosx — 4x?z) dx + 2z3y sinx dy + (3y?z? sinx — x^) dz is an exact dif- 
ferential of a function œ and find d. 


o i) op 
(a) Suppose F,dx + Fydy + Fydz = dp = oP dx + st dy + m dz, an exact differential. Then 
y 
since x,y and z are independent variables, 


no, 4.23. pad 


Ox” oy ' Oz 
and so P= Aithithn= 2; x Zr = Vó. Thus VxF - Vx Vo - 9. 


Conversely if VxF- 9 then by Problem 11, F - Vo and so F-dr- Vó.dr- db, ie. 
Fi dx + Fo dy + F5dz = d, an exact differential. 


(b) F = (228 COS x — 4x? z)i * 229y Sinxj * (By? 2? sinx — x*)k and VxF is computed to be zero, 
So that by part (a) 


3 


oz cosx — 4x? z)dx + 2z°y Sinx dy + (By? 2? sinx —x*)dz = dp 


By any of the methods of Problem 12 we find p= y?z8 sinx — x^z + constant. 


15. Let F be a conservative force field such that F = -V¢. Suppose a particle of constant mass m 
to move in this field. If A and B are any two points in space, prove that 


P(A) + amy? = P(B) + ame 


where v and v, are the magnitudes of the velocities of the particle at A and B respectively. 
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2 
B ., dr dr _ dr dr _m d dr? 
FOSSE Then EU CUT ud. 3 di de? * 
B B 
i deos Ry = Ame? — lm 
Integrating, f F- dr 9" p 95 9m. 
B B B 
i F--V$, F-dr = — V$.dr = - dp = P(A) - $B). 
‘A 4 4 
Then d$(4)- $B) = inv) — amv, and the result follows. 


(A) is called the potential energy at A and amo is the kinetic energy at A. The result states that 
the total energy at A equals the total energy at B (conservation of energy). Note the use of the minus sign 


in F = —Vo. 


16. If o = 2xyz^, F= xyi—zit* x? k and C is the curve x-t^, y - 2t, z=t° from t=0 to t=1, 
evaluate the line integrals (a) | pdr, (b) Í Fxdr. 
C C 


(a) Along C, d$ = 2xyz5 = 2(t2)(2t) y = 40°, 
rc xityjtzk = Pi+awjrek, and 


dr = (2i + 2j + 3t K) dr. Then 


1 
foa = f A9 (20i + 2j + 3 k) dt 
C 


1X0 
1 1 1 4 

= if gro de + j gi? dt + k dd: = Ši +2j+k 
[9] [e] [e] 11 5 


(b) Along C, F=xyi-zjtx*k = 239i — Dj t+ tk. 


Then Fxdr = (20i— Pj +k) x (ti + 2j * 36 k) dt 
i j k 
. la? —8 lat = [C3f—24i + Pej + (45 2:5) Kk] dt 
2t 2 3 
i 1 4 
and fra = if (—3:,—2:^) de + iÍ (-4tP)dt + f (4&8 * 207) dt 
C Q [e] [e] 
EE 2. 7 
10! 3] + gk 


SURFACE INTEGRALS. 


17. Give a definition of ff Aen dS over a surface S in terms of limit of a sum. 
S 
Subdivide the area S into M elements of area AS, where p- 1,2,3,..., M. Choose any point P, within 


ASp whose coordinates are (xp: Ip» 2p) - Define A (35, Yp» 2p) = Ap- Let np be the positive unit normal to 
As, at P. Form the sum 


18. 


19. 
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where Ap- np is the normal component 
of Ap at Pp. 


Now take the limit of this sum as 
M-9 in such a way that the largest di- 
mension of each AS, approaches zero. 
This limit, if it exists, is called the 
surface integral of the normal compo- 


nent of A over 5 and is denoted by 
ff A-ndS J Ax, Ay 
3 5 


Suppose that the surface S has projection R on the xy ux a figure of Prob.17). Show that 
A-ndS = 
ri Y 
S 


By Problem 17, the surface integral is the limit of the sum 


M 
ay Apn, AS, 
pai 
The projection of As, on the xy plane is lin, Aspek] or [n-k] As, which is equal to Ax, Ay, 
Ax, A 
sothat AS, = e Thus the sum (1) becomes 
$ | ny-k | 
x Any A 
on Pe 
(2) > A, 7? |n,- k] 
p=1 f 


By the fundamental theorem of integral calculus the limit of this sum as Mo in such a manner that 


the largest Ax, and Ay, approach Zero is 
dx dy 
Jf ^ s 
R 


Des Ayp 


Strictly speaking, the result AS, = [nk | -k | is only approximately true but it can be shown on closer 
p 


and so the required result follows. 


examination that they differ from each other by infinitesimals of order higher than xc, Ayp ; and using this 
the limits of (1) and (2) can in fact be shown equal. 


Evaluate ff A-ndS, where A = 18zi — 12j + 3yk and S is that part of the plane 


2x +3y +6z = 12 which is located in the first octant. 


The surface S and its projection R on the xy plane are shown in the figure below. 
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From Problem 17, 


3 


[foes 


S R 


To obtain n note that a vector perpendicular to the surface 2x +3y +6z = 12 is given by V(2x+8y+6z) = 
2i + 3j + 6k (see Problem 5 of Chapter 4). Then a unit normal to any point of 5 (see figure above) is | 


" 2i *3j *6k — 2. 3, 6 
n = = 7i +t gi + 7k 


/ 9? 4.37467 


dx d 
Thus mk = (3i + 8j + Ék)-k = £ and so race = {dx dy. 


36z — 36 + 18 36 — 12x 
Also Am = (18zi— 12] +3yk) (2i & Sj * 28). = : E es 


12— 2x — 
REA = from the equation of S. Then 


using the fact that z = 


6 
dx dy 36 — 12x T 
A:ndS = A-n rk] = (a) g dx dy = (6 — 2x) dx dy 
R R R 


S 


To evaluate this double integral over R, keep x fixed and integrate with respect to y from y=0 (P in 


the figure above) to y = 12 3 2x (Q in the figure above); then integrate with respect to x from x- 0 to 


x-6. Inthis manner R is completely covered. The integral becomes 


6 [2-2x)/5 6 du 
f (6—2x)dy dx = Í (24 — 12x +g) dx = 24 


x=0 y=0 x=0 


If we had chosen the positive unit normal n opposite to that in the figure above, we would have obtained 
the result — 24. 


20. Evaluate ff A-ndS, where A = zi * xj — 3y?zk and S is the surface of the cylinder 
S 


x?+y?=16 included in the first octant between z -0 and z-5. 


Project S on the xz plane as in the figure below and call the projection R. Note that the projection of 
S on the xy plane cannot be used here. Then 
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S R 
A normal to x° +y° = 16 is Vix2+y2) = 2xi-2yj. Ed 
Thus the unit normal to S as shown in the adjoining E 
figure, is | 
E 
n o —Zityi _ xityi I 
Vx + QyY 4 ER 
E 
since x?ty? - 16 on S. Ed 
< : E = 
; : 2 xityj 1 a 
Aen = (zit+xj— 3yzk)- ( 1 j= gez + xy) Ne 
.  xityj ei ud 
hej = C4 J 4° 
Then the surface integral equals 
M 5 4 5 
ff e eo = == +x)dxdz = f (4z +8}dz = 90 
2 
R z=0 x=0 ae z=0 


21. Evaluate ff $ndS where $ = 3 ys and 5 is the surface of Problem 20. 
S 


We have f pndS = ff 2n 
[n-il 
R 


S 
g xityi y : : : 
Using n- 4 mj-4 as in Problem 20, this last integral becomes 
5 n 
ff $e dxdz = 3 f Í (x? zi * xzv16—x? j) dx dz 
R z=0 x=0 
5 
= E f (Bai + 8524) 4; = 100i + 100j 
z=0 


22. If F = yit+(x—2xz)j —xyk, evaluate ff (VxF)-n dS where S is the surface of the sphere 


S 
x^*y?*2? =a? above the xy plane. 
i j 
VxrE = 3 9 o = i j = 
Ci cm. vias RENTES EY 


A normal to x? +y? 2? = a? is 


V(x? ty? +27) = wi + 2yj + 22k 
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Then the unit normal n of the figure above is given by 


TAM 2xit2yjt2zk _ xityjtzk 


/ Ax? by? +422 a 


A 22 
since x^*y tz? =a", 


The projection of S on the xy plane is the region R bounded by the circle x? +y? = a2, z=0 (see fig- 
ure above). Then 


ff xeon dS: £ f (VxF)n dx dy 
| n-k| 
S R 


xityjtzk, dxd 
= ff eitri- an etn a 
R 


Vama? + 
E Un Bxrty?) = 20" qq 
Va? — x? y 


yz- a? Vaz -x? 


using the fact that z = Ya —4?—y2. To evaluate the double integral, transform to polar coordinates (P, P) 
where x = p cos $, y - sing and dydx is replaced by o do dp. The double integral becomes 


an a 302— 2T p us oh 
f Í s - 9 oap qd - f f p dp dp 
Va?— 02 


$-0 p=0 $20 px 0 


27 
- f f (3v — p cia =) dp dé 
$-0 p=0 ae — o? 


2T ais a 
-= f uev T vE Gla 
$70 


23. If F = 4xzi — y^j + yzk, evaluate ff F-n ds 


where S is the surface of the cube bounded by x=0, 
x=1, y=0, y=1, z=0, z=1. 


Face DEFG: n=i, x=1. Then 


1 p1 
ff rnas = ff (42i-y? jtyzk)-idydz 
o Yo 
DEFG 
1 pi 
= {f 4z dydz = 2 
o YO 
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Face ABCO: n- —i,x-0. Then 
1p1i 
ff» JE (—y? j * yz k)- (—i) dy dz - 0 
o "o 


ABCO 
1. Then 


ü 


Face ABEF: n=j, y 


171 1p. 
ff *»5 = If (Axzi— j*zk)-jdxdz = If —dxdz = -—1 
o o O "O0 


ABEP 


Face OGDC: n=—j, y=0. Then 


aft 
ff rass - ff (4xzi)-(—ij)dxdz = 0 
Oo "Oo 


OGDC 


Face BCDE: n=k, z=1. Then 


1 ft tpt 
ff rass - Jr (Axi — y? j * y k) k dx dy = ff y dxdy = a 
Oo "Oo o "Oo 


BCDE 


Face AFGO: n=—k, z-0. Then 
[e 


1p 
MEE = ff Cy? j) - (—k) dx dy - 0 
[9] 


AFGO 


Adding, ff enas = 2+0+(-1l)+ 0+ 


S 


NI- 
+ 
e 
I 
mjw 


24. In dealing with surface integrals we have restricted ourselves to surfaces which are two-sided. 
Give an example of a surface which is not two-sided. 


Take a strip of paper such as ABCD as shown in 
the adjoining figure. Twist the strip so that points A and 
B fall on D and C respectively, as in the adjoining fig- 
ure. If n is the positive normal at point P of the Surface, 
we find that as n moves around the surface it reverses 
its original direction when it reaches P again. If we 
tried to color only one side of the surface we would find 
the whole thing colored. This surface, called a Moebius 
strip, is an example of a one-sided surface. This is 
sometimes called a non-orientable surface. A two-sided 
surface is orientable. 


VOLUME INTEGRALS 


25. Let $ -45x?y and let V denote the closed region bounded by the planes 4x *2y tz 28, x=0, 
y70,z-0. (a) Express fff* dV as the limit of a sum. (b) Evaluate the integral in (a). 


100 


(a) 


(b) 
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Subdivide region V into M cubes having volume 
AV, = Ax, Ay, Az, k=1,2,...,M as indicated 
in the adjoining figure and let (%, Ypi Zp) be a 
point within this cube. Define Q5, Yp» Zp ) = 
Pp. Consider the sum 


M 
d) > Pp dh, 
k=1 


taken over all possible cubes in the region. 
The limit of this sum, when M~ in such a 
manner that the largest of the quantities Ak, 
will approach zero, if it exists, is denoted by 


T f d dV. 1t can be shown that this limit 
y 


is independent of the method of subdivision if 
¢ is continuous throughout V. 


In forming the sum (1) over all possible cubes in the region, it is advisable to proceed in an order- 
ly fashion. One possibility is to add first all terms in (1) corresponding to volume elements contained 
in a column such as PQ in the above figure. This amounts to keeping Xp and Yn fixed and adding over 
all z,'s. Next, keep x, fixed but sum over ali y, S- This amounts to adding all columns such as PQ 
contained in à slab R$, and consequently amounts to summing over all cubes contained in such a slab. 
Finally, vary xp. This amounts to addition of all slabs such as RS. 


In the process outlined the summation is taken first over z,’s then over ¥p,'S and finally over xs. 
However, the summation can clearly be taken in any other order. 


The ideas involved in the method of summation outlined in (a) can be used in evaluating the integral. 
Keeping x and y constant, integrate from z=0 (base of column PQ) to z = 8—4x— 2y (top of column 
PQ). Next keep x constant and integrate with respect to y. This amounts to addition of columns having 
bases in the xy plane (z = 0) located anywhere from R (where y= 0) to S (where 4x+2y=8 or y 24—2x), 
and the integration is from y 20 to y-4—2x. Finally, we add all slabs parallel to the yz plane, which 
amounts to integration from x=0 to x-2. The integration can be written 


2 Yn 2x 8-ux-2y 2 Wm 2x 
f f f 45x^ y dz dy dx s f f x? y (8 —4x — 2y) dy dx 


x=0 wy-0 z-0 x-0 y=0 
2 
- 45 f taa- ax? dx = 128 
x=0 


Note: Physically the result can be interpreted as the mass of the region V in which the density [o 
varies according to the formula ® = 45x? y. 


26. Let F = 2xzi —xj * y?k. Evaluate fff F dV where V is the region bounded by the sur- 


y 


faces x-0, y=0, y=6, z-x^, z-4. 


The region V is covered (a) by keeping x and y fixed and integrating from z= x? to z=4 (base to top of 


column PQ), (b) then by keeping x fixed and integrating from y - 0 to y=6 (R to S in the slab), (c) finally 
integrating from x- 0 to x=2 (where z= x? meets z- 4). Then the required integral is 
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2 6 4 
f (2xz i — xj +y° k) dz dy dx 


2p6pu 2 popu 2p6pu 
if ff 2xz dzdydx — if ff x dzdydx + Jf ff y? dzdydx 
0 Yo vx? 0 Yo Yx? o Yo Vx? 


x 


128i — 24j + 384k 


27. Find the volume of the region common to the intersecting cylinders x°+y? =a? and x?+z? - a?, 


Required volume = 8 times volume of region shown in above figure 
a a? = x? a? — x? 
= 8 f f f dz dy dx 
x=0 y=0 z-0 
a V a? = x? a 
= 8 f Y a2—x? dydx = 8 f (a2—x?)dx = 16g 


102 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 
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SUPPLEMENTARY PROBLEMS 
4 
If R(t) = (3t£2?— t)i + (2—6t)j — 4tk, find (a) fro dt and (b) Í R(t) dt. 


Ans. (a) (t8—¢72)i + (2¢—3t2)j — 27k +e (b) 501 — 32j — 24k 
m/2 
Evaluate f (3 sinui + 2 cosuj) du Ans. 3i+2j 
0 


^2 2 
If A(t) = ti—i2j4 (t—1)k and BC) = 2t? i+ 6tk, evaluate (a) f A: B dt, (b) f AXB dt. 
0 0 


Ans. (a) 12 (b) —24i — 2j + Sk 


2 2 
Let A-tib —3j*2tk, B=i- 2j + 2k, C= 3i € £j — Kk. Evaluate w f A- BxC dt, of Ax(BxC) dt. 
l 


X 
Ans. (a)0 (b) -31i — 44 i + 15, 


The acceleration a of a particle at any time t 2 0 is given by a= e^ — G(t*1)j * 3 sint k. If the veloc- 
ity v and displacement r are Zero at £- 0, find v andr at any time. 


Ans. v= (1— e^^ji — (3t?+6t)j + (3 — 3 cosz)k, r = (—-1te i — (2+3t2)j + (3t—3 sint)k 


The acceleration a of an object at any time t is given by a= —gj, where gis a constant. At z= 0 the ve- 
locity is given by V = vo COS oi + vo sin 654 and the displacement r=0. Find v and r at any time ¢>0. 
This describes the motion of a projectile fired from a cannon inclined at angle Oo with the positive x-axis 
with initial velocity of magnitude vo. 


Ans. V = v9 coS8 Ügi + (vo sinOo — gt)i, r= (vo cos Go)t i + [vg sinGo)t — zg£]i 


3 
Evaluate f A at if AQ) = 2i—j+2k and A(3) = 4i — 2j +3k. Ans. 10 
2 


Find the areal velocity of a particle which moves along the path r = a cos cot i+ bsinwtj where a,b,w 
are constants and ¢ is time. Ans. Zabcok 


Prove that the squares of the periods of planets in their motion around the sun are proportional to the cubes 
of the major axes of their elliptical paths (Kepler’s third law). 


If A = (2¥+3)i + xzj + (yz—x)k, evaluate f A-dr along the following paths C: 
C 

(a) x-252, y zt, z=t? from £-0 to t-1, 

(b) the straight lines from (0,0,0) to (0,0,1), then to (0,1,1), and then to (2,1,1), 

(c) the straight line joining (0,0,0) and (2,1,1). 

Ans. (a) 288/35 (b) 10 (c)8 


If F = (Buy — 6x? Ji + (2y—4x)j, evaluate Í F-dr along the curve C in the xy plane, ysx? from the 
point (1,1) to (2,8). Ans. 35 d 


If F = (2x ty)i + (3y —5)], evaluate f F-dr where C is the curve in the xy plane consisting of the 
C 


straight lines from (0,0) to (2,0) and then to (3,2). Ans. 11 


Find the work done in moving a particle in the force field F = 3x?i + (2xz—y)d +z k along 
(a) the straight line from (0,0,0) to (2,1,3). 

(b)the space curve x-21?, y 7t, 2 =4t?—t from t=0 tot=1. 

(c) the curve defined by x?-4y, 3x°=8z from x=0 to x-2. 


Ans. (a)16 (b)14.2 (c)16 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 
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Evaluate $ F-dr where F = (x—3y)i + (y —2x)j and C is the closed curve in the xy plane, x -2cost, 
C 


y =3sint from £-0 to £727. Ans. 677, if C is traversed in the positive (counterclockwise) direction. 


If T is a unit tangent vector to the curve C, r«r(u), show that the work done in moving a particle in a force 


field F along C is given by f F-T ds where s is the arc length. 
C 


If F = (2x *ty?ji + (3y —4x)j, evaluate $ F-dr around the triangle C of Figure 1, (a) in the indicated 
C 


direction, (b) opposite to the indicated direction. Ans. (a) —14/3 (b) 14/3 


Fig.1 Fig.2 


Evaluate $ A-dr around the closed curve C of Fig.2 above if A = (x —y)i + (x *y)j. Ans. 2/3 
C 


If A = (y —2x)i + (3x *2y)j, compute the circulation of A about a circle C in the xy plane with center at 
the origin and radius 2, if C is traversed in the positive direction. Ans. 8T 


(a) If. A = (Axy —3x?z?)i + 2x?j — 2x?z k, prove that f A-dr is independent of the curve C joining 
C 


two given points. (b) Show that there is a differentiable function © such that A = Vb and find it. 
Ans. (b) p = 2x?y — x? z? + constant 


(a) Prove that F = g? cosx + z*yi + (2y sinx — 4)j + (3x2? 4 2)k is a conservative force field. 
(b) Find the scalar potential for F. 

(c) Find the work done in moving an object in this field from (0,1,—1) to (77/2, 1,2). 

Ans. (b) P = y? sinx + xz? — 4y + 2z + constant (c) 15 +477 


4 
Prove that F - r?r is conservative and find the scalar potential. Ans. $- T + constant 


Determine whether the force field F = 2xzi + (x?—y)j + (2z—x?)k is conservative or non-conservative. 
Ans. non-conservative 


Show that the work done on a particle in moving it from A to B equals its change in kinetic energies at 
these points whether the force field is conservative or not. 


Evaluate n A-:dr along the curve x? +y? 7-1, 2-1 in the positive direction from (0,1,1) to (1,0,1) if 
C 


SO, 
A = (yz +2x)i + xzj + (xy t22)k. — Ans. 1 ^^ 


er € e yn 


(a) If E- rr, is there a function such that E = -Vo ? If so, find it. (b) Evaluate $ E:dr if C is any 
C à 


3 
simple closed curve. Ans. (a) Pp = = = + constant (b) 0 


Show that (2x cosy +z siny) dx + (xz cosy — x? siny) dy + x siny dz is an exact differential. Hence 
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2 


solve the differential equation (2x cosy +z siny) dx + (xz cosy — x^ siny) dy +x siny dz = 0. 


Ans. x? cosy + xz siny = constant 


54. Solve (a) (e^? *3x?y?) dx + (2x3 y —xe J)dy = 0, 
(b) z- e~* siny) dx * (1 t e7* cos y) dy + (x—8z)dz = 0. 


Ans. (a) xe ) + x®y? = constant (b) xz + e *siny + y — 4z? = constant 


55. If p = 2xy?z + x?y , evaluate f d dr where C 
C 


(a) is the curve x=t, y=t?, z-t? from t0 to t=1 
(b) consists of the straight lines from (0,0,0) to (1,0,0), then to (1,1,0), and then to (1,1,1). 


19, , 11, , 75 m 
Ans. (a) 451 + 153) + ak (b) 5i + 2k 


56. If F = 2yi—zj * xk, evaluate f Fx dr along the curve x =cost, y =sint, z = 2cost from ¢=0 
C 


tot=7/2, Ans. (2 - i + (T— 8) 


57. If A = (3x *y)i — xj + (y —2)k and B = 2i — 3j + k, evaluate $ (AxB)xdr around the circle in the 
C 
xy plane having center at the origin and radius 2 traversed in the positive direction. Ans. 477(Tit+3j) 


58. Evaluate ff A-ndS for each of the following cases. 


5 
(a) A = yi + 2x j — zk and S is the surface of the plane 2x +y = 6 in the first octant cut off by the plane 
z=4. 
(b) A = (x ty2)i — 2xj + 2yzk and Sis the surface of the plane 2x ty t 2z = 6 in the first octant. 
Ans. (a) 108 (5)81 


59. If F = 2yi — zj + x?k and S is the surface of the parabolic cylinder y?=8x in the first octant bounded 


by the planes y 4 and z=6, evaluate Af F.ndS. Ans. 132 
S 


60. Evaluate Sf A-ndS over the entire surface S of the region bounded by the cylinder x?°+z? = 9, x=0, 


5 
y=0, z=0 and y=8, if A = 6zi + (2x *y)j — xk. Ans. 1877 


61. Evaluate ff» dS over: (a) the surface S of the unit cube bounded by the coordinate planes and the 


S 
planes x -1, y -1, z - 1; (b) the surface of a sphere of radius a with center at (0,0,0). 
Ans. (a)8 (b) 4Tra? 


62. Evaluate Sf A-ndS over the entire surface of the region above the xy plane bounded by the cone 


S 
z2-x?4y? andthe plane z 24, if A = 4xzi + xyz?j * 3zk. Ans. 3207 


63. (a) Let R be the projection of a surface S on the xy plane. Prove that the surface area of S is given by 


cee + T + T dxdy if the equation for Sis z = f(x,y). 
R 


64. 


65. 


66. 


67. 


68. 


69. 


70. If F = 
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d d 
JE HY HY 
(b) What is the surface area if S has the equation F(x,y,2)-0? Ans. us ea SN dx dy 
E 
Oz 


Find P» surface area of the plane x + 2y +2z - 12 cut off by: (a) x=0, y=0,x=1,y=1; (6) x=0, y=0, 
and x*+y2=16. Ans. (a) 3/2 (b) 677 


Find the surface area of the region common to the intersecting cylinders x*+y? - a? and x2+ 22 = a2, 
Ans. 16a? 


Evaluate (a) ff v^ dS and (b) ff ndS if F = (x+2y)i —3zj t xk, f= 4x +3y —22, 


and S is the surface of 2x ^y t2z = 6 bounded by x=0, x -1, y -0 and y=2. 
Ans. (a) 1 (b) 2i+j+2k 


Solve the preceding problem if S is the surface of 2x+y+2z =6 bounded by x =0,y=0, and z=0 
Ans. (a) 9/2 (b) 72i + 36j + 72k 


Evaluate Sf Vx?ty? dxdy over the region R in the xy plane bounded by x? +y? =36. Ans. 14477 
R 


Evaluate ff. (2x+y) dV, where V is the closed region bounded by the cylinder z = 4—x? and the 


V 
planes x 0, y-0, y -2 and z «0. Ans. 80/3 


(2x?—32)i — 2xy j — 4xk, evaluate (a) fff v dV and (b) fff vss. where V is 
V 


the closed region bounded by the planes x20,y20,z2-0 and 2x*2y tz - 4. Ans. (a) z (b) $g-k 


THE DIVERGENCE THEOREM OF GAUSS states that if V is the volume bounded by a closed sur- 
face S and A is a vector function of position with con- 


tinuous derivatives, then cv 


fffeso - [fun - ff na 


5 


where n is the positive (outward drawn) normal to S. 


STOKES’ THEOREM states that if S is an open, two-sided surface bounded by a closed, non-inter- 
secting curve C (simple closed curve) then if A has continuous derivatives 


f aar = f f vx dS = f f vas 
C 5S S 


XL FA) 


where C is traversed in the positive direction. The direction of C is called positive if an observer, 
walking on the boundary of S in this direction, with his head pointing in the direction of the positive 
normal to S, has the surface on his left. 


GREEN'S THEOREM IN THE PLANE. If R is a closed region of the xy plane bounded by a simple 


closed curve C and if M and N are continuous functions of x 
and y having continuous derivatives in R, then 


f Max + Nay - ff — M) de dy 
C Ox dy 


R 
where C is traversed in the positive cou a, direction, Unless otherwise stated we shall 
always assume $ to mean that the integral is described in the positive sense. 


Green’s theorem in the plane is a special case of Stokes’ theorem (see Problem 4). Also, it is 
of interest to notice that Gauss’ divergence theorem is a generalization of Green’s theorem in the 
plane where the (plane) region R and its closed boundary (curve) C are replaced by a (space) region 
V and its closed boundary (surface) S. For this reason the divergence theorem is often called Green’s 
theorem in space (see Problem 4). 


Green's theorem in the plane also holds for regions bounded by a finite number of simple 
closed curves which do not intersect (see Problems 10 and 11). 
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RELATED INTEGRAL THEOREMS. 


EJ [GV y + (dy ld - feno ds 


This is called Green's first identity or A 


2. ff [ovs- »vow - ff ev» sos 
V S 


This is called Green’s second identity or symmetrical theorem. See Problem 21. 


3. n VxAdV = f f oss = f f 5 
y S 


S 
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Note that here the dot product of Gauss’ divergence theorem is replaced by the cross product. 


See Problem 23. 


& fod B T (nxVdydS = HEB 
C 8 8 


5. Let y represent either a vector or scalar function according as the symbol o denotes a dot or 


cross, or an ordinary multiplication. Then 


SL fv «o - EE: - ff 5*9 

y 8 8 
js = J (nxV)oydS = [fax ou 
e 8 s 


Gauss’ divergence theorem, Stokes’ theorem and the results 3 and 4 are special cases of these. 


See Problems 22, 23, and 34. 


INTEGRAL OPERATOR FORM FOR V. His of interest that, using the terminology of Problem 19, 
the operator V can be expressed symbolically in the form 


V o = i d. o 
im, ap des 
AS 


where o denotes a dot, cross or an ordinary multiplication (see Problem 25). The result proves use- 
ful in extending the concepts of gradient, divergence and curl to coordinate systems other than rec- 


tangular (see Problems 19, 24 and also Chapter 7). 
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SOLVED PROBLEMS 


GREEN’S THEOREM IN THE PLANE 


1. Prove Green’s theorem in the plane if C is a closed 
curve which has the property that any straight line 
parallel to the coordinate axes cuts C in at most two 
points. 


Let the equations of the curves AEB and AFB (see 


adjoining figure) be y=Y,(x) and y=¥o(x) respectively. 
If R is the region bounded by C, we have 


b Ex) b b 
E 
f OM dx dy f f E! dy |dx = f M(x.y)| a) dx = f M(x ,Yo) — M(x,Y) | dx 
Oy Oy yz) 
R 


x-a y= h(x) x-a $ 


b 


a 
= -f Mæ Y) ds — f meta - - $ wax 
a b C 
Then (1) jue = e M ay ay 
C Y 
R 


Similarly let the equations of curves EAF and EBF be x-X4(y) and x=Xo(y) respectively. Then 


f 
ff dx dy - Í [saan -— van] dy 
e 


R y =e x2 X) 


T u 
yen e 
x m] 
ps 
= 
a — 
3 = 
A S 
= rg 
^ a 
2 R 
B = 
3 R 
a 
re 
1t 
SO, 
2 
a 
E 


Then (2) $ Ndy = HE: dx dy 
x 


> 
E» 
E] 
E 
t 
A 
S 
~ 
= 
= 
+ 
zm 
> 
i 
es) —, 
PORE 
eg 
| 
ly 
E 
a 
> 


2. Verify Green’s theorem in the plane for 
foy +y?) dx + x? dy where C is the 
C 
closed curve of the region bounded by 


y =x and y =x. 


y=x and y 2x? intersect at (0,0) and (1,1). 
The positive direction in traversing C is as 
shown in the adjacent diagram. 
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Along y=x?, the line integral equals 
i 1 
f ((x) (x2) +4) dx + (x2)(2x)dx = f (3x3 +24) dx = i$ 
0 0 
Along y - x from (1,1) to (0,0) the line integral equals 


0 0 
f (x) (x) + x?) dx + x?dx = f 3xX?dx = -—1 
1 l 


; f i . 19 E or JA. 
Then the required line integral = 20 1 z0 
à à 
ff — Sy) dee dy = ff ee = Sayt dxdy 
R R 
Ly x 
= f (x—2y)dxdy = f f (x — 2y) dy dx 
R x70 yzx? 


I x li Xx 
y Lf (x—2y)dyldx = f (xy —y?) | _ d* 
0 AX? D 2 


I 
1 
4 48 E L 
f (xt =x’) dx = — 30 
[n] 


so that the theorem is verified. 


3. Extend the proof of Green's theorem in the plane 
given in Problem 1 to the curves C for which lines 
parallel to the coordinate axes may cut C in more 
than two points. - 


Consider a closed curve C such as shown in the ad- 
joining figure, in which lines parallel to the axes may 
meet C in more than two points. By constructing line 5T 
the region is divided into two regions R, and R, which are 
of the type considered in Problem 1 and for which Green's 
theorem applies, i.e., 


(1) f Mas + way = ff à - 3655 
eas 


STUS Ra 


D 
— 
— 
VE 

QJ 

FR 

T 

C 


(2) f Mdx + Ndy 
SYTS Ro 


Adding the left hand sides of (1) and (2), we have, omitting the integrand Mdx + Ndy in each case, 


fe) 2 Jeph ele Jaf ef 


STUS SVIS ST TUS SVT TS TUS SyT TUSTT 


using the fact that f = = f 
ST TS 


Adding the right hand sides of (1) and (2), omitting the integrand, 
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J| dps wm 


Ri Ro R 


where R consists of regions R4 and Ro. 


Then f Mdx + Ndy = Jae $e dy and the theorem is proved. 
TUSYT 


A region R such as considered here and in Problem 1, for which any closed curve lying in R can be 
continuously shrunk to a point without leaving R, is called a simply-connected region. A region which is 
not simply-connected is called multiply-connected. We have shown here that Green's theorem in the plane 
applies to simply-connected regions bounded by closed curves. In Problem 10 the theorem is extended tc 
multiply-connected regions. 


For more complicated simply-connected regions it may be necessary to construct more lines, such as 
ST, to establish the theorem. 


. Express Green's theorem in the plane in vector notation. 


We have Mdx * Ndy = (Mi*Nj)-(dxi-*dyj) = A:dr, where A= Mit Nj and r=xityj so 
that dr = dxi+dyj. 


Also, if A = Mi- Nj then 


ij k 
ven - (2 3 3|. MW, M, QN 3I 
: d y dz IRE cee CU 
M N 0 
so that Vrak = SYS 


Then Green’s theorem in the plane can be written 


faa = ff man 
R 


C 
where dR = dxdy. 


A generalization of this to surfaces S in space having a curve C as boundary leads quite naturally to 


Stokes’ theorem which is proved in Problem 31. 


Another Method. 
As above, Mdx + Ndy = A+dr = A. ot ds = A'T ds, 
s 


where d = T = unit tangent vector to C (see adjacent fig- 


ure). If nis the outward drawn unit normal to C, then T = kxn 
so that 


Mdx + Ndy = A'T ds = A«(kxn)ds = (Axk):nds 


Since A = Mi+Nj, B = Axk = (Mi+Nj)xk = Ni—Mj and 
ƏN OM 


S ee = V-B. Then Green’s theorem in the plane becomes 


d Oy 
jo = Í V.B dR 
C R 


where dR = dxdy. 
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Generalization of this to the case where the differential arc length ds of a closed curve C is replaced by 
the differential of surface area dS of a closed surface S, and the corresponding plane region R enclosed by 
C is replaced by the volume V enclosed by S, leads to Gauss’ divergence theorem or Green's theorem in 


space. 
ff B-ndS = ff V. B dV 
y 


S 


5. Interpret physically the first result of Problem 4. 
If A denotes the force field acting on a particle, then $ A-dr is the work done in moving the particle 
H 


around a closed path C and is determined by the value of VxA. It follows in particular that if VxA=0 or 
equivalently if A= V5, then the integral around a closed path is zero. This amounts to saying that the work 
done in moving the particle from one point in the plane to another is independent of the path in the plane 
joining the points or that the force field is conservative. These results have already been demonstrated for 
force fields and curves in space (see Chapter 5). 


Conversely, if the integral is independent of the path joining any two points of a region, i.e. if the 
integral around any closed path is zero, then VxA-0. In the plane, the condition VxA=0 is equivalent to 


the condition p = ON where A = Mi+ Nj. 
mec 


(2,1) 
6. Evaluate (10x* — 2xy?) dx — 3x?y? dy along the path x* —6xy9 = 4y?, 
(0, 0) 
A direct evaluation is difficult. However, noting that M = 10x4 —2xy°, N = —3x%y? and rd = —6xy? 
ON Y 


= Bx? it follows that the integral is independent of the path. Then we can use any path, for example the 


path consisting of straight line segments from (0,0) to (2,0) and then from (2,0) to (2,1). 
2 
Along the straight line path from (0,0) to (2,0), y=0, dy=0 and the integral equals 10x4 dx = 64. 
x=0 


l 
Along the straight line path from (2,0) to (2,1), x=2, dx - 0 and the integral equais Í — 12y? dy = —4. 
y=0 
Then the required value of the line integral = 64—4 = 60. 


Another Method. 


Since u = au , (10x* —2xy?) dx — 3x*y? dy is an exact differential (of 2x9 —x?y9). Then 


(2,1) (2,1) (2, 1) 
f (10x4 —2xy9) dx — 3x2y2dy = f d (2x5 —x2y%) = 2x5 — x23 | = 60 
(0, 0) (0, 0) (0,0) 


7. Show that the area bounded by a simple closed curve C is given by 34 f» dy —ydx. 
«C 


In Green's theorem, put M = —y, N - x. Then 


$9 $ ff £o - £o») 4d s 2 ff s = 2A 
R 


where A is the required area. Thus A = f xdy — ydx. 
C 
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8. Find the area of the ellipse x = a cosO, y = b sin@. 


27 
Area = i$ xdy —ydx = af (a cos @)(b cos 0) dO — (b sin@)(—a sin) dO 
0 


2T 27 
- f ab(cos?0 + sin?@)d@ = sf ab dQ = Tab 
0 0 


9. Evaluate $ oim * cosx dy, where C is the 
C 
triangle of the adjoining figure: 
(a) directly, 


(b) by using Green's theorem in the plane. 


(a) Along OA, y=0, dy=0 and the integral equals 


n/2 
f — sinx dx 
0 


1/2 
f (0— sinx)dx + (cosx)(0) 
0 


hare 
= COSX|go = —]l 
Along AB, x = z, dx=0 and the integral equals 
1 
f (y—1)0 + Ody = 0 
0 
2x 2 : 
Along BO, y - - dy = gj d* and the integral equals 
f. 2x 2 x? oe m 2 
» (4 — sinx)dx + 7 cosx dx = Ce + cosx Yes Sinx) nis 1- 4 ^m 
; A E e a dq. 2 i 

Then the integral along C = —1 * 0 * 1-— qum "xm 


(b) M = y — sinx, N = cosx, oN = — ginx, = =1 and 


$ Mdx * Ndy ff 33-35 - ff omnes 
R I R 
m2 2x/T m2 us 
f | f (— sinx — 1) «| dx = f (—y sinx — y) is dx 
j 


x-0 =0 x=0 


x2 | n/2 


^ 2x 2x 2 2 TI 
— — i — L— = m (le + si — — = =æ — = — 
Í ( T sinx ) dx ( x cosSx sinx) 


in agreement with part (a). 


Note that although there exist lines parallel to the coordinate axes (coincident with the coordi- 
nate axes in this case) which meet C in an infinite number of points, Green’s theorem in the plane still 
holds. In general the theorem is valid when C is composed of a finite number of straight line segments. 


10. Show that Green’s theorem in the plane is also valid for a multiply-connected region R such as 
shown in the figure below. 


The shaded region R, shown in the figure below, is multiply-connected since not every closed curve 
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lying in R can be shrunk to a point without leaving 
R, as is observed by considering a curve surrounding 
DEFGD for example. The boundary of R, which con- 
sists of the exterior boundary AHJKLA and the inte- 
rior boundary DEFGD, is to be traversed in the pos- 
itive direction, so that a person traveling in this di- 
rection always has the region on his left. It is seen 
that the positive directions are those indicated in the 
adjoining figure. 


In order to establish the theorem, construct a 
line, such as AD, called a cross-cut, connecting the 
exterior and interior boundaries. The region bounded 
by ADEFGDALKJHA is simply-connected, and so 


Green's theorem is valid, Then 
Mdx * Ndy = Sf &- Sy ee 


ADEFGDALKJHA 


But the integral on the left, leaving out the integrand, is equal to 


Je wd d os fom 


DEFGD ALKJHA DEFGD ALKJHA 


since S, = ef, - Thus if C, is the curve ALKJHA, Co is the curve DEFGD and C is the boundary of R 
consisting of C4 and Co (traversed in the positive directions), then J, + Í, = f and so 
1 2 


$ ae + Ney = JE SM ax ay 


11. Show that Green’s theorem in the plane holds for the region R, of the figure below, bounded by 
the simple closed curves C;(ABDEFGA), C>(HKLPH), Ca (QSTUQ) and C,(VWXYV). 


Construct the cross-cuts AH, LQ and TV. Then the region bounded by AHKLQSTVWXYVTUQLPHA- 
BDEFGA is simply-connected and Green's theorem applies. The integral over this boundary is equal to 


jer T e e 


HKL QST VWXYV y? TUQ LPH ABDEFGA 


Since the integrals along AH and HA, LQ and QL, TV and VT cancel out in pairs, this becomes 
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i ae nee oe 


AKL OST VWXYV TUQ LPH ABDEFGÁA 
- (SS) (ff) f> 
HKL LPH OST TUQ VWXYV ABDEFGA 


H 
+ 
+ 
+ 


HKLPH QSTUQ VWXYY ABDEFGA 


J 
e 
-- 
" 
= 


where C is the boundary consisting of C4, Co, Ca and C4. Then 


$ Max + Nay = {yg -Mya x dy 
C 


as required. 


12. Prove that f Mdx + Ndy = 0 around every closed curve C in a simply-connected region if and 
C 
j oM = ON i i 
only if oy TE everywhere in the region. 


Assume that M and N are continuous and have continuous partial derivatives everywhere in the region 
R bounded by C, so that Green’s theorem is applicable. Then 


f Mae + nay = Ha 35) dedy 
C 


If om = ON. in R, then clearly Mdx + Ndy = 
Qy Ox 
C 
- ON _ OM : 
Conversely, suppose Mdx + Ndy = 0 for all curves C. If Sa > 0 at a point P, then 
Cc i y 
from the continuity of the derivatives it follows that N 2H > 0 in some region A surrounding P. If 
x y 
I is the boundary of A then 
$ Mdx * Ndy = ff 2 - Waras > 0 
T 4 7 y 
which contradicts the assumption that the line integral is zero around every closed curve. Similarly the 
assumption ON — om < 0 leads to a contradiction. Thus ON _ oM = 0 at all points. 
Ox Oy Ox Oy 
Note that the condition 2k - ax is equivalent to the condition VxA - 0 where A= Mi * Nj 
y X 


(see Problems 10 and 11, Chapter 5). For a generalization to space curves, see Problem 31. 
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ZEE X (a) Calculate Vx F. (b) Evaluate fra around any closed path and 


1 o 


explain the results. 


i i k 
(a) VxF = E b 3 = 0 in any region excluding (0,0). 
Ox oy oz 
— y x 
x+y? xy 0 
(b) $ Fedr = $ SLi at Let x= ocos, y= p sind, where (0. ) are polar coordinates. 
x^ty 
Then 
dx = -—psin$ d$ + dp cos, dy = pcosd d$ + dp sin 
—ydx +xdy ` y 
= dp = d(arc tan =) 


and so E ty? 
For a closed curve ABCDA (see Figure (a) below) surrounding the origin,  - 0 at A and P = 27 
JT 


2 
after a complete circuit back to A. In this case the line integral equals f dp = 27. 
0 


y 


Fig.(b) 


Fig.(a) 
For a closed curve PQRSP (see Figure (b) above) not surrounding the origin, P= po at P and 
$ 


o 
p= Po after a complete circuit back to P. In this case the line integral equals f dj =0. 
Po 
_ ON 
and the results would seem to contra- 


Since F = Mi + Nj, Vx F - 9 is equivalent to 9M . 5 
y d - 

dict those of Problem 12. However, no contradiction exists since M = yay? 8nd N = PIT do 
andthis was assumed in Prob.12. 


not have continuous derivatives throughout any region including (0,0), 


THE DIVERGENCE THEOREM 


14. (a) Express the divergence theorem in words and (b) write it in rectangular form. 


(a) The surface integral of the normal component of a vector A taken over a closed surface is equal to the 


integral of the divergence of A taken over the volume enclosed by the surface. 
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(b) Let A= Aqit Agi t Aok. Then div A = V-A= 


w y Oz" 

The unit normal to S is n = nyi + nj + nas k. Then n4 = nei = cOSH, No = n-j = cos E and 
ng = nek = cos y, where a, 8,y are the angles which n makes with the positive x,y,z axes or i,j,k 
directions respectively. The quantities cos a, cos £, cos y are the direction cosines of n. Then 


An (A4i + Aoj + Agk) * (cos Q i + cos P j + cosy k) 


A,cos + Ap cos D + Ag cosy 
and the divergence theorem can be written 


ff m + O42 | Oo, andy dz = Í (A4 cos Q + A5 cos B + Ag cosy) dS 
¢ Ox dy Oz f 


15. Demonstrate the divergence theorem physically. 
Let A = velocity v at any point of a moving fluid. From Figure (a) below: 


Volume of fluid crossing dS in At seconds 
- volume contained in cylinder of base dS and slant height våt 


= (vt) ndS = vends At 


Then, volume per second of fluid crossing dS = ven dS 


Fig. (a) Fig. (5) 


From Figure (b) above: 


Total volume per second of fluid emerging from closed surface S 


From Problem 21 of Chapter 4, V.vdV is the volume per second of fluid emerging from a volume ele- 
ment dV. Then 


Total volume per second of fluid emerging from all volume elements in S 


= ff V.v dV 
y 
Thus ff vendS = ff V.v dV 
f V 
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16. Prove the divergence theorem. 


Let S be a closed surface which is such that any line parallel to the coordinate axes cuts S in at 
most two points. Assume the equations of the lower and upper portions, 5, and So, to be z -fi(x,y) and 
z=f,(x,v) respectively. Denote the projection of the surface on the xy plane by R. Consider 


dA dA LOY) 34 
S SS Besa = S| S Bea] oa 
y y R 


z=f(%,y) 
= ff^ z (2 dydx = [4 A ] dyd 
= gy 2) z=f, ydx = arfa) — Aaly f.) J dy dx 
R R 


For the upper portion S2, dydx = cos Yə d$ = kens dS since the normal Ny to Sp makes an acute 
angle Yo with k. 


For the lower portion $4, dy dx = — cos Yı dS, = — k-n4 dS, since the normal n, to Sı makes an ob- 


tuse angle Yı with k. 
ff^ ke no dso 


Then ff Aa(x,y,f2) dy dx 
R 


s2 
ff Aa(x,y,fa)dydx = — ff^ Ken, d5, 
R 51 
and 
ff oet = ff ^e» dydx = ff 4 d$5 + ff^ ken; dS, 
R R So $4 
- Tf k*n dS 
S 
so that 
OAs 
a) se dV = Ag ken dS 
y S 


Similarly, by projecting S on the other coordinate planes, 
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ffs 
S 
ff «5 
S 


ff eni n + Agk)on dS 
S 

ff anes 

5 


The theorem can be extended to surfaces which are such that lines parallel to the coordinate axes 
meet them in more than two points. To establish this extension, subdivide the region bounded by S into 
subregions whose surfaces do satisfy this condition. The procedure is analogous to that used in Green's 
theorem for the plane. 


C S 
eee Ce 
— — 
Q2 w 
ae RE 

Aa a 

kz E 

N u 


Adding (1), (2) and (3), 


Je Sa 94s , Say ay 
Oy z 


a 
— 
T 
za 
y 
a 
C 
u 


17. Evaluate ff F.nd$, where F = 4xzi—y?j+yzk and 5 is the surface of the cube bounded 


S 
by x-0,x-1, y=0, y=1, z=0, z=1 


By the divergence theorem, the required integral is equal to 


3 d 
ff V-F dV fff E + aye) + Zon] dV 
y y 
1 I 1 
fff (4z—y)dY = f f f (4z —y) dz dy dx 
y 


x=0 y=0 z=0 


i I 1 1 1 
f Í 2z? — yz lo d dx - f f (Q—y)dydx = 


X-0 y=0 Xz0 y=0 


il H 


u 


njw 


The surface integral may also be evaluated directly as in Problem 23, Chapter 5. 


18. Verify the divergence theorem for A = 4x i — 2y°j +z°k taken over the region bounded by 
x? +y? = 4, z=0 and z-3. 


ff V.AdV = fff E + Zea + ie» | dV 
y 4 
Jeux? 
ff (4-4y+2z)dV = f Í f (4—4y+2z)dzdydx = 8477 
y 


Xz-2 y=- Va-xÀ z=0 


H 


Volume integral 


The surface S of the cylinder consists of a base S4 (z - 0), the top Sə (z = 3) and the convex portion 
Sg (x? +y? = 4). Then 
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Surface integral = ff ^ dS = ff »» dS, + ff ^ dS5 + ff an da 


On 34 (z=0), n=—k, A = 4xi—2y?j and Aen = 0, so that ff ^» dS,=0. 
53 


On Sp (z =3), n=k, A = 4xi — 2y?j - 9k and A:n-9, so that 


ff^ d$5 = o ff as = 3677, since area of So = 477 


So 32 


On S3 (x? * y? 4). A perpendicular to x?^* y? - 4 has the direction V(x24 y2) = 2xi + 2y j. 


uon itvi : 
Then a unit normalis n = xiti = Xi*yI since x?+ y?= 4. 


vV4x?+4y? 2 
T» 
An = (4xi— 2y?j +22k). QC, = xy? 
zZ 
Ee da: z=g 
Sg 
dS = 2 4Ó dz 
dV = dx dy dz : 
: ; 
A i 
From the figure above, x = 2 cos Ó, y = 2 sin O, dSg=2d@dz and so 
27 p3 
ff^ d$ = f f [2(2 cos OY* — (2 sin 0] 2 dz dO 
Sg 6=0 z=0 
2T 27r 
z (48 cos?0 — 48 sin?@)d@ = f 48 cos? 0 dO = 48gm 
8-0 6 -0 


Then the surface integral = 0 + 3677+ 487r = 
ing the divergence theorem. 


Note that evaluation of the surface integral over Sa could also have been done by projection of Sg on 


the xz or yz coordinate planes. 


19. If div A denotes the divergence of a vector field A at a point P, show that 


[fanas 
divA = lim 


Ay~0 AV 


where AV is the volume enclosed by the surface AS and the limit is obtained by shrinking AV 


to the point P. 


= 847, agreeing with the volume integral and verify- 
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By the divergence theorem, [ff divAdV = ff^» dS 
AS 


AT 


By the mean-value theorem for integrals, the left side can be written 
div A fff = divA AV 
AV 


where divA is some value intermediate between the maximum and minimum of divA throughout AV. Then 


f Aen dS 


div A = AS’ os cos 
AV 
Taking the limit as AV—0 such that P is always interior to AV, divA approaches the value divA at 


point P; hence 
f A:n dS 


diva = lim &————— 
AV~0 AV 


This result can be taken as a starting point for defining the divergence of A, and from it all the prop- 
erties may be derived including proof of the divergence theorem. In Chapter 7 we use this definition to 
extend the concept of divergence of a vector to coordinate systems other than rectangular. Physically, 


f A-ndS 


AS 


AV 
represents the flux or net outflow per unit volume of the vector A from the surface AS. If divA is positive 
in the neighborhood of a point P it means that the outflow from P is positive and we call P a source. Sim- 
ilarly, if divA is negative in the neighborhood of P the outflow is really an inflow and P is called a sink. 
If in a region there are no sources or sinks, then divA = 0 and we call A a solenoidal vector field. 


20. Evaluate ff» dS, where S is a closed surface. 


S 


By the divergence theorem, 


ff ons ff Ver dV 
S V 
ff c 33 4 $Sayeiyi *zk)dV 
y 


Oy, 92 yay - fff o = 3V 
9, Oz ; 


H 


—, 
= 
ve 


where V is the volume enclosed by S. 


21. Prove ff. (V^ as y VQ) dV - ff ov — WV¢)-ds. 
y 8 


Let A= Vy inthe divergence theorem. Then 


DIVERGENCE THEOREM, STOKES’ THEOREM, RELATED INTEGRAL THEOREMS 121 


Jina - ferons - o 
7 S 


S 
But V-V = V-V + (Vd) (Vy = eV + (Vd) (Vy) 
Thus fff v voa - SSS ovt mea 
V y 


or 


(1) ff [Vu + (Vd) (VJ dV. = f (PV) ds 
V S 


which proves Green’s first identity. Interchanging $ and V in (1), 


(2) fff [YV E + (VJy«Véy)dv = Í (LV p)+ds 
y S 


Subtracting (2) from (1), we have 


o SSS oy- par - ff evo - Woas 
y S 


which is Green's second identity or symmetrical theorem. In the proof we have assumed that p and Y are 
Scalar functions of position with continuous derivatives of the second order at least. 


22. Prove [ff ve av B f f ovas. 
7 5 


In the divergence theorem, let A = PC where C is a constant vector. Then 


fff ooa - al PC-n dS 
y 


S 
Since V. (pc) = (Vd)-€ = C:Vó and C'n = Cn), 


fff eve > [feone 


Taking C outside the integrals, 


c fff vo av = e ff nas 
y S 
and since C is an arbitrary constant vector, 


Jffvem = [fone 
oos SS fonna - focus 


S 
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In the divergence theorem, let A - BX C where C is a constant vector. Then 


ff V. (Bx) dV = f (BxC)-n dS 
V 


hi 


Since V-(Bxc) = C-(VxB) and (BxC):n = B-(Cxn) = (Cxn):B = C+(nxB), 
Sff em dV ff e mms 
V 5 


Taking C outside the integrals, 


cff VxBdV 
y 


and since C is an arbitrary constant vector, 


ff VxBdV = faxes 
V S 


lb 
a 
—, 
Que. 
5 
x 
- 
a 
Un 


24. Show that at any point P 


ffo n 


E P MND sa V = : 
Ob M c M Du S 


where AV is the volume enclosed by the surface AS, and the limit is obtained by shrinking AV 
to the point P. 


(a) From Problem 22, ff Ve dv = ff ovs. Then ff Vo-.idV = f n-i dS. 
AV AS AV 


AS 


Using the same principle employed in Problem 19, we have 


ff i dS 
AS 
AV 


where V .i is some value intermediate between the maximum and minimum of V. i throughout AV. 
Taking the limit as ^V—0 in such a way that P is always interior to AV, Vb si approaches the value 


Vb+i = 


(1) Vo-i = d 
qui AT AV 

Similarly we find 

if f n-j d$ 
2 V ^id = li eae 
x ga ATO AV 

f f nek dS 
(3) Vk = lim T P 
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Multiplying (1), (2), (3) by i,j,k respectively, and adding, using 
Vb = (Voi + (Vj-jyj + (Vo-k)k, n = (nei)i + (nj + (n-k)k 


(see Problem 20, Chapter 2) the result follows. 


(b) From Problem 23, replacing B by A " ff VxAdV = ff nxAds, 
AV AS 


Then as in part (a), we can show that 
ff (nxA)-i dS 
(VxA) i = lim 


Amo AV 


and Similar results with j and k replacing i. Multiplying by i,j,k and adding, the result follows. 


The results obtained can be taken as starting points for definition of gradient and curl. 
these definitions, extensions can be made to coordinate systems other than rectangular. 


25. Establish the operator equivalence 
Vo = jim —b ff dS o 
Ayo AV 
AS 


where o indicates a dot product, cross product or ordinary product. 
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Using 


To establish the equivalence, the results of the operation on a vector or scalar field must be consist- 


ent with already established results. 


If o is the dot product, then for a vector A, 


VoA = lim L ffi sa 
Ayo AV 
or 
divA = lim L ff as. 
Ayo AV 
AS 
lim i f f A-n dS 
Ayo AV 
AS 


H 


established in Problem 19. 


Similarly if o is the cross product, 


culA = VxA = it ff assa 
An AV 


AS 
: 1 f f 
= lim —— nxA dS 
A-0 Ay 
AS 
established in Problem 24 (5). 


Also if o is ordinary multiplication, then for a scalar $, 


Vo = i i. ff: o V = di af d 
Poetam gy d] dede ur e i p gas 
AS AS 


established in Problem 24(a). 
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26. Let S be a closed surface and let r denote the position vector of any point (x,y,z) measured from 


an origin O. Prove that 
ner 
dS 
ie 
s 


is equal to (a) zero if O lies outside 5; (b) 47 if O lies inside S. This result is known as Gauss’ 
theorem. 


(a) By the divergence theorem, ff nt d$ = ff V. = dV. 
T T 
hi V 


But vE = 0 (Problem 19, Chapter 4) everywhere within V provided r # 0 in V, i.e. provided O 
r 


is outside of V and thus outside of S. Then ff E dS = 0. 
S 


(b) If O is inside S, surround O by a small sphere s of radius a. Let 7 denote the region bounded by 5 and 
s. Then by the divergence theorem 


ffe = ffo fto - ffjesor = 


S+S 5 S 


since r £ 0 in 7T. Thus 


ner ner 

= = d 
frees» - ff 

5 S 
2 
Now ons rE jet sothat HE = Cr ts » -5 - -4 and 
ner ner 1 i > 4ra? = 
S S S S 


21. Interpret Gauss' theorem (Problem 26) geometrically. 


Let dS denote an element of surface area and 
connect all points on the boundary of dS to O (see 
adjoining figure), thereby forming a cone. Let d() be 
the area of that portion of a sphere with O as center 
and radius r which is cut out by this cone; then the 
solid angle subtended by dS at O is defined as dw = 
d 


E and is numerically equal to the area of that por- 


tion of a sphere with center O and unit radius cut out 
by the cone. Let n be the positive unit normal to dS 
and call @ the angle between n and r; then cos O = 


EI, Also, dQ = tdScos@ = t act dS so that 


dw = X Ty dS, the + or — being chosen according 


as n and r form an acute or an obtuse angle @ with 
each other. 


Let S be a surface, as in Figure (a) below, such that any line meets S in not more than two points. 


If O lies outside S, then at a position such as 1, ze dS = dc»; whereas at the corresponding position 2, 
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P dS = —dw, An integration over these two regions gives zero, since the contributions to the solid 


angle cancel out. When the integration is performed over S it thus follows that JJ ss dS = 0, since for 
every positive contribution there is a negative one. s 


In case O is inside S, however, then at a position such as 3, 5e dS = dw and at 4, P dS = dw 


‘So that the contributions add instead of cancel. The total solid angle in this case is equal to the area of a 


unit sphere which is 477, so that f i "s dS = am. 
8 


Fig. (a) Fig. (b) 


For surfaces S, such that a line may meet S in more than two points, an exactly similar situation 
holds as is seen by reference to Figure (b) above. If O is outside S, for example, then a cone with vertex 
at O intersects S at an even number of places and the contribution to the surface integral is zero since the 
Solid angles subtended at O cancel out in pairs. If O is inside S, however, a cone having vertex at O in- 
tersects S at an odd number of places and since cancellation occurs only for an even number of these, 
there will always be a contribution of 47r for the entire surface S. 


28. A fluid of density D(x,y,z,t) moves with velocity V(x,y,z,t) If there are no sources or sinks, 
prove that 


Vp e so where J = pv 


Consider an arbitrary surface enclosing a volume V of the fluid. At any time the mass of fluid within 


V is 
M = ff p dV 
y 


The time rate of increase of this mass is 
RE E: 
— =: = dy = RT dV 
Ot Ot P or 
y y 
The mass of fluid per unit time leaving V is 


ff penn d$ 
S 


(see Problem 15) and the time rate of increase in mass is therefore 


x 
i 
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29. 
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- ff oven as = -ff V- (pv) dV 
8 y 


by the divergence theorem. Then 


fff Dp dV = -ff V. (ov) dV 
Ot 
y y 
ff Nou x Ear = 0 
: Qt 


Since V is arbitrary, the integrand, assumed continuous, must be identically zero, by reasoning simi- 
lar to that used in Problem 12. Then 


or 


[ 
VJ KLR = 0 where J = ov 
t 


The equation is called the continuity equation. If p is a constant, the fluid is incompressible and V-ve= 
0, i.e. v is solenoidal. 


The continuity equation also arises in electromagnetic theory, where p is the charge density and 
J =v is the current density. 


If the temperature at any point (x,y,z) of a solid at time ¢ is U(x,y, z,t) and if «, p and c are re- 
spectively the thermal conductivity, density and specific heat of the solid, assumed constant, 
Show that 
] 
u -= kVU where k= x/pc 


Let V be an arbitrary volume lying within the solid, and let S denote its surface. The total flux of 
heat across S, or the quantity of heat leaving S per unit time, is 


ffyn dS 
S 


Thus the quantity of heat entering S per unit time is 


a) fS «vo d$ = ff V. (x VU) dV 
S y 


by the divergence theorem. The heat contained in a volume V is given by 


fff ovo 
y 
Then the time rate of increase of heat is 


2 fff - ffo 
(2) ee cp U dV ep Sav 


Equating the right hand sides of (1) and (2), 


and since V is arbitrary, the integrand, assumed continuous, must be identically zero so that 
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co 9U = VK Vy) 


Ot 


or if K,c, are constants, 


9U . KYW . y 
my > pe kVU 


The quantity k is called the diffusivity. For steady-state heat flow (i.e. uz =0 or U is independent of 


time) the equation reduces to Laplace's equation Vu =0. 


STOKES’ THEOREM 
30. (a) Express Stokes’ theorem in words and (b) write it in rectangular form. 


(a) The line integral of the tangential component of a vector A taken around a simple closed curve C is 
equal to the surface integral of the normal component of the curl of A taken over any surface S having 
C as its boundary. 


(b) As in Problem 14 (b), 
A = A, tAoj *t Ask, n = cos i + cos/B j + cosyk 


Then 
i j k 
VxA = |2 2 2| . (945.945, , (94... Maj , (942, 94. 
2s Ox Oy Oz E» oe F ol Ce coi 
A, Ag Ag 
As Ao 04, OAs 04g dA: 


(VxA)-n = US ~ 5) 008d + Ci o Se cos + Ce — 5, ) cosy 


Adr = (AyitAgj+Agk)+(dxitdyj+dzk) = A,dx + Aody + Agdz 


and Stokes’ theorem becomes 


J/ [oes — Ma, oo sQ + eh — E cos 8 + (Shs _ As) cosy]dS = dan Aady + dod 
x x y C 


31. Prove Stokes' theorem. 


Let 3 be a surface which is such that its projections 
on the xy, yz and xz planes are regions bounded by simple 
closed curves, as indicated in the adjoining figure. As- 
sume S to have representation z -f(x,y) or x-g(y,z) or 
y=h(x,z), where f,g,h are single-valued, continuous and 
differentiable functions. We must show that 


ff (Vx A)-n dS 
5 


u 


Í [Vx(4,i + Aji + Agk)]-n dS 


$e 


C 
where C is the boundary of S. à | cuc! E D 


WIES dd S Qe 


H 
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Consider first ff [V x(44i)] en d$. 
S 


i j k 
2.23 23 2| .934^, 94 
Since Vx (Ai) = Du. Oy 5z Sea j ay k, 
A, 0 0 
OA OA 
(1) [Vx(4,D]:n dS = (—*n-j — = n-k) dS 
E? E" 
If z=f(x,y) is taken as the equation of S, then the position vector to any point of Sis r =xi+yj+tzk = 
xityj-tf(x,y)k so that T =jt E k =jt+ Ln. But x is a vector tangent to S (see Problem 25, 
Chapter 3) and thus perpendicular to a Sò that a d 
weet = nef + 22 nek = 0 or n-j = — 92 nk 
Oy oy Oy 
Substitute in (1) to obtain 
944 dA 944 Oz 044 
“1A nej — —nek)dS = (——— nek — —— 2k) dS 
UOI ARGUS ae Eon m M 
or 
A4 dA Oz 
2 Vx(Ai):ndS = — (3+ 5° >) nek dS 
(2) [Vx (Ari)] +n to a a 
à 0A, 0 d 
Now on S, A44(x,y,2) = Aslx y f y)) = F(x,y); hence 2A; + LAr oz = oF and (2) becomes 
Oy zy y 
[Vx (Agp]-n dS = -F nkds = _ oF dx dy 
oy dy 


Then 
ff [Vx (A,i)]-n dS = ff- OF dx dy 
oy 
5 R 


where R is the projection of S on the xy plane. By Green’s theorem for the plane the last integral equals 


F dx where |' is the boundary of R. Since at each point (x,y) of T the value of F is the same as the 


value of A, at each point (x,y,z) of C, and since dx is the same for both curves, we must have 


f Fas = bue 
P 


C 


f [V x (441)]* n dS j A, dx 
8 


Similarly, by projections on the other coordinate planes, 


Í [Vx (Api) ] ^n dS 
S 


f [V x (Agk)] - n dS 
8 


or 


W 


il I 
to, +e 
a a 
e N 
a a 
N < 
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Thus by addition, 
ff om d$ = $ A-dr 
S C 


The theorem is also valid for surfaces S which may not satisfy the restrictions imposed above. For 
assume that S can be subdivided into surfaces S4, S2, eS, with boundaries Ci, Ce, ... C, which do satisfy 
the restrictions. Then Stokes’ theorem holds for each such surface. Adding these surface integrals, the 
total surface integral over S is obtained. Adding the corresponding line integrals over C1, Ca, ... C po the 
line integral over C is obtained. 


32. Verify Stokes’ theorem for A = (2x -y)ài — yZij — y?zk, where S is the upper half surface of 
the sphere x? +y? 4 z? = 1 and C is its boundary. 


The boundary C of S is a circle in the xy plane of radius one and center at the origin. Let x= cost, 
y= sint, z=0, 0 M t < 277 be parametric equations of C. Then 


f Aedr 


$ (2x—y)dx — yzidy — y?z dz 
C 


C 
27 
= f (2 cost — sint)(—sint)dt = m 
0 
i j k 
* E: 3 22 5 
Also, VxA = x D z; k 


2x —y | —yz? —y?z 


Then ff vm as - ffs - ff 


S S k 


since n-k d5 =dxdy and R is the projection of S on the xy plane. This last integral equals 


l 1-x? |o pevi-x? I 
f f dy dx = if f dydx = af Vi-—x?dx = qr 
x--| 0 0 0 


yar ix? 


and Stokes’ theorem is verified. 


33. Prove that a necessary and sufficient condition that $ A-dr =0 for every closed curve C is 


that Vx A =0 identically, 


Sufficiency. Suppose Vx A=0. Then by Stokes’ theorem 


fen = i, (VxA)-ndS = 0 


C 5 


Necessity. Suppose $ A-dr=0 around every closed path C, and assume Vx A #0 at some point 
C 
P. Then assuming VxA is continuous there will be a region with P as an interior point, where Vx A #0. 
Let 5 be a surface contained in this tegion whose normal n at each point has the same direction as VxA, 
i.e. VxA = On where @ is a positive constant. Let C be the boundary of S. Then by Stokes’ theorem 


130 DIVERGENCE THEOREM, STOKES’ THEOREM, RELATED INTEGRAL THEOREMS 


LES = ff vm as = a funus > 0 
e 8 8 


which contradicts the hypothesis that $ A-dr=0 and shows that VxA=6. 
C 


Po 
It follows that VxA=0 is also a necessary and sufficient condition for a line integral f A: dr 


P. 
to be independent of the path joining points P, and P, . (See Problems 10 and 11, Chapter 5.) : 


34. Prove je = [ford xe as. 
S 


In Stokes’ theorem, let A= Bx € where C is a constant vector, Then 


f amo = ff [Vx (BxC)]- n dS 
S 


, $ eam - f [(c-V) B — c(V.:B)]- n dS 


S 
cf drx B 


f [(c-V) B] - n ds zf [C (V-B)]-n dS 


S 


S 

ffe [V(B-n)] dS — E [n(V- B)] dS 

8 S 

e ff [V(B:n) - n(V-B)]] 4$. = o- ff agas 
8 S 


Since C is an arbitrary constant vector $ drxB = ff (nx Vj x B dS 
S 


H 


35. If AS is a surface bounded by a simple closed curve C, P is any point of AS not on C and n is 
a unit normal to AS at P, show that at P H 
A- dr 


(curlA)-n = lim Co 
AS>0 AS 


where the limit is taken in such a way that AS shrinks to P. 


By Stokes’ theorem, f (curl A)-n dS = $ A-dr. 
AS C 


Using the mean value theorem for integrals as in Problems 19 and 24, this can be written 


$ Adr 
zo me. 


AS 


(culA):n = 
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and the required result follows upon taking the limit as AS-0. 


This can be used as a starting point for defining curlA (see Problem 36) and is useful in obtaining 


curlA in coordinate systems other than rectangular. Since $ A:dr is called the circulation of A about 
C 


C, the normal component of the curl can be interpreted physically as the limit of the circulation per unit 
area, thus accounting for the synonym rotation of A (rot A) instead of curl of A. 


36. If curlA is defined according to the limiting process of Problem 35, find the z component of 
curlA. 


Let EFGH be a rectangle parallel to the xy plane with interior point P(x,y,z) taken as midpoint, as 
shown in the figure above. Let A, and 45 be the components of A at P in the positive x and y directions 
respectively. 


If C is the boundary of the rectangle, then 


$e = f ^ + faa + faa + faa 


C EF PG GH HE 
à 
But f ava = Cee Sy Ns f ava = —(A, + E O4. yy Ae 
2 Oy 2 dy 
EF GH 
f aca = (A d OMS y f ^^ = —(A n 1 BA yy 
?7 2 3x ^72 Ox 
FG HE 
except for infinitesimals of higher order than Ax Ay. 
Adding, we have approximately $ A:dr = (942 = OAs) Ax Ay. 
Ox Oy 
C 
Then, since AS = Ax Ay, 
¢ Aedr 
z component of curlA = (curlA)*-k = lim —— 
AS=0 AS 
9 à 
(24 = Ar, Ax A 
EN LS, 
Ax=0 Ax Ay 
Ay-0 
OAD OA 
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37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


41. 


48. 


49. 


50. 


DIVERGENCE THEOREM, STOKES' THEOREM, RELATED INTEGRAL THEOREMS 


SUPPLEMENTARY PROBLEMS 


Verify Green's theorem in the plane for $ (3x? — gy?) dx + (Ay — 6xy)dy, where C is the boundary of the 
C 

region defined by: (a) y = Vx, y = x2; (b) x-0, y« 0, x*y » 1. 

Ans. (a) common value = 3/2 (6) common value = 5/3 


Evaluate $ (8x +4y)dx + (2x — 3y)dy where C, a circle of radius two with center at the origin of the xy 
C 
plane, is traversed in the positive sense. Ans. — BT 


Work the previous problem for the line integral $ (x? *y?)dx + 3xy? dy. Ans. 1277 
C 


Evaluate $ (x2—2xy)dx + (x2y+3)dy around the boundary of the region defined by y?- 8x and x = 2 
(a) directly, (b) by using Green's theorem. Ans. 128/5 


(7,2) 
Evaluate J i (Gxy —y*)dx + (332 —2xy)dy along the cycloid x = € — sin, y = 1— cos. 
0,0 


Ans. 6TÊ—4T 


Evaluate $ (3x? + 2y) dx — (x *3cosy)dy around the parallelogram having vertices at (0,0), (2,0), (3,1) 
and (1,1). Ans. —6 


Find the area bounded by one arch of the cycloid x = a(@— sin 8), y = a(1 — cos €), a»0, and the x axis. 
Ans. 37702 


Find the area bounded by the hypocycloid x28 + y = a? 5, a»0. 


Hint: Parametric equations are x -acos?Ó, y -asin?Ü. Ans. 37:078 


Show that in polar coordinates (9,4) the expression xdy — ydx = dÐ. Interpret 2 f xdy —ydx. 


Find the area of a loop of the four-leafed rose p = 3 sin 26. Ans. 9717/8 
Find the area of both loops of the lemniscate o° =a cos 2. Ans. a? 


Find the area of the loop of the folium of Descartes 
x3-y? = 3axy, a > 0 (see adjoining figure). 

Hint: Let y - tx and obtain the parametric equa- 
tions of the curve. Then use the fact that 


$ xdy — y dx 
= z6 x? dd) 


= x) x? dt 


u 
NI- 


Area 


Ans. 3a7/2 


Verify Green's theorem in the plane for $ (2x —3?)dx — xy dy, where C is the boundary of the region en- 
C 


closed by the circles x?-y? = 1 and x?*y? - 9. Ans. common value - 6077 


(750) y dx e xd 
y Xx x y s 
valuat f ——5—5—- al he fol ths: 
Evaluate (1,0) 2 3 along the following paths 
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(a) straight line segments from (1,0) to (1,1), then to (—1,1), then to (~1,0). 
(b) straight line segments from (1,0) to (1,—1), then to (—1,—1), then to (—1,0). 


Show that although >= dM- ON 
i Ox 


ns. (a) 7 (b) — 
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the line integral is dependent on the path joining (1,0) to (—1,0) and explain. 


51. By changing variables from (x,y) to (u,v) according to the transformation x = x(u,v), y = y(u,v), show that 


the area A of a region R bounded by a simple closed curve C is given by 


& dy 
DD du dv where IG) = - 3 
SA 
w dv 


is the Jacobian of x and y with respect to u and v. What restrictions should you make ? Ilustrate the re- 


sult where u and v are polar coordinates. 


Hint: Use the result A = af xdy=— ydx, transform to u,v coordinates and then use Green's theorem. 


52. Evaluate f F-n dS, where F = Qxyit+yz*j+xzk and S is: 
S 
(a) the surface of the parallelepiped bounded by x=0, y=0, z=0, x=2, y=1 and z=3 
(b) the surface of the region bounded by x=0, y=0, y=3, z=0 and x^ 22-7 6. 
ns. (@)30 (b) 351/2 


53. Verify the divergence theorem for A = 2x?y i — y? j + 4xz?k taken over the region in the first octant 


bounded by y?+z?=9 and x=2. Ans. 180 


54. Evaluate ff ren dS where (a) S is the sphere of radius 2 with center at (0,0,0), (b) S is the surface of 


the cube bounded by x=—1, y=—1, z=—1, x=1, y=1, z=1, (c) Sis the surface bounded by the paraboloid 


= 4—( +32) and the xy plane. Ans. (a) 3277 (b) 24 (c) 2477 


55. If S is any closed surface enclosing a volume V and A = axi tbyj *czk, prove that ff Aen dS 


(a tb *c)V. S 


56. If H= curlA, prove that ff H-n dS = 0 for any closed surface S. 
S 


57. If n is the unit outward drawn normal to any closed surface of area S, show that f ff divn dV = S. 


ren 
dS. 
r? 


58. Prove // 2 
59. Prove ED d$ - ff 5r? r dV. 
S V 


60. Prove ff» dS = 0 for any closed surface S. 


61. Show that Green’s second identity can be written fff evo = YV hav = ff (b a = y2 ds 
y S 


62. Prove ff xdS = 0 for any closed surface S. 
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63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


73. 


74. 
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Verify Stokes’ theorem for A = (y—z *2)i t (yz *4)j — xzk, where S is the surface of the cube x=0, 
y=0,2z=0,x=2, y=2,z=2 above the xy plane. Ans. common value = —4 


Verify Stokes’ theorem for F = xzi—yj+x*yk, where S is the surface of the region bounded by x=0, 
y=0,2z=0, 2x+y+2z =8 which is not included in the xz plane. Ans. common value = 32/3 


Evaluate ff xn dS, where A = (x?*y —4)i + 3xy j * (2xz tz?)k and S is the surface of (a) the 
S 

hemisphere x2+y2+z2= 16 above the xy plane, (b) the paraboloid z = 4 — (x? +y°) above the xy plane. 

Ans. (a) —167, (b) — 4T 


If A = 2yzi— (x+3y—2)j + (x?+z)k, evaluate ffo A)*ndS over the surface of intersection of the 
5 2 
cylinders x?+y? =a?, x?+z? =a? which is included in the first octant. Ans. — (37 + 8a) 


A vector B is always normal to a given closed surface S. Show that f fois dV = 0, where V is the 
region bounded by S. d 


If $ E:dr = € 2 ffas. where S is any surface bounded by the curve C, show that VxE= 
^ € Qt 3 
1 On 
c Ot 


Prove $e dr = ffasxVo. 
hy 


Use the operator equivalence of Solved Problem 25 to arrive at (a) V, (b) V-A, (c) Vx A in rectangular 
coordinates. 


Prove d = A E LSA 


Let r be the position vector of any point relative to an origin O. Suppose d has continuous derivatives of 
order two, at least, and let S be a closed surface bounding a volume V. Denote $ at O by $,. Show that 


2 
ff ve evdasas = fff X av + a 
S y 

where @=0 or ATID, according as O is outside or inside S. 


The potential (P) at a point P(x,y,z) due to a system of charges (or masses) Gyo doi e d having position 


vectors II esI. with respect to P is given by 


n dn 
p = a T 
m=i 

Prove Gauss’ law 

f f E-dS = 4770 

5 n 
where E = -Vo is the electric field intensity, S is a surface enclosing all the charges and Q= L gs 
is the total charge within S. m= 


If a region V bounded by a surface S has a continuous charge (or mass) distribution of density 0, the po- 


dV 
tential f (P) at a point P is defined by P= fff: . Deduce the following under suitable assumptions: 


(a) [fuas = 477 ff foa. where EM 
S y 


2 
(b) V pe — 4770 (Poisson's equation) at all points P where charges exist, and Vd = 0 (Laplace’s equa- 
tion) where no charges exist. 


Chapter 7 


TRANSFORMATION OF COORDINATES. Let the rectangular coordinates (x,y,z) of any point be 
expressed as functions of (u1, Uo, ug) so that 


(1) X = x(u, lo Ug), Y= (Uy Ugg), Z = Z(u. Uy, Us) 
Suppose that (1) can be solved for u4,uo,ug in terms of x,y,z, i.e., 
(2) Uy = (X,Y,Z), Un = ux,y,2), Ug = u(x,y,z) 


The functions in (1) and (2) are assumed to be single-valued and to have continuous derivatives so 
that the correspondence between (x,y,z) and (u4, Uz, Uug) is unique. In practice this assumption may 
not apply at certain points and special consideration is required. 


Given a point P with rectangular coordinates (x,y,z) we can, from (2) associate a unique set 


of coordinates (u4, Uo, ug) called the curvilinear coordinates of P. The sets of equations (1) or (2) 
define a transformation of coordinates. 


ORTHOGONAL CURVILINEAR COORDINATES. 


The surfaces u4-70, Ue=Co, Ug=Cg, Where 
C1, C2,Cg are constants, are called coordinate sur- 
faces and each pair of these surfaces intersect in 
curves called coordinate curves or lines (see Fig.1). 
If the coordinate surfaces intersect at right angles 
the curvilinear coordinate system is called orthogo- 
nal. The u,,u, and us coordinate curves of a curvi- 
linear system are analogous to the x,y and z coor- 
dinate axes of a rectangular system. 


UNIT VECTORS IN CURVILINEAR SYSTEMS. Let r = xi + yj + zk be the position vector of a point 
P. Then (1) can be written r = F (u4, Uo, lta), A tan- 


gent vector to the u, curve at P (for which u, and ug are constants) is . Then a unit tangent 
ui 


vector in this direction is e, = dr | oF | so that ot he where h, = | or | . Similarly, if 

. Ouy/ Ou, Qu E 
e> and eg are unit tangent vectors to the u, and ug curves at P respectively, then Su; = h,eo and 
Nu = |r = [23r 
Du hages where ho E» and hg a 


The unit vectors e;,ej,e4 are in the directions of increasing u4, up, Us , respectively. 


. The quantities hy,ho,hg are called scale factors. 


Since Vu, is a vector at P normal to the surface u,=c,, a unit vector in this direction is giv- 
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en by E,= Vu, /| Vu,|. Similarly, the unit vectors E= Vu,/| Vu,| and E= Vus/ | Vu. | at P 
are normal to the surfaces uo= c9 and u= cg respectively. 


Thus at each point P of a curvilinear system there 
exist, in general, two sets of unit vectors, €41, €z, €g tan- 
gent to the coordinate curves and E, Ep, Es normal to 
the coordinate surfaces (see Fig.2). T'he sets become 
identical if and only if the curvilinear coordinate system 
is orthogonal (see Problem 19). Both sets are analogous 
to the i,j,k unit vectors in rectangular coordinates but 
are unlike them in that they may change directions from 


point to point. It can be shown (see Problem 15) that the 


sets OF , 9t. 9t. and Vy, Vu,, Vu, constitute recip- 
Qu, ' Ou, ' Qus Fig. 2 


rocal systems of vectors. 


A vector A can be represented in terms of the unit base vectors e,,e5,,e4 or E4, Ej, Eg in the 
form 
A = Ae, + Áe, + Ae = @ E, + aE, + aj E; 


where A,,Ao,Ag and a4, ao, ag are the respective components of A in each system. 


We can also represent A in terms of the base vectors et n 2x : c or Vu,, Vuo,Vug which 
u Us’ Ou. 
are called unitary base vectors but are not unit vectors in general. In this case 
We phe ae Cp 4 E E Ci + Coes 
Qu Sus dug 
and A _ C4 Vu, t Co Vus * C3 Vu, = cı ĝa + Co Bo + cs Bs 


where C1, C,, C4 are called the contravariant components of A and c,c5,c4 are called the covariant 
components of A (see Problems 33 and 34). Note that @,= x : B, = Vu, ,p7152,3. 
u 


p 


ARC LENGTH AND VOLUME ELEMENTS. From r = r(u, Up, ug) we have 
d = ds + SE du, + SL dit = hy due, + ho dum e + hg dus eg 


Then the differential of arc length ds is determined from 
ds? = dr-dr. For orthogonal systems, e,-@, = e;.eg = 
@5°e, = 0 and 


ds? = ht du; + he du? * he du? 


Us 


For non-orthogonal or general curvilinear systems see 
Problem 17. 


Along a u; curve, us and ug are constants so that 
dr = h,du,e4. Then the differential of arc length ds, 
along u, at P is h,du,. Similarly the differential arc 
lengths along ús and ug at P are ds; - hoduz, dsg = hgdug. 


Referring to Fig.3 the volume element for an or- 
thogonal curvilinear coordinate system is given by Fig. 3 
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dV =  |(hıdu,e1)* (hoduz€2) x (hgduges)| = hyhohg du, dus dug 


Since |e;- e» x es] - ]. 


THE GRADIENT, DIVERGENCE AND CURL can be expressed in terms of curvilinear coordinates. 
If P is a scalar function and A = A,e, + Az e, + Ás es 
a vector function of orthogonal curvilinear coordinates u4, Uo, us, then the following results are valid. 


1. Vo = grad = i. 9$?,., d Of oa i 9$, 


hy ðu, ho Ou, ha Qus 
= di EON, Met Dt; m cdi 2 
2. V.A = divA NR EXE + TA (hahi Ao) + ou bad | 


hye, hoe hses 


eo |2 2 2 
ki hohe Ou, Ou,  Ous 


hıı eA, has 


(VS = remota = pil [Eik 39), 3 eh 28, , 2 babe 39] 
4 Laplacian of db ha haha Du ha DE t dus ho P i ous hg cm 


If hy=ho=hg=1 and e,,e;,e4 are replaced by i,j,k, these reduce to the usual expressions in 
rectangular coordinates where (u4, Uo, Ug) is replaced by (x,y,z). 


Extensions of the above results are achieved by a more general theory of curvilinear systems 
using the methods of tensor analysis which is considered in Chapter 8. 


SPECIAL ORTHOGONAL COORDINATE SYSTEMS. 


1. Cylindrical Coordinates (0,¢,z). See Fig.4 below. 
x = pcos $, y = p sino, z=z 


where 920, 0S @< 27, —oc«z«o 


ho = 1, hg =P, hg = 1 


2. Spherical Coordinates (r, 0, ġ). See Fig.5 below. 
x = rsinÓ cosi, y = rsin sind, z = rcos 0 


where r20, 0 


HA 


P< 247, OS OST 


em 
EN 
Mt 
m 
a 
il 


T, hg =r sin 0 
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Fig. 4 


3. Parabolic Cylindrical Coordinates (u,v,z). See Fig.6 below. 
x = 2(u— v7), y = uv, zz 
where —co«u«co, v20, —o«z«o 


hy =hy=Vu?tv?, hz=1 


In cylindrical coordinates, u = v2p cos g v= V2¢e sin g , ZI 


The traces of the coordinate surfaces on the xy plane are shown in Fig.6 below. They are 
confocal parabolas with a common axis. 


DN M M 
= % 
ae) 9 
$35 y 
“> 3/5 23/2 


u-—1/2 v-1/2 
» 1 
E we 
"LLL BEZ, 
gore Yeo 
E di i 


Fig. 6 
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4. Paraboloidal Coordinates (u,v, $). 
X = uvcosd, y= uv Sin $, = 3(u2 — v?) 
where u>0, v20, O0< $<27 
hy = hy = Vu? +07, hy = uv 


Two sets of coordinate surfaces are obtained by revolving the parabolas of Fig.6 above 
about the x axis which is relabeled the z axis. The third set of coordinate surfaces are planes 
passing through this axis. 


5. Elliptic Cylindrical Coordinates (u,v,z). See Fig.7 below. 
x = a coshucosv, y = a Sinhu sinv, Z=2 
where u2 0, OSv< 27, —o«z«o 
hy, = hy = aVsinh?u+sin?v, hy = 1 


The traces of the coordinate surfaces on the xy plane are shown in Fig.7 below. They are 
confocal ellipses and hyperbolas. 


6. Prolate Spheroidal Coordinates (€,7,d). 
x = asinhé sinn cos, y = asinhé sinņ sind, z = acoshé cosy 
where €20, 0877, OS ¢< 27 
he = hy = avsinh?£ + sinn, hg =a sinh & sinn 
Two sets of coordinate surfaces are obtained by revolving the curves of Fig.7 above about 


the x axis which is relabeled the z axis. The third set of coordinate surfaces are planes passing 
through this axis. 


oe AS 
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7. Oblate Spheroidal Coordinates (£,7), $). 
x = acoshé cosy cos, y = acoshé cosy sin$, z = asinhé£ sin? 
where £20, -$5"&7 0< 27 
hy = h = avsinb'£ + sinn, hg =acoshé cosy 


Two sets of coordinate surfaces are obtained by revolving the curves of Fig.7 above about 
the y axis which is relabeled the z axis. The third set of coordinate surfaces are planes passing 


through this axis. 
8. Ellipsoidal Coordinates (A, u, v). 


+ 
a’ —)d b^ —X c — 


+ 
ll 
LA 


A< e? ba 


2 2 2 
= KR + = a 1; P< aem b^ <a? 
a — u be — pw co 
2 2 2 
x z 
5 += + 5 = 1, c«bP.v«d 
a —v b —v c —v 


no i HANWHN Eo ae deo (v — uy — u) 
à 9 (a? — X) (5D (c? X) ' E 9 


(a? — u) (b? — u) (c? — u) 
bond o oO. 
” 2 (a? — v) (b* —v)(c? v) 


9. Bipolar Coordinates (u,v,z). See Fig.8 below. 


2 2 
x? + (y—a cotu) = a?csc?u,  (x—acoth vy) * y? = a?csch?v, z 


n 
N 


Fig. 8 
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a sinh v a sinu 


i = a = ST z=2 
" " cosh v — cosu y cosh v — cosu 
where 0S u< 27, —o«v«o, —o«z«o 
_ 2 a = 
hy = hy = ———_—__,, fh 1 


coshv —cosu’ #7 


The traces of the coordinate surfaces on the xy plane are shown in Fig.8 above. By re- 
volving the curves of Fig.8 about the y axis and relabeling this the z axis a toroidal coordinate 
system is obtained. 


SOLVED PROBLEMS 


1. Describe the coordinate surfaces and coordinate curves for (a) cylindrical and (b) spherical co- 
ordinates. 


(a) The coordinate surfaces (or level surfaces) are: 
P= c4 cylinders coaxial with the z axis (or z axis if c4- 0). 
$= cy planes through the z axis. 
Z = cg planes perpendicular to the z axis. 


The coordinate curves are: 
Intersection of p = c4 and $ = co (z curve) is a straight line. 
Intersection of O = c4 and z = cg (Q curve) is a circle (or point). 
Intersection of P= cs and z = cg ( p curve) is a straight line. 


(b) The coordinate surfaces are: 
r= c, spheres having center at the origin (or origin if c4- 0). 
6 = cy cones having vertex at the origin (lines if co = 0 or 77, and the xy plane if co= 77/2). 
= eg planes through the z axis. 
The coordinate curves are: 


Intersection of r - c4 and ES Co (D curve) is a circle (or point). 
Intersection of r= c, and d= cy (Ü curve) is a semi-circle (c4 7 0). 
Intersection of 0 = co and p= Cg (r curve) is a line. 


2. Determine the transformation from cylindrical to rectangular coordinates. 


The equations defining the transformation from rectangular to cylindrical coordinates are 


(1) x= pcosd, (2) y= psingd, (3) zz 


Squaring (1) and (2) and adding, *%(cos*p + sin?) = x? +y? or 
P=Vx2+y?2, since cos?j + sin?j = 1 and pis positive. 
Dividing equation (2) by (1), Č = p sin $ = tand or $ = arctan Č. 
x pcos x 
Then the required transformation is (4) p = Vx? e y?, (5) [o - arc tan i » (6)z-2zc. 


For points on the z axis (x=0, y=0), note that » is indeterminate. Such points are called singular 
points of the transformation. 
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3. Prove that a cylindrical coordinate system is orthogonal. 


The position vector of any point in cylindrical coordinates is 


r= xi * yj + zk = pcosfi+ psin@j + zk 
The tangent vectors to the p, p and z curves are given respectively by 7 ; = and 2x where 
z 
or A : ; or A ; ; Or 
= = cospi + sin à —- = —psinoist:t cos  j, x =k 
95 $ $i 3 T psinpi + p cos o z 
The unit vectors in these directions are 
gu n OE c. OTe ce a eS 
E |do] V cos? o + sin? o 
e; = & = Hf ob = ~psinP it pcos d J = ~sindi + cosd j 
| d/d | V o^ sin?$ + p? cos*h 
REESE 
T i. LIEU 
? — |&/2:| 
Then ee, = (cosi * sind j-(—sinó i* cos j) = 0 
e'e = (cos i *sinó j)-(k) = 0 
e'e = (—Ssin@it cos j)-(k) = 0 


and SO e4,eo and es are mutually perpendicular and the coordinate system is orthogonal. 


4. Represent the vector A = zi — 2xj + yk in cylindrical coordinates. Thus determine 45. Ag and A,. 


From Problem 3, 
Q) e = cosi + sinġj (2) eg = —sin@di + cos $ j (3) eg =k 


Solving (1) and (2) simultaneously, 


i = cos $ e, — sin? eg, j = sin $ e, + cos eg 
Then A = zi — 2xj + yk 
= z(cos $ e, — sind eg — 20 cos P(sing e, + cosp ep + p sin ez 
= (z cos $ — 20 cos sin $e, — (z sind + 20 cos*p)eg + P sind ez 
and A, = zcosh— 20 cos $ sin, Ap = —zsin$ — 20 cos, Az = p sing. 
5. Prove d e, = $ e,, d e, =- p e, where dots denote differentiation with respect to time t. 
From Problem 3, 
e) = cos i t+ sindj, ` eg = —sindi + cosdj 
Then fe E — (sind) o i + (cosh) pj = (— sini + cos  j) o - beg 
f eg = -(cosf) pi — (sind) oj = —(cosPit+sindynd = -$ ep 
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6. Express the velocity v and acceleration a of a particle in cylindrical coordinates. 


In rectangular coordinates the position vector is r= xi+yj+zk and the velocity and acceleration 
vectors are 


< 
it 


n = kityjtik and a = SF = XisYyj*Zk 
t 


In cylindrical coordinates, using Problem 4, 


r = xityj*zk = (p cos )(cos o e5 — sin o e4) 
+ (p sin H) (sin $ e, + cos $ eg) + zez 
= Pept ze. 
dp de : 
dr P dz . ° 
The v= = = —e + 0— +t e, = e + e, + ze 
ü dt dt P Ph dt Z P fp pe $ a 


using Problem 5. Differentiating again, 


EN SA Arm +pde + z ez) 
d? dt P $ Z 
. de, zt » dej m i. ne 
F P + Pe t Pb t0 bes * phey + e, 


= phegt Pe, + ppi pe) + phegt ppegt fe, 
=  -pde, + (9$ * Whey * te, 


using Problem 5. 


7. Find the square of the element of arc length in cylindrical coordinates and determine the corre- 
sponding scale factors. 


First Method. 
x = pco, y= psingd, z-z 
dx = —posin$j d$ + cosi dp, dy = peos do + sind do, dz= dz 
Then ds? = dx2+dy?+dz2 = (— p sin d + cos doy + (pcosd dh + sing dof + (dzy 
«py + p%dby + (dz) = kdo) + hdd) + h.(dz) 


H 


and h, = ho Ev. ho = hg = p, ha = h,- 1 arethe scale factors. 


Second Method. The position vector is r = Ocos@i + p sinj + zk. Then 


or or or 
ao dp + 0229 + 3, 4 


= (cosPi+singd do + (—psinġ i+ pcos ijd + kdz 
= (cos $ do.— psing dj)i + (sin dp + p cos dj) j + kdz 
Thus ds? = dr-dr = (cos dp — p sind dpf + (sind dp + p cos dp + (dzy 
= (doy + Priddy + (day 
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8. Work Problem 7 for (a) spherical and (b) parabolic cylindrical coordinates. 


(a) x = rsin cos, y = rsin sind, z = rcosÓ 
Then dx = -—rsinÓ sind dd + rcos@ cos D dO + sin Ó cos $ dr 
dy = rsin cos p do + r cos 0 sing d0 + sin Ó sin dr 
dz = —rsin@ d0 + cos 0 dr 
and (ds). = (dx) + (dyy. + (dz). = (dry. + r2(dOy + r2 sin?Ó (dy 
The scale factors are h,=h,=1, hz hgzr, h,- hg-r sin 9. 
(b) x = züQ—v5, y-uv, z-z 
Then dx = udu — vdv, dy = udv +vdu, dz = dz 
and (dsf = (dxf + (dyf + (dzy = (u2+v2)(duy? + (u?*v?)(dvy + (dzy 
The scale factors are À, = hy = Vu?+v?, ho=hy= Vu?*v?, hg=hg=l. / 
P4 


"4 


9. Sketch a volume element in (a) cylindrical and (b) spherical coordinates giving the magnitudes 


of its edges. 
(a) The edges of the volume element in cylindrical coordinates (Fig.(a) below) have magnitudes O dd, do 
and dz. This could also be seen from the fact that the edges are given by 
ds,=h,du,= (1)(dOo) " dp, ds, = hodu, = p do, ds, = (1)(dz) = dz 


using the scale factors obtained from Problem 7. 


dV = (r sin @. d$») (r.dO) (dr) 
; = r? sin Ó dr dO db 


av = (p dd) (dp) (dz). 


Fig.(a) Volume element in cylindrical coordinates. Fig.(b) Volume element in spherical coordinates. 


(b) The edges of the volume element in spherical coordinates (Fig.(b) above) have magnitudes dr, rdO and 
r sin Ó d$. This could also be seen from the fact that the edges are given by 


ds, = h du) = (1)(dr) = dr, ds, = hodu, =7 dG, ds, = h du, = r sin OQ dp 


using the scale factors obtained from Problem 8 (a). 


10. 


11. 


12. 
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Find the volume element dV in (a) cylindrical, (b) spherical and (c) parabolic cylindrical coor- 
dinates, 


The volume element in orthogonal curvilinear coordinates u is 


dV = hyhohg du, duo dug 


1*9 1s 


(a) In cylindrical coordinates u= O0, uo- Q, ug=z, hy=1, ho P, hg=1 (see Problem 7). Then 


dV = (12(00)dopd$dz = pdp do dz 
This can also be observed directly from Fig. (a) of Problem 9. 


(b) In spherical coordinates u1=r, uo= 0, ug- D, hy=1, ho=r, ha» r sin O (see Problem 8(a)). Then 
dV = (1)(r)(rsinO) dr dO dp = r?sinÓ dr dO dj 


This can also be observed directly from Fig. (b) of Problem 9. 


(c) In parabolic cylindrical coordinates u,=u, ug v, ug- z, haz Vu? * v?, hos Vu? * v?, hg=1 (see Prob- 
lem 8(b)). Then 


dV = (Vu?*tv?)Vu?-* v?)(1) du dv dz = (u2+v?) du dv dz 


Find (a) the scale factors and (b) the volume element dV in oblate spheroidal coordinates. 


(a) x = acosh€cos7jcosh, y = acosh&cosysing, z = a sinh £ sinn 
dx = —a cosh £ cos?) sing db — a cosh £ sin) cos dy + a sinh E cos?) cos $ d£ 
dy = acosh € cos N) cosh do — a cosh É siny sind dr) + a sinh £ cos?) sin $ d£ 
dz = asinh é cos? dn + a cosh É sinn d£ 


Then (dsy = (dx + (dy) + (dzy = a?(sinh?£ + sinad? 
+ a?(sinh?£ + sin?7) (dn) 
+ a? cosh’ £ cos?7) (dpf 


and h,= he = aYsinh £ + sin?7), ho = h, = avsinh É + sin?n, hg = hg = a cosh E cos7. 


(b dV = (avsinh"£ + sin?) (aVsinh? £ + sin?7)) (a cosh € cos 7) d£ dn db 
= a®(sinh’é + sin?7)) cosh É cosh) dé dr) dp 


Find expressions for the elements of area in orthogonal curvilinear coordinates. 


Referring to Figure 3, p.136, the area elements are given by 


dA, = | (he dus es) x (hg duges)| = hahe| esx es| duo dus = ho he dup dus 
since | e2 X es | = | ey | = 1. Similarly 
dA, = | (hı du e1) X (hg dug eg) | = hyhg du, dug 
dAs = | (hy du, ey) (hg dupes) | = hy hy du, du 
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13. If u1, Uo, ug are orthogonal curvilinear coordinates, show that the Jacobian of x,y,z with respect 


tO u4, Uo, Ug is 


CE: 
Ou, Ou, Ou, 
x, y, Z | ayz) |9x y z = 
J Uy, Uo, Ug i © (U4, Ug, Ug) E Qus Ous Qus hy fia fis 
Ox dy dz 


dus Dus dug 


By Problem 38 of Chapter 2, the given determinant equals 


Ox Oy Oz dy Oz Ox y Oz 
i Pe ae —jt— =i + =j + —k 
e ea a abra tis a ta 
à E à 
- on on Bas = h.e, hoe, X hges 
= hy hoha e1 * eo X es - h4 ho ha 
Or or Cr 


If the Jacobian equals zero identically then —-, ——-,-- are coplanar vectors and the curvi- 
du Dug dug 


linear coordinate transformation breaks down, i.e. there is a relation between x,y,z having the form 
F(x,y,z) = 0. We shall therefore require the Jacobian to be different from zero. 


14. Evaluate Sf fc y2+ z?) dx dy dz where V is a sphere having center at the origin and ra- 


y 
dius equal to a. 


Fig. (a) Fig. (b) 


The required integral is equal to eight times the integral evaluated over that part of the sphere con- 
tained in the first octant (see Fig. (a) above). 


Then in rectangular coordinates the integral equals 


a Va2—x2 Va2—x2—y2 
f (x? y? + 27) dz dy dx 


x=0 y=0 z-0 


but the evaluation, although possible, is tedious. It is easier to use spherical coordinates for the eval- 


15. 


16. 
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uation, In changing to spherical coordinates, the integrand x?+y?+z? is replaced by its equivalent 72 
while the volume element dxdydz is replaced by the volume element r2sin 0 drd@ dd (see Problem 
10(b). To cover the required region in the first octant, fix Ó and p (see Fig. (b) above) and integrate from 
r=0 to r=a; then keep $ constant and integrate from G=0 to 77/2; finally integrate with respect to © 
from @=0 to $- 7/2. Here we have performed the integration in the order r,6,@ although any order can 
be used. The result is 


T/2  wT/2 pa T/2 qwn/2 pa 
e f f f (r?)(? sin O drd@ dd) = e f f LET drd do 


@=0 @=0 r=0 d$z0 8-0 r=0 
T2 T2 å T/2  pt/2 

= 8 f = sin Ó NICE = 8c f f sin 0 d8 dd 

$-0 0-0 $z0 0-0 

T/2 1/2 T/2 

E Bae — cos @ | dd = 8a® dd = 477 aS 

5 8-0 5 5 

$-0 óz0 


Physically the integral represents the moment of inertia of the sphere with respect to the origin, i.e. the 
polar moment of inertia, if the sphere has unit density. 


In general, when transforming multiple integrals from rectangular to orthogonal curvilinear coordi- 
X,Y,Z 


nates the volume element dxdydz is replaced by hah du,du,du, or the equivalent Ma a 
? Or 8 


) du du, du, 
where J is the Jacobian of the transformation from x,y,z to u,,u,,u4 (see Problem 13). 


If u,,uj,ug are general coordinates, show that OF , SF , OF and Vu, Vus, Vu, are recipro- 


uU. ^ Ous dug 
cal systems of vectors. 


We must show that fe . Vu, { lifP-4 Where p and q can have any of the values 1,2,3. 


We have 
or or or 
dr = x du, + = du, + = du, 
Ou, Ou, Dug 
Multiply by Vu, * . Then 
Vut de = du = (Vu, * 2B ds + (Vu: DE dus + (Vac OEY tis 
Oua Qus Dug 
or EE UN Vig args Vu, 2 = 0 
uy Ou, Cus 


Similarly, upon multiplying by Vu, ” and Vus * the remaining relations are proved. 


Prove EXE Bt} À Vus + Vas x Vuo} = 1. 


Ou, dus Ou, 


From Problem 15, Sr Or or and Vui, Vuo, Vus are reciprocal systems of vectors. Then the 


Qu4 , Dug i dug 


required result follows from Problem 53 (c) of Chapter 2. 


The result is equivalent to a theorem on Jacobians for 
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Dus Ou, u, 
Ox Oy Oz 
Ou dug duo = U4, Uo, Ug 
Lx EM ae cay. a E 
Qus dug Og 
Ox oy Oz 
and so J(—————- XYZ y pte o us, - 1 using Problem 13. 


U4, Uo, Ug X,Y,Z 


17. Show that the square of the element of arc length in general curvilinear coordinates can be ex- 


pressed by 3 a 
ds2 = r Y Epq du, du, 
p=1 q=1 
We have 
d = Dt du, + dug + rs dug = @,du, + @ydug + Gg dug 
Dua T Sus 
Then ds? = dredr = 4:44 duf + 44:45 du, du; + 04* 04 du, dug 


+ Qo -Q dus du, + (5-0, du; + Ap -Ag du, dug 
+ d3*0, dug du, + 44^ &, dug du; + &$* Qg dug 
8 8 ` 
= du, di here = apa 
L L É5q up ug whe 85g p 


This is called the fundamental DFI is or metric form. The quantities g 


are called metric 
coefficients and are vig i.e. 859 7 gp -0,pfq, then the coordinate system is orthogonal. 
In this case ga he $2 


1° 8257 hz, 833 7 id mats form extended to higher dimensional space is of 
fundamental importance in the theory of tálatisity (see Chapter 8). 


GRADIENT, DIVERGENCE AND CURL IN ORTHOGONAL COORDINATES. 


18. Derive an expresssion for V® in orthogonal curvilinear coordinates. 


Let VË = f,e,+ f, e, * f, e, where f,, f, f, are to be determined. 

: or Or Or. 

Since dr = du, + E. dug du 

Ou, "à Qus d S 
= hy @,ıdu, + ho €o dup + ha eg dug 
we have 
d) d$ = V-dr =_ hy fy duy + ho fo duo + hg fa dug 
But 2) dd = of du, + of duo +. oP dug 
Qu, Qu Oug 
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Equating (1) and 2, — f, = 1 2, D ho L 39 h= a 
1 Ou 2 Uu2 3 


e; 9d e 0 e oÈ 
Then Vs hy Ou, ho Ous k ha Oug 


This indicates the operator equivalence 
e 9 , 2 d , 8 meu 
hy Ou, ho Qus ha Dug 


which reduces to the usual expression for the operator V in rectangular coordinates. 


-1 
19. Let u41, Uo, Ug be orthogonal coordinates. (a) Prove that | Vu, | = hy » p=1,2,3. 
(b) Show that 857 Ep. 


e E 
(a) Let ® - 4 in Problem 18. Then Vu, = T. and so MA = le is = hee , Since le. -]1. Simi- 
X s 


-1 -1 
larly by letting ® = us and us, | Vua] = họ and Vus] = hg . 


Vu 
(b) By definition E, = Sira From part (a), this can be written E, = h, Vu, = and the result is proved. 
25 Yupl- p= hyNuy = es 


20. Prove e, = ho hs Vu, x Vus with similar equations for e; and eg, where u4, Up, Ua are orthogonal 


coordinates. 
e, 
From Problem 19, Vu, = Ia ; Vu, = Ys, Vug = = 
eoxe e 
Then Vuox Vus = 2 - 2? - —ÀL— and e1 = hohg Vu x Vus. 
ho ha ho he 


Similarly ep = hgh, Vugx Vu," and eg  h4ho Vu4x Vus. 


21. Show that in orthogonal coordinates 


Vee) e cbe 2 ay 
(a) (Ay e1) UOS 34 A 2 fig) 
Wy Ng Oed ELE x (Ashi) EE x (Ashi) 
with similar results for vectors 45e, and Ages. 
(a) From Problem 20, 
Vee) = Ve (Ayhghg Vus x Vus) 
= V (Azhohs) * VusxVus + A4 ho ha V* (Vus xVug) 
e e e 
= V (44h, ha) * ie x i. + 0 = V (44 hohg) i ae 
[a2 & 9 e 2 Ma 
= [ & Su (A4 hoha) + AS Su; (Ay haha) + Ie Ous stato | izha 
1 E: 
= (Aq ho ha) 


hy ho hg E 
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(b Vx (44e) = Vx (Arh Vui) 
= VAM) x Vu, + Arhi Vx Vay 


e1 

1 
DEN MU es Ho Aah 
hah D (44 h4) a Qut 4/4) 


22. Express div A = V* A in orthogonal coordinates. 


Via = Ve (Ape, + Apes + Ases) = V+ (44e) + Ve (Aces) + V* (Ages) 


= 1 20 (A4 ho ha) + zo (Aghgh1) + Jeu (Ag hiho) 
Qus Qus 


hyhohe Qu4 


using Problem 21(a). 


23. Express curl A = Vx A in orthogonal coordinates. 


VxA = Vx(A4e + Age; + Agee) = Vx (Azer) + Vx (dees) + Vx (Ases) 


eo d eg d 
mro d E ee 
haha Su ih hiho Qus (Ar ha) 


bas cu a E E 
es 
T inh u (Asha) 
- | Oo. 2 
= hoha | Dus (Aghg) — 5 Anha | 


hye, hoeg ha €g 
VxA 1 9 9 29 
h.hohs | Qu, dug dug 
Ayhy Asho Asha 
24. Express Vous in orthogonal curvilinear coordinates. 
From Problem is, Vw = e op 4582: 9p 4 $5 oy 


hy Qu, ho Qus 


25. 
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If A= Vw, then A, = qoc Rew and by Problem 22, 


Via = V-W = Vy 
1 [= hoha OP | 2 heh Op | 0 


hyhohy L Ou Du, 


aea 
dua hy Qu4 Qus ho Dup dug hg dug 


Use the integral definition 


divA=V-A= lim -5£———— 
ÁT-0 AV 


(see Problem 19, Chapter 6) to express V-A 
in orthogonal curvilinear coordinates. 


Consider the volume element AV (see adja- 
cent figure) having edges hyAu,, hoAuo, haus. 


Let A= A4 e1 + Áp e + Ag eg and let n be 
the outward drawn unit normal to the surface AS of 
AV. On face JKLP, n- —e4. Then we have ap- 


proximately, 
f f A*ndS 


JELP 


i 


(A*n at point P) (Area of JKLP) 


[ (44e + Anes + Ages) * (—e1)] (hah, Aug Aug) 


— Ay hohe Aug Aug 


On face EFGH, the surface integral is 


Ay hohg AugAug + 2 (44 hohg AugAug) Aui 


Qu, 
apart from infinitesimals of order higher than Au, Aus Aus. Then the net contribution to the surface 
integral from these two faces is j 
9 d 
A (Ay hohg Aus Aug) Aus = AU (44 ho ha) Au, Aus Aug 


Our, Ou, 


The contribution from all six faces of AV is 


dð d E 
AC (4a haha) + => (Ag hiha) + =~ (Aa hako) | Pus ^us ^us 
Qu, Ous Dug 

Dividing this by the volume hıhkohg Au, Aus Aug and taking the limit as Au,, Aus, Aug approach zero, 
we find 


: 1 à d 2 
divA = V'A = > | (ui hoha) + © (Ao hiho) + È (As hah 
iv TAA [3 1 hoha) EUN 2 haha) E 3 hy 2 


Note that the same result would be obtained had we chosen the volume element ^V such that P is 
at its center. In this case the calculation would proceed in a manner analogous to that of Problem 21, 
Chapter 4. 
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26. Use the integral definition es 


$a 
C 


(VxA) +n = eee 


lim 
AS-0 


(curl A) > n = 


(see Problem 35, Chapter 6) to express Vx A 
in orthogonal curvilinear coordinates. 


Let us first calculate (curlA)*e,. Todo 
this consider the surface $4 normal to e4 at P, as 
Shown in the adjoining figure. Denote the boundary 
of Sj by Cy. Let A= 4161 + Áo eo + Ages. We 


have 
$ Acdr = 
Cy 


e, 
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fava + f^^ + f^^ + f^^ 


PQ QL LM MP 
The following approximations hold 

(1) f^ = (Aat P)» (ho ^us e) 

PQ 

= (Are, + Azez + Ages) * (ho Aus eg) = Ag ho us 

Then 

f^ ie dr E Ao he Aus + 2 (Ap ho Aus) Aug 

ML S 
or 

d 

(2) A». dr = s Ao ho Aug - s (Ao ho Aus) Aus 

IM "5 
Similarly, 

fv = (A at P) *. (hg Aug [73] = Ag hg Aug 

PM 
or 
(3) f^^ = — Ag ha Aug 

MP 
and 
(4) fava = AghgAug + È (Aa ho Aug) Au 

ug 
QL 


Adding (1), (2), (3), (4) we have 


$ A-dr 
C 


1 


2 (As hg Aug) Aug — 
uo 


9 
| à (As ha) d dug 


apart from infinitesimals of order higher than Aus Aug. 


Qua 


sk (Ag ho Aug) Aug 


EN eho | Aug Aug 
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Dividing by the area of S, equal to hAohgAuoAug and taking the limit as Aus and Aug approach 
Zero, 


d 
(curl A) +e, = ^s [à (As ha) — Z ata | 
23 2 3 


Similarly, by choosing areas $5 and Ss perpendicular to e2 and eg at P respectively, we find (curl A) + e; 
and (curl A) + eg. This leads to the required result 


e4 à d 
ulA = > | — (daha — —— (Aoh 
c "EA Ex 3/3) ERA s 
eo 9 d ] 
—— | — (Ah) - — (Ach. 
hah, | a 144) E aha) 


hy e4 ho eo ha eg 


es 93 9 1 Q d à 
Eo NC DET - = 
ha ho EX nee ae J Ayhohg| Ou, us — Oug 


hi4i hoåo hg Ag 


The result could also have been derived by choosing P as the center of area S1; the calculation 
would then proceed as in Problem 36, Chapter 6. 


27. Express in cylindrical coordinates the quantities (a) V®, (b) V* A, (c) Vx A, (d VÈ. 


For cylindrical coordinates (0,4, z), 


Ui7 D, uo2 D, u7 z ; 8; 7 65, &;7 e, &-e, ; 


and Mmhysi, bys hg= 0, het hy=1 

(a) Vē = not ker 120. 
EIL N L 29. 
5 Pot tes Be, 

6) Vea = "ws É [= (hohe Ay) + = oh Ay) + XL 19] 


z TT E (v4, + a; (4) + 2 (e) | 
3 


1 fə OAg 
= — —— A ————— —— 
p E (pk s op i" 22] 


where A = Ape + Ages + Az es, i.e. A17 Ap, Ao* Ag, Ag= Ag. 


hye, hoes hgeg & Pe, ez 
Vxa =- Ebo] 2 2| 21 Te 2 2 
MEUS wu dod on PA Se: Be. os 


hy Ay hoo haåg A PAg Az 
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OA 94, OA OA 
1 Z d Z d p 
2 EE Pie = (OAL) et 
o IG: x 29 ep + (^ = P= an ) eg + (2 (PAg) m ) 3 
(d) Ve s 1 o hohg odo + à haha od " o haha oc 
h4hoha Qu4 hy Qu4 Qus hg Qus ug hg Oug 


] 1 od) 2$ (0 9$ 9 (Me) d 
(1)(P)(1) (1) p EVI ZG X 


28. Express (a) Vx A and (b) V? y in spherical coordinates. 


Here u,=r, uo= 0, u=; e47 ey, 027 eg, 657 eg; ha hp rl, ho=hg=r, hg=hg=r sin 8. 


hye, hoes hgeg e, re, rsin 80 ej 
aes XU | Cae [Oi ie TETUER 
h4 Ay hodo hgAg Ay Ag r sin 0 Ag 


1 d F 
= mE 0 Ag) — A 
r? sin 0 [4 06 Te - 35 ope 


OA, OA 
Ux — 2e sim8 Ay) re, + E - xi r sinO «| 


(b) Vy " 1 d hohg oy d ha h4 ow hiho oy 
hahohg p» hy Dus T NE ho Sus x hg dug 
E 1 d [ (sin 9) 8) oe + 2 (r sinO)(1) Senn ss 
(1)(r) (7 sin 8) Or (1) Or 06 
Mey » 
K r sin 0 b 
= 1 snp? [e ee d i 
r? sinÓ Or Or 00 * Sind E 


E a 2 2 oy 1 2 8 ow 1 ew 
EE ( st) EZTEN > 96] Peri 3d? 


29. Write Laplace’s equation in parabolic cylindrical coordinates. 


From Problem 8 (5), 


U47U, Ug-v, Ug=z; h= Vu? v^, hos Vu? * v^, hg-1 
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Duc WES E (24) . dv 2 (a). E" IGEL] 


"E (25.24) M 


u? + v? Ou? Ov" dz? 


and Laplace’s equation is Vy =0 or 


ow ow ow 
ga ee ae T 
3u 


30. Express the heat conduction equation Be = KVU in elliptic cylindrical coordinates. 
t 


Here uz=u, ug=v, ug=2z; Ay=ho=aVsinh?u + sin’v, hg-1. Then 


V?y 1 ò [9v + 2 { ou + 2 d? (sink? u + sin? v) — ou 
a? (sinh? u + sin? v) Ou \ du Qv V dv Oz Oz 


Wt 


2 2 2 
- 1 ou, 2 r| , 3U 
a? (sinh? u + sin?v) Ou? Ov oz? 
and the heat conduction equation is 
2 2 2 
wi. k 1 du. e od uh 
Ot a? (sinh? u + sin?v) Ou? Ov? dz? 


SURFACE CURVILINEAR COORDINATES 


31. Show that the square of the element of arc length on the surface r = r(u,v) can be written 


ds? = Edu? + 2F dudv + G dv? 
We have dr = LL * 2t ay 
Then ds? = dr-dr 
or or Or or or Or 
= OST (ST dud dv? 
Ur dur. eee PUT tay a 


= Edw + 2Fdudv + G dv? 


32. Show that the element of surface area of the surface r = r(u,v) is given by 


dS = VEG — F° dudv 


The element of area is given by 


ds = (t du) x (SE dv) 


Ou Ov 


dudv = (SE x x $t. d x ar) dudv 


The quantity under the square root sign is equal to (see Problem 48, Chapter 2) 


Or. Or, or. or Or or. or Ər 2 
XE E — (Deyo) = EG-F d th lt f : 
Gu E" Mar 3) Gu 5,3, 2 ) and the result follows 
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MISCELLANEOUS PROBLEMS ON GENERAL COORDINATES. 


33. Let A be a given vector defined with respect to two general curvilinear coordinate systems 
(U4, Ug, ug) and (Z,,U5,U,). Find the relation between the contravariant components of the vector 


in the two coordinate systems. 


Suppose the transformation equations from a rectangular (x,y,z) system to the (uz,uo,ug) and 


(ü, , Üo, üg) systems are given by 


| 


Xx 


X (U4, Uo, Us), 
(1) 


Xo(Us, üo, Us) , 


x 


y = ya(us, uo, Ug), 


y = Yall, lo, Us), 


it 


z Z4(4, uo, ug) 


z = 29(Uy, lp, Ua) 


Then there exists a transformation directly from the (u1, uo, ug) system to the (44, U5, 4) system defined by 


(2) 


U4 = U4(U4, Uo, Ua), 


and conversely. From (1), 


üo = u(y, ito, ig) , 


Ug = us(lis, Uo, lig) 


dro gw + Std + SE dug = — da + WiduQ + Gy dug 
Qu, uo Qus 
wa tam Wo Shae, Stan = @,dī + dz, + Agdizg 
[7 LA Olig 
Then 
(3) a, du4 + a, dug + Qs dug = a, dü4 T a dilo + a, diig 
Ou, Ou Ou 
From (2), d = dm + = di, + = dit 
om (2) uy EA iy Oy ig Oi, ig 
Ou Ou. Ou 
dup = S2dū, + du, + x? dit 
a Sm -« Om, ^ om; 
Qus Ou Ou 
dug = ~ di, + = din + =~ di 
i Om ^ ^ O08 ^ — OH. 
Substituting into (3) and equating coefficients of di, dit, dig on both sides, we find 
— Ou, Qus Qus 
a aw + @ + @ —— 
1 1 9n, 2 35 ? 2n, 
= Qu, Ou Ou 
(4) a = @, = + 2  04-—— 
* * 25 92 S, ? 2, 
~ Ou Ou Ou 
a = uM. + ee + IU 
: 1 dis e E Ms Oli 


Now A can be expressed in the two coordinate systems as 


(5) A = 0,Q, + C20, + Cs ds 


and 


A 


C10, + C50, + C305 


where C4, Co, Cg and C4, Co, Ca are the contravariant components of A in the two systems. Substituting 


(4) into (5), 


Fe DE Le 
(15. ? On, Cs Sra 1 (^ Se, Co 


(04 + CoQ, + Ca 05 


u 


ga g 9n Dus r ou 
C3 dm, ** + (Cy on + Cy On, + Cg oz, ) ** 


2 
+ 
2 


34. 
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Then 


= Ou, dui = Ou, 
C - CiS + Com + = 
5 * Og, ? Oi, ? dis 
z Qus Qus dug 
6 C = C4,— + Com + Car 
(6) 2 13 z 2 i 8 n. 
iex Oug p dus — Qus 
C = ar + Cas + OCR 
= * On, ? Og, ? On, 
or in shorter notation 
PET Ou =e dup T Ou; 
(?) C, - C4 — + Co— + Ca — p= 1,2,3 
ui uo Os 
and in even shorter notation 
E Ou 
(8) Gy & “Dee p= 1,2,3 
q=1 Oig 
Similarly, by interchanging the coordinates we see that 
3 
m Ou 
(9) Oe EP Ge p= 1,23 
gzi dug 


The above results lead us to adopt the following definition. If three quantities C4, Co, Ca of a co- 
ordinate system (ui,uo,ug) are related to three other quantities C4, C, Ca of another coordinate system 
(ŭ1, üo, üg) by the transformation equations (6), (7), (8) or (9), then the quantities are called components of 
a contravariant vector Or a contravariant tensor of the first rank. 


Work Problem 33 for the covariant components of A. 


Write the covariant components of A in the systems (ui, üo, üg) and (i4, Uo, ug) AS C4, co,cg and 
ĉis Čo, respectively. Then 


(1) A E C1 Vu, + co Vus + Ca Vus - či Vii, + Cp Vi. + Cg Vis 


Now since üp = Up (us, Uo,Ug) With p 1,2,3; 


9, : Oty Ou, E [^ dug " [^ dus 

Ox Ou, Ox Qu, Ox Qus Ox 
(2) [i E Ou, Ou, " dlp Ou; X 9, fus p= 1,2,3 

Oy Ou, dy Quo dy Qus Oy 

Oz Ou, Oz duo Oz Qus Oz 
Also, 

d d à 
(3) ciVuj* e Vus + eg Vug = (AR eA ei 
à d 9 à à à 
t (Cim ey t EE + (erst com t ZEE 


and 
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(4) & Vii, + Vig + g Vig = (ast hat alae 


Equating coefficients of i,j,k in (3) and (4), 


d d d _ ò 
a M ue $ d à SA NES à 
> Qu, Qus dug - O4 
(5 ea S 4 epee tog - — + 
) US iu 35 ay 


Oui 
Substituting equations (2) with p= 1,2,3 in any of the equations (5) and equating coefficients of = 


2 Bes Du, Dug 9s, Dus dug dug 


"By Oy’ dy’ dz’ dz’ dz 
Ou. E uo 
= + 
e1 CN Ou, i Ou, 
Ou _ òr 
(6) Co = Cy EN + C2 3. + 
2 2 
Ou x Qus 
G + + 
i: A s Oug is Qus 
which can be written 
d [77 
b p 
or 
3 A 
(8) p 5 L i Ou, 
q=1 up 
Similarly, we can show that " 
, ay re 
( ) Cb E ^] on 
q=1 “p 


The above results lead us to adopt the following definition. 


Ox ' 


on each side, we find 


= dis 


eg 
Qu4 


Os 


[em 
Qus 


z [7 


Cs 
Qus 


c = 1,2,3 
3 Ou, P 


p= 1,2,3 


p= 1,23 


If three quantities c,, C2, €g of a co- 


ordinate system (u4, uo, ug) are related to three other quantities £4, 2, of another coordinate system 
(&4,ü2, G4) by the transformation equations (6), (7), (8) or (9), then the quantities are called components of 


a covariant vector ot a covariant tensor of the first rank. 


In generalizing the concepts in this Problem and in Problem 33 to higher dimensional spaces, and 
in generalizing the concept of vector, we are led to tensor analysis which we treat in Chapter 8. In the 
process of generalization it is convenient to use a concise notation in order to express fundamental ideas 
in compact form. It should be remembered, however, that despite the notation used, the basic ideas treat- 
ed in Chapter 8 are intimately connected with those treated in this chapter. 
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35. (a) Prove that in general coordinates (14, uo, ug), 


844 B40 815 
i (ot, Bry are 
8 Bo, 85 Bog Ou, Dup Qus 
851 E30 85s 


where gjg are the coefficients of du, du, in ds? (Problem 17). 


(b) Show that the volume element in general coordinates is Vg du, dus dug. 


(a) From Problem 17, 


Dx Ox 
Qus Dug 


d,a 
Dup dug 


We a Dup Dug 


Then, using the following theorem on multiplication of determinants, 
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p,q7 1,2,3 


@ G5 ag | | Ay B4 C, 0,44 + ao Áo + ag Åg a4 B4 + ao Bo t a4 Bg. a4 C4 + a5 C5 + ag Cg 
bı bo bg| | do Bo Cy = by A1 + bo Ap + bg Ag b, By + bg Bo * bg Bg bı C4 + bo Cot ba Ca 
€1 Cg €g | |Ag Bg Cg €1 44 + co Áo + eg Ag c4 By + co Bo * eg Bg. c4 C4 + co Cot Calg 
we have 
Ox Oy dz |? 
Qu, Ou, Qu4 
(QE. dp. e d. Loop ee oy. cor. 
Cu, Ous ug Ouo duo Ou, 
Ox Oy oz 
dug us ug 
Ox ð Oz Ox Ox Ox "E 
Ou, dua Qu4 Ou, Qus ug it 12 E 
Ox Oy Oz || Oy Oy y 
= a ean! Se EO. EMT um = & 8 & 
Dug Qus Qus dua Ouz Dug 21 ee 28 
xr p E ors bx bap & 
dug Qus Qus Ou, Ou; Ous pe es ee 
(b) The volume element is given by 
or or or or dr or 
dV = (———du4) * (—— due) x (—— du = — * c x —— | du, duo du 
C EL ee Qu pua Quel eii eine 


- Vg du4 duz dug by part (a) " 


Note that Vg is the absolute value of the Jacobian of x,y,z with respect to u4,uo,us (see Prob.13). 
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SUPPLEMENTARY PROBLEMS 


Answers to the Supplementary Problems are given at the end of this Chapter. 


36. Describe and sketch the coordinate surfaces and coordinate curves for (a) elliptic cylindrical, (5) bipolar, 
and (c) parabolic cylindrical coordinates. 


37. Determine the transformation from (a) spherical to rectangular coordinates, (b) spherical to cylindrical 
coordinates. 


38. Express each of the following loci in spherical coordinates: 
(a) the sphere x?+y?+2z? = 9 (c) the paraboloid z = x? +y? 


the plane =x. 
(b) the cone z? = 3 (x*+y7) (d) the plane z=0 (e) p T 


39. If 0,,2 are cylindrical coordinates, describe each of the following loci and write the equation of each 
locus in rectangular coordinates: (a) 0 - 4, z= 0; (b) Q7 4; (c) P - T/2; (d) P - 7/3, z=1. 


40. If u,v,z are elliptic cylindrical coordinates where a - 4, describe each of the following loci and write the 
equation of each locus in rectangular coordinates: 
(a) v7 T/A; (b)u=0, z=0; (c)u-1n2,z-2; (d)v=0, z=0. 


41. If u,v,z are parabolic cylindrical coordinates, graph the curves or regions described by each of the fol- 
lowing: (a)u=2, z=0; (6) v=l1, z=2; (c) I$u$ 2, 28083, z-0; (d)1<u<2, 2«v«3, z=0. 


42. (a) Find the unit vectors e,, eg and eg of a spherical coordinate system in terms of i,j and k. 
(b) Solve for i,j and k in terms of e,, eg and eg. 


43. Represent the vector A= 2yi—zj+3xk in spherical coordinates and determine A,, Ag and Ag ‘ 
44. Prove that a spherical coordinate system is orthogonal. 


45. Prove that (a) parabolic cylindrical, (b) elliptic cylindrical, and (c) oblate spheroidal coordinate systems 
are orthogonal. 


46. Prove E Ge, + sind dey, e, = - Ge, + cad pe, ê = -sinf $ e, — cosO $ ez. 


47. Express the velocity v and acceleration a of a particle in spherical coordinates. 


48. Find the square of the element of arc length and the corresponding scale factors in (a) paraboloidal, 
(b) elliptic cylindrical, and (c) oblate spheroidal coordinates. 


49. Find the volume element dV in (a) paraboloidal, (b) elliptic cylindrical, and (c) bipolar coordinates. | 
50. Find (a) the scale factors and (b) the volume element dV for prolate spheroidal coordinates. 
51. Derive expressions for the scale factors in (a) ellipsoidal and (b) bipolar coordinates. 


52. Find the elements of area of a volume element in (a) cylindrical, (b) spherical, and (c) paraboloidal co- 
ordinates. 


53. Prove that a necessary and sufficient condition that a curvilinear coordinate system be orthogonal is that 
-0 for p#q. 
Bbq prq 


54. 


55. 


56. 


51. 


58. 


59. 


60. 


61 


- 


62. 


63. 


64. 


65. 


66. 


67 


n 


68 


. 


69. 


70. 


71. 
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Find the Jacobian J (— for (a) cylindrical, (b) spherical, (c) parabolic cylindrical, (d) elliptic 
1s ^2; 95 


cylindrical, and (e) prolate spheroidal coordinates. 


Evaluate fff Vx? +y? dxdy dz, where V is the region bounded by z = x? +y? and z = 8—(x? + y?). 
V 


Hint: Use cylindrical coordinates. 


Find the volume of the smaller of the two regions bounded by the sphere x? - y? 4? = 16 and the cone 


32 = x? + y?, 


Use spherical coordinates to find the volume of the smaller of the two regions bounded by a sphere of 
radius a and a plane intersecting the sphere at a distance h from its center. 


(a) Describe the coordinate surfaces and coordinate curves for the system 
x?—y? = Qu, coSue, xy = u,SiNue, Z = ug 
x, y, z 


U4, Uo, Ug 


(b) Show that the system is orthogonal. (c) Determine J( ) for the system. (d) Show that u4 and 


uo are related to the cylindrical coordinates O and @ and determine the relationship. 


Find the moment of inertia of the region bounded by x? — y? = 2, x? — y? = 4, xy=1, xy- 2, z=1 and 
z=3 with respect to the z axis if the density is constant and equal to «K. Hint: Let x2 —y? = 2u, xy- v. 


Find —-, —-, —*, Vu, Vuo, Vus in (a) cylindrical, (b) spherical, and (c) parabolic cylindrical co- 
ordinates. Show that e,=E,, eo;- Eo, eg- Eg for these systems. 
Given the coordinate transformation u4- xy, 2uo=x?+y?, ug=z. (a) Show that the coordinate system is 
not orthogonal. (b) Find Jic em s, (c) Find ds”, 

U1, Uo, Us 
Find VË , divA and curlA in parabolic cylindrical coordinates. 


Express (a) V and (b) V* A in spherical coordinates. 


Find Vu in oblate spheroidal coordinates. 


2 
| 39d FƏ Bale si 
Write the equation + => = Ọ inelliptic cylindrical coordinates. 
Ox2 ^3? 

; TE _ 19H, ; , 

Express Maxwell’s equation X E--— zx E in prolate spheroidal coordinates. 
t 

" " 2 871m " 
Express Schroedinger's equation of quantum mechanics V Y + 2 (E — V(x, y,zywy = 0 in parabolic 
cylindrical coordinates where m,h and E are constants. 
Write Laplace’s equation in paraboloidal coordinates. 

_ OU Vy i : ; UTD) 
Express the heat equation m -K U in spherical coordinates if U is independent of (a) H, (b) d and 
t 


O, (c)r and t, (d), 0 and t. 
Find the element of arc length on a sphere of radius a. 


Prove that in any orthogonal curvilinear coordinate system, div curlA=0 and curl grad P - 9. 
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72. Prove that the surface area of a given region R of the surface r= r(u,v) is Ts EG— F? dudv. Use 
R 


this to determine the surface area of a sphere. 


13. Prove that a vector of length p which is everywhere normal to the surface r= r(u,v) is given by 


A = + p(t x x Wee 
Qu w 


"4. (a) Describe the plane transformation x=x(u,v), y=y(u,v). 
(b) Under what conditions will the u,v coordinate lines be orthogonal? 


15. Let (x,y) be coordinates of a point P in a rectangular xy plane and (u,v) the coordinates of a point Q in 
a rectangular uv plane. If x = x(u,v) and y = y(u,v) we say that there is a correspondence or mapping 
between points P and Q. 

(a) If x = 2u +v and y = u—2v, show that the lines in the xy plane correspond to lines in the uv plane. 
(b) What does the square bounded by x= 0,x=5,y=0 and y=5 correspond to in the uv plane? 


(c) Compute the Jacobian ne) and show that this is related to the ratios of the areas of the square 


and its image in the uv plane. 


76. 1f = z(u? —1V), y=uv determine the image (or images) in the uv plane of a square bounded by x= 0, 


0, y=1 in the xy plane. 


a 77. Show that under suitable conditions on F and G, 


e e e t 
Í f e^ S(X* y) F(x)G(y)dxdy = f e7 St {f F(u) G(t—u) iu dt 


[o] [o] [^] [S] 


Hint: Use the transformation x+y = t, x- v from the xy plane to the vt plane. The result is important in 
the theory of Laplace transforms. 


78. (a) If x = 3u4 + uo — ug, Y = U4 t+ Quo + Qug, Z = 2u4 — ug — ua, find the volumes of the cube bounded by 
x-0,x-15, y=0, y 10, 2- 0 and z=5, and the image of this cube in the u4u2us rectangular coor- 
dinate system. 

(b) Relate the ratio of these volumes to the Jacobian of the transformation. 


79. Let (x,y,z) and (u4,uo,ug) be respectively the rectangular and curvilinear coordinates of a point. 
(a) If x = 3u4 + ug — ug, Y = u4 + Qo + Qug, Z = 2u4 — uo — ug, is the system u4uoug orthogonal? 
(b) Find ds? and g for the system. 
(c) What is the relation between this and the preceding problem? 


Dlx, y, z) 


2 
. Verify that J =g. 
Q(u4 , uo , Ug) 


80. If x=ul+2, y-uitug, z-u; —u, find (d) g and (b) the Jacobian J = 


ANSWERS TO SUPPLEMENTARY PROBLEMS. 


36. (a)u- c4 and v=co are elliptic and hyperbolic cylinders respectively, having z axis as common axis. 
z= cg are planes. See Fig.'7, page 139. 

(b)u-c and v= co are circular cylinders whose intersections with the xy plane are circles with centers 
on the y and x axes respectively and intersecting at right angles. The cylinders u= c, all pass 
through the points (—a, 0, 0) and (2,0,0). z= cg are planes. See Fig. 8, page 140. 

(c)u- c4 and v- ce are parabolic cylinders whose traces on the xy plane are intersecting mutually per- 
pendicular coaxial parabolas with vertices on the x axis but on opposite sides of the origin. z= eg 
are planes. See Fig. 6, page 138. 


The coordinate curves are the intersections of the coordinate surfaces. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


47. 


48. 


49. 


50. 


(a) 
(b) 


(a) 
(e) 


(a) 
(c) 


(a) 


where —4[t[ 4. 
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Vx?+y? 
z 


r= Vx?+y2+z2, @ = arc tan 


r= VY p?+z2, Ó = arc tan 7, P= 


T Y 
» P= are tan — 


r=3, (b) G=7/6, (c) rsin?@ = cos O, (d) G=77/2, 
the plane y-x is made up of the two half planes $ = 77/4 and $ = 57/4. 
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Circle in the xy plane x?+y?=16, z=0. (b) Cylinder x?+y2=16 whose axis coincides with z axis. 


The yz plane where y20. (d) The straight line y=V3x, z-1 where x20, y20. 


Hyperbolic cylinder x*—y?= 8. (b) The line joining points (—4,0,0) and (4,0,0), i.e. x=2, y=0, z=0 
2 


Y 
9 


z=0. 


2 
(c) Ellipse 55 + — - 1], z-2. (d) The portion of the x axis defined by x24, y =0, 


(a) Parabola y. = —8(x—2), zz0. (b) Parabola y? = 2x *1, z=2. (c) Region in xy plane bounded by 
parabolas y? = —2(x—1/2), y? = —8(x —2), Y? = 8(x+2) and y? = 18(x+9/2) including the boundary. 


(d) 


(a) 


(6) 


(a) 
(b) 
(c) 


(a 


~~ 


(a) 
(b 


~ 


Same as (c) but excluding the boundary. 


e = sin cos i + sinÓ sind j + cosÓ k 
e; = cos@cosfi + cosO sind j — sink 
es = —sindi + cosd j 

i = sinf cosp e, + cos@ cos eg — sinóe 
i = sin singe, + cosÓ sin eg + cosh e, 
k = cos e, — sinô eg 


= A, ery + Ag €g + Ag èp where 


=  ?sin?Ü sinh cos — rsin cos Ü sind + 3rsin@ cos 6 cos o 
= 2rsinÓ cos Ü sin cos — rcos?Ó sind — 3rsin2@ cosh 
=  —2rsinÓ sif? — reos6 cos 


= + + = M L4 = i 
v.e, IO v 93, where v =r, v rÜ, v, =rsinO d 


8 $ 
ET. :2 
= aep, + ageg + apep where a -T—rÜ —rsin?O $’, 


7 "T sin Ó cos 0 $^, 


a 


0 Tr d 
1 d 2 as? 4 
Š — (r? sin? 8 
"$^ rain O dr 4 $) 
ds? =  (u?tv?) (du2+dv) + u?v? db?, hy = hy = Vur+v2, hg = uv 
ds? =  o?(sinh?u + sin?v) (du?* dv?) + dz?, hy = hy = aVsinh?u + sintv, h 
ds? = a?(sinl?É + sin?7) (d£? + dv) + a? cosh?’ cos?7) do?, 


he = hy = aVsinh?Z + sin?7, hg= acoshé cos 7) 


a? du dv dz 


uv(u?^tv?)dudv do, (b) a?(sinh?u + sin?v) dudvdz , (n) uo 
(cosh v — cosu) 


he = hy = aVsinh?$ + sim, hg=asinh& sin 7 


a?(sinh?£ + sin?7) sinh £ sin *) dé dT) d 


zZ 


1 
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52. (a) o dp dp, pdpdz, dpdz 
(b) r sin O drdb,  r?^sin O0 dGdb, rdrdO 
(c) (+v?) dudv, | uvVu?*v? dudp, uvVu?+v? dv dj 


54. (a) P, (b) r?sin Ó, (c) u?*v?, (d) a?(sinh?u + sin?v), (e) a®(sinh?€ + sin?) sinh € sin 7 


55. E 56. B ra 51. S (2a®— 3a?h + h°) 58. (c) i; (d) u, = $02, is ad 
59. 2K 
a xi+ yj 
60. (a) Æ = cosi + sinó j, Vo = LM cosi i + sinj 
9p x? y? 
3 a : 
x = —psin$i + pocos $ j, Vo = c eic uev cos $ j 
ot = k, Vz =k 
ez 
(b) T = sinÓ cosi i + sin sin j + cos k 
T 
- x = rcosÓ cosi + reos Ó sin j — rsin k 
| 3 = —rsinÓ sin$ i + rsin@ cos i 
i or 
vy = žİtyitzk . sinÓ cospi + sin sind j + cosÓ k 
Vx? ty?  z? 
Vo - xzityzj— (X ty)k _ cos O cos $ i * cos O sin j — sind k 
(x? y? 4 z?) Vx? y? t 
Vb = —yitxji | —sin@di + cos j 
x? + y? r sin Ó 
Or , or or 
(c) Z^ = uit vj, 2 = —vi * uj, = =k 
E" 3v BPS «By 
_ wit vi _—vi+t uj E 
Uc emer cunc 2 Vk 
1 (x2+y?) (duz*duz) — 4xy duydug 2 uz(dui*dug) — 2u, dusdu. 
61. (b) wc ME ee ee i dug = : LUE + dug 
Yee (x*—y*) 2(u2—u?) 3 
62. Vo = 1 od e + 1 of ey + of e; 
Vee Ou VET à; 
divA - € [2 (v "EM + 2 (ER a) | + Az 
u?4 v? L ou Ov Oz 
culA = 9Ag _ 2 (vem Ay) } Yu? v? ey 
u2+ v? Ov Oz 


O [721.3 0A 373 
+ is wv? Ay, ) -— 24 | u?* v? ey 


u 


«(2 (vents) - 2 (vea) ) s] 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


74. 


78. 


79. 


80. 
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ow 


ow ow ow 
Vu = — dia MA 
uiid c cA e 
OA 
b) Ve = io 24 2 GA 1 Le 
i A r? Or dis d r sin ies 98 ERARA rsinG op 
Voy ee 2p 
y a? cosh £ (sinh?£ + sin?n) PES ue) 
à . 
iene Sera Moan NE ME 
a? cos N (sinh2é + sin?n) 07 9n a? cosh? cos?) dp? 
2 2 
LI 4 LI =  a?(sinh?u + sin?v) cb 


1 re) 9 
psa = S 
m | aso ap 659 ! e 


d 
= SE = SE 
J EUA ey! se, a ex m 7 Fn p} Res] 
uM DEI NS 
Cc £ oe 7 c= 9? 


where R = sinh sint] and S = Vsinh?é + sin?7) . 


u2+v* | ou? Ov? Oz? h? 
2 
mÈ qu 29, * zs 22) + wos ET = 0 
ou | 1 9,529U 1 9 dU 
as dE ww ae a nas >| 


2 
(b) e, K FEES (c) sin = 2 ising W) + OU. 0 
rr Ò 


ds? = a?[40? + sin?@ dp] 


Ox Ox Oy oy _ 
Pio eaten ^ 


(a) 750, 75; (b) Jacobian = 10 


(a) No. (b) ds = 14du? + 6du? + 6du? + 6du,du. — 6du du. + 8du du, 
3 1 2 t. 3 2 3 


(a) g=16utuz, (b) J = 4u,u, 


2 2 2 
1 [2 y t 9 =| + 2 V t 87m (E -Ww,»,2)) V - 0, where W(u,v,z) - V(x,y,z). 


d dU 
dj — (r? — 
iE dr 

g 7 100 


Chapter 8 


PHYSICAL LAWS must be independent of any particular coordinate systems used in describing them 

mathematically, if they are to be valid. A study of the consequences of this re- 
quirement leads to tensor analysis, of great use in general relativity theory, differential geometry, 
mechanics, elasticity, hydrodynamics, electromagnetic theory and numerous ‘other fields of science 
and engineering. 


SPACES OF N DIMENSIONS. In three dimensional space a point is a set of three numbers, called 

coordinates, determined by specifying a particular coordinate system 
or frame of reference. For example (x,y,z), (0,2,2), (r, 9, d) are coordinates of a point in rectan- 
gular, cylindrical and spherical coordinate systems respectively. A point in N dimensional space is, 
by analogy, a set of N numbers denoted by (x, x2, uxo where 1,2,...,N are taken not as expo- 
nents but as superscripts, a policy which will prove useful. 


The fact that we cannot visualize points in spaces of dimension higher than three has of course 
nothing whatsoever to do with their existence. 


COORDINATE TRANSFORMATIONS. Let (x*,x?, ..., x") and (x1, 32, ..., x! ) be coordinates of a point 
in two different frames of reference. Suppose there exists N 
independent relations between the coordinates of the two systems having the form 


X! = gat, x aM) 
x? = x*(x*, x’, veep XP) 
d) aE A 
x! = xa, x2, ..., x!) 
which we can indicate briefly by 
(2) x^ = Bat x? Ny k = 1,2,...,N 


where it is supposed that the functions involved are single-valued, continuous, and have continuous 
derivatives. Then conversely to each set of coordinates (X, x2, ... x ) there will correspond a 
unique set (xt, x°, ..., x1) given by 


(3) xk = k(x x? x4) k= 1,2,...,N 


The relations (2) or (3) define g transformation of coordinates \from one frame of reference to another. 


166 


TENSOR ANALYSIS 167 


THE SUMMATION CONVENTION. In writing an expression such as ax! + a,x? +... + ayx" we can 
y i 
use the short notation Z ax. An even shorter notation is sim- 
jt 


ply to write it as aja, where we adopt the convention that whenever an index (subscript or super- 


script) is repeated in a given term we are to sum over that index from 1 to N unless otherwise spec- 
ified. This is called the summation convention. Clearly, instead of using the index j we could have 
used another letter, say p, and the sum could be written a x?. Any index which is repeated in a giv- 
en term, so that the summation convention applies, is called a dummy index or umbral index. 


An index occurring only once in a given term is called a free index and can stand for any of the 
numbers 1,2,...,N such as k in equation (2) or (3), each of which represents N equations. 


CONTRAVARIANT AND COVARIANT VECTORS. If N quantities 4^, 4^,..., A7 in a coordinate sys- 
tem (xt, x°, ..., x") are related to N other quantities 
Z, J, ..., Al in another coordinate system (x*,x?, ..., x") by the transformation equations 


which by the conventions adopted can simply be written as 


4? ox? 9 
= “A 
4 ox? 


they are called components of a contravariant vector or contravariant tensor of the first rank or first 
order. To provide motivation for this and later transformations, see Problems 33 and 34 of Chapter’. 


If N quantities Ay, Ao, ne., Ay in a coordinate system (x*,x7,...,x%) are related to N other 
quantities 44,45, ..., Ay in another coordinate system (x*, x, way BAY by the transformation equations 


or 


they are called components of a covariant vector ot covariant tensor of the first rank or first order. 


Note that a superscript is used to indicate contravariant components whereas a subscript is 
used to indicate covariant components; an exception occurs in the notation for coordinates. 


Instead of speaking of a tensor whose components are AP or Ay we shall often refer simply to 
the tensor A? or 4,. No confusion should arise from this. 


CONTRAVARIANT, COVARIANT AND MIXED TENSORS. If N? quantities 47? in a coordinate system 
_ (x+,%?,...,x4) are related to N? other quan- 
tities APT in another coordinate system (Xx!,x?, ..., xh by the transformation equations 


N x us - 
A = L X: ax? ox (5 por = 1,2,...,N 


or 
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qe" > ox? ox” {99 


Ox 7 ax 


by the adopted conventions, they are called contravariant components of a tensor of the second rank 
or rank two. 


2 sia E ; 
The M quantities Ay, are called covariant components of a tensor of the second rank if 


5 ax? Ox? 
LIE agt 8 


Similarly the V^ quantities 42 are called components of a mixed tensor of the second rank if 


THE KRONECKER DELTA, written cR is defined by 


sf = i if jAk 
k 2 
1 if j=k 


As its notation indicates, it is a mixed tensor of the second rank. 


St 
TENSORS OF RANK GREATER THAN TWO are easily defined. For example, An are the compo- 


nents of a mixed tensor of rank 5, contravariant of order 
3 and covariant of order 2, if they transform according to the relations 


ae Ox? Ox" ox" Qu^ dal y 
aj xI OxS Out Ox? Ox] kl 


SCALARS OR INVARIANTS. Suppose ¢ is a function of the coordinates xk, and let p denote the 
functional value under a transformation to a new set of coordinates x* 


Then $ is called a scalar or invariant with respect to the coordinate transformation if d= o. A 
scalar or invariant is also called a tensor of rank zero. 


TENSOR FIELDS. If to each point of a region in N dimensional space there corresponds a definite 

tensor, we say that a tensor field has been defined. This is a vector field or 
a scalar field according as the tensor is of rank one or zero. It should be noted that a tensor or 
tensor field is not just the set of its components in one special coordinate system but all the possi- 
ble sets under any transformation of coordinates. 


SYMMETRIC AND SKEW-SYMMETRIC TENSORS. A tensor is called symmetric with respect to two 

contravariant or two covariant indices if its com- 
ponents remain unaltered upon interchange of the indices. Thus if Aree = ae the tensor is sym- 
metric in m and p. If a tensor is symmetric with respect to any two contravariant and any two co- 


variant indices, it is called symmetric. 


A tensor is called skew-symmetric with respect to two contravariant or two covariant indices 
: : : " : : : " : 
jf its components change sign upon interchange of the indices. Thus if ANP -Abg the tensor is 
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skew-symmetric in m and p. If a tensor is skew-symmetric with respect to any two contravariant and 
any two covariant indices it is called skew-symmetric. 


FUNDAMENTAL OPERATIONS WITH TENSORS. 


e 


Addition. The sum of two or more tensors of the same rank and type (i.e. same number of contra- 
variant indices and same number of covariant indices) is also a tensor of the same rank and type. 
Thus if Age and Bee are tensors, then cr = AG? + BrP is also a tensor. Addition of tensors 
is commutative and associative. 


Subtraction. The difference of two tensors of the same rank and type is also a tensor of the same 
rank and type. Thus if Age and Be are tensors, then Dr? - a — Bye is also a tensor. 


Outer Multiplication. The product of two tensors is a tensor whose rank is the sum of the ranks 
of the given tensors. This product which involves ordinary multiplication of the components of 
the tensor is called the outer product. For example, A B = gu is the outer product of A?” 
and Be . However, note that not every tensor can be written as a product of two tensors of lower 
rank. For this reason division of tensors is not always possible. 


Contraction. If one contravariant and one covariant index of a tensor are set equal, the result in- 
dicates that a summation over the equal indices is to be taken according to the summation con- 
vention. This resulting sum is a tensor of rank two less than that of the original tensor. The 
process is called contraction. For example, in the tensor of rank 5, A set r=s to obtain 


Aner = BrP a tensor of rank 3. Further, by setting p=q we obtain By? = C" a tensor of rank 1. 


Inner Multiplication. By the process of outer multiplication of two tensors followed by a contrac- 
tion, we obtain a new tensor called an inner product of the given tensors. The process is called 
inner multiplication. For example, given the tensors 4"? and Bos the outer product is A”? Br. 
Letting g=r, we obtain the inner product Ane Bu Letting g=r and p=s, another inner product 
Am? B. is obtained. Inner and outer multiplication of tensors is commutative and associative. 


. Quotient Law. Suppose it is not known whether a quantity X is a tensor or not. If an inner prod- 


uct of X with an arbitrary tensor is itself a tensor, then X is also a tensor. This is called the 
quotient law. 


MATRICES. A matrix of order m by n is an array of quantities apg called elements, arranged in m 


or 


rows and n columns and generally denoted by 


Qij Qio ... Gin 244 Q49 ... Ain 
991 Qoo ... Gon an A ... Aon 
sos Or gir . 

ami Amo ... Ann ami Amo ... Amn 


in abbreviated form by (apq) oF [2,4]. p=1,...,m; q=1,...,n. If m-n the matrix is a square 


matrix of order m by m or simply m; if m=1 it is a row matrix or row vector; if n=1 it is a column 
matrix ot column vector. 


The diagonal of a square matrix containing the elements 444, doo, S044 iS called the princi- 


pal or main diagonal. A square matrix whose elements are equal to one in the principal diagonal and 
zero elsewhere is called a unit matrix and is denoted by J. A null matrix, denoted by O, is a matrix 
all of whose elements are zero. 
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MATRIX ALGEBRA. If 4 = (pq) and B= (bag) are matrices having the same order (m by n) then 


1. A=B if and only if apg = bog. 


2. The sum S and difference D are the matrices defined by 
S = A+B = (agg* bg, D = A- B = (apq— bpo) 


3. The product P - AB is defined only when the number n of columns in A equals the number of rows 
in B and is then given by 


P = AB = (apq) (bog) = (apr bro) 
n : n t 
where aj, bg = M apybrg by the summation convention. Matrices whose product is defined 
To 


are called conformable. 
In general, multiplication of matrices is not commutative, i.e. AB#ABA. However the asso- 
ciative law for multiplication of matrices holds, i.e. 4(BC) = (AB)C_ provided the matrices are 


conformable. Also the distributive laws hold, i.e. A(B+C) = AB * AC, (A+B)C = AC+BC. 
es eee Iual 


4. The determinant of a square matrix A= (apg) is denoted by |A |, det A, Du or det(a,,). 
If P=AB then |P|=|4| |B}. 


5. The inverse of a square matrix A is a matrix 47^ such that 447^ = I, where / is the unit matrix. 
A necessary and sufficient condition that 4'* exist is that detA #0. If detA =0, A is called 
singular. 


6. The product of a scalar À by a matrix A= (apq): denoted by AA, is the matrix (Aapo) where each 
element of Á is multiplied by À. 


7. The transpose of a matrix A is a matrix AT which is formed from A by interchanging its rows and 
columns. Thus if A= (apg) then A= (ag5). The transpose of A is also denoted by A. 


THE LINE ELEMENT AND METRIC TENSOR. In rectangular coordinates (x,y,z) the differential of 
arc length ds is obtained from (ds? = dx? + dy? * dz? 

By transforming to general curvilinear coordinates (see Problem 17, Chapter 7) this becomes ds? = 

X H Bbq du, dug. Such spaces are called three dimensional Euclidean spaces. 

pei qui 


A generalization to N dimensional space with coordinates (x*, x?, ...,x4) is immediate. We de- 
fine the line element ds in this space to be given by the quadratic form, called the metric form or 
metric, 


or, using the summation convention, 


In the special case where there exists a transformation of coordinates from x to X" such that 
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the metric form is transformed into (dz*)* + (dà2y) +... * (dx y or dx*dx^, then the space is call- 
ed N dimensional Euclidean space. Inthe general case, however, the space is called Riemannian. 


The quantities gpg are the components of a covariant tensor of rank two called the metric 
tensor or fundamental tensor. We can and always will choose this tensor to be symmetric (see Prob- w~ 
lem 29). 


CONJUGATE OR RECIPROCAL TENSORS.( Let g = | Bq | denote the determinant with elements 
Bea and SUppo e g#0. Define g^? by- 


cofactor of g 
g1 = bg 
& 
Then g’ is a symmetric contravariant tensor of rank two called the conjugate or reciprocal tensor 
of - (see Problem 34). It can be shown (Problem 33) that 
pq =, ie 
E Ern 5 5, 


ASSOCIATED TENSORS. Given a tensor, we can derive other tensors by raising or lowering indices. 

For example, given the tensor A,, we obtain by raising the index p, the, 
tensor uris the dot indicating the original position of the moved index. By raising the index q also 
we obtain A? Where no confusion can arise we shall often omit the dots; thus APq can be written 
APq , These derived tensors can be obtained by forming inner products of the given tensor with the 
metric tensor jg OF its conjugate g^. Thus, for example 


r rp s pg 

Ae = § are Ae = ££ d "db A, rs = Erg Aves 
me tk k st 
2. = ge og a 


These become clear if we interpret multiplication by gP as meaning: let r=p (or p=r) in whatever 
follows and raise this index. Similarly we interpret multiplication by &rgq as meaning: let r=q (or 
q=r) in whatever follows and lower this index. 


All tensors obtained from a given tensor by forming inner products with the metric tensor and 
its conjugate are called associated tensors of the given tensor. For example A” and A, are asso- 
ciated tensors, the first are contravariant and the second covariant components. The relation be- 
tween them is given by 


A = 


nt o Æ = PV 4 


q 


For rectangular coordinates 8p! if p=q, and 0 if pq, so that A,= - P, which explains why 


no distinction was made between contravariant and covariant components of a vector in earlier chap- 
ters. 


LENGTH OF A VECTOR, ANGLE BETWEEN VECTORS. The quantity AB, , Which is the inner 

product of A? and Bs, is a scalar anal- 
ogous to the scalar product in rectangular coordinates. We define the length L of the vector A? or 
Ay as given by 
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2 tas b = Pq E b 4q 
We can define the angle O between 1^ and B, as given by 
APB, 


C08 Q =F 
Ja? Ay (BPR, 
(AP Ay) (BPB,) 


THE PHYSICAL COMPONENTS of a vector AP or A,, denoted by d uiis and Ay are the projec- 
tions of the vector on the tangents to the coordinate curves and are 
given in the case of orthogonal coordinates by 


A 2 A 3 As 
Ay = Veg A = =e, Ay = VES = 2, dy = Yg = 
2 D dE o 
Similarly the physical components of a tensor ara or Ang are given by 
Auu =g, A = c NS oe YVg.g. 4A” = DE Win Vg. g 4A” = As etc 
UU Ba EVE uv ~ 11529 DU VASOS uw ~ 11833 m run j 
5n 811 820 841 833 


CHRISTOFFEL’S SYMBOLS. The symbols 


TRANSFORMATION LAWS OF CHRISTOFFEL’S SYMBOLS. If we denote by a bar a Symbol in a co- 


ordinate system x, then 


p q r 3 p) FE q 
[kom] = [pq r] 9€; C2 OH , Ox dx 
i ox! ox" ax" Epq ox" 2xJ ax” 
Tn Z et ma). Se 
jk Paf oOx3 aud ox"  dx1 oxlox" 


are the laws of transformation of the Christoffel symbols showing that they are not tensors unless 
the second terms on the right are zero. 


GEODESICS. The distance s between two points t, and tg on a curve x”=x"(t) in a Riemannian 


space is given by 
2 / da? dl 
s = " 854 dr P dt 


1 
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That curve in the space which makes the distance a minimum is called a geodesic of the space. By 
use of the calculus of variations (see Problems 50 and 51) the geodesics are found from the differen- 
tial equation 


dx, MES 
ds? pg] ds ds 


where s is the arc length parameter. As examples, the geodesics on a plane are straight lines where- 
as the geodesics on a sphere are arcs of great circles. 


THE COVARIANT DERIVATIVE of a tensor Ay with repect to x! is denoted by Ay q and is de- 


fined by P 

OA E 
aur = uu { ba, 

I ox? Pq 

a covariant tensor of rank two. 
The covariant derivative of a tensor AP with respect to x? is denoted by AP, and is defined by 
Bo. n. Ê pl,s 
Á q = oat + PME 


a mixed tensor of rank two. 


For rectangular systems, the Christoffel symbols are zero and the covariant derivatives are the 
usual partial derivatives. Covariant derivatives of tensors are also tensors (see Problem 52). 


The above results can be extended to covariant derivatives of higher rank tensors. Thus 


P, ++ Pa Py Pa 
Ar rg = in 
1 w q 
Ox 
S P, P S P, ep 8 P, p 
= { pane = { ) Aen Wr TRS E Ap enu 
Td P TnI 
" Py LRL «d Po Pas Patt Py die to, - Pr AP Paaa s 
qs Teen qs Teen qs PEIEAD 


P, -P 
is the covariant derivative of A,“ z with respect to x’. 
us 


The rules of covariant differentiation for sums and products of tensors are the same as those 
for ordinary differentiation. In performing the differentiations, the tensors £j £^ and &? may be 
treated as constants since their covariant derivatives are zero (see Problem 54). Since covariant 
derivatives express rates of change of physical quantities independent of any frames of reference, 
they are of great importance in expressing physical laws. 


PERMUTATION SYMBOLS AND TENSORS. Define ep}, by the relations. 
& * 


£498 = Cog, = Cain = +1, €o13 = 8499 = €go, = — 1, epgr =0 l if two or more indices are equal 


pq 


and define e”?%” in the same manner. The symbols ej, and ef” are called permutation symbols in 
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three dimensional space. 


Further, let us define 


i par _ vg e? i" 


“pqr ^ Vg bars t 
It can be shown that e€ and Pat are covariant and contravariant tensors respectively, called 
pqr 


permutation tensors in three dimensional space. Generalizations to higher dimensions are possible. 


TENSOR FORM OF GRADIENT, DIVERGENCE AND CURL. 


1. Gradient. If ® is a scalar or invariant the gradient of @ is defined by 
od 
Vo = = = —— 
grad cb $., a 
where o, is the covariant derivative of Ẹ with respect to x. 


2. Divergence. The divergence of AP is the contraction of its covariant derivative with respect to 


x7, i.e. the contraction of AP s Then 


divs? = 45, = 2? we sh 
P e 
Ap 94g 
3. Curl. The curl of Ay is Apg — Ao sp 5,9 = R] , a tensor of rank two. The curl is also 


defined as — c??7 Apra 
4. Laplacian. The Laplacian of Gis the divergence of grad Ẹ or 


25, 
Vo = div, = L 2 zg” 
P Vg dx Cd» ox 


In case g «0, Vg must be replaced by Y~g. Both cases g» 0 and g«0 can be included by 
writing v le| in place of Vg. 


SA 
THE INTRINSIC OR ABSOLUTE DERIVATIVE of Ap along a curve x? - xt, denoted by x ,is 
defined as the inner product of the covariant deriva- 
tive of Ay and dx? i.e. Ay da? and is given by 
dt V dt 

945 dA r dx? 

ko oC d^ G J dr 
Similarly, we define 

34? _ q^ PY rdx 

= = — + A = 

8t dt qr dt 


The vectors Ap or A? are said to move parallelly along a curve if their intrinsic derivatives 
along the curve are zero, respectively. 


Intrinsic derivatives of higher rank tensors are similarly defined. 
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bb . : r 
RELATIVE AND ABSOLUTE TENSORS. A tensor Ay zis called a relative tensor of weight w 
aTa 
if its components transform according to the equation 


a Ox |" Von Pn dgh Ox m Qai da'n 
S4... S4 E 2x Tossa $e $ Ls UU 5S 
x oxi Ox "^ Oy ox 


dx 
Ox 
the type of tensor with which we have been dealing above. If w=1 the relative tensor is called a 
tensor density. The operations of addition, multiplication, etc., of relative tensors are similar to 


those of absolute tensors. See for example Problem 64. 


where J = is the Jacobian of the transformation. If w=0 the tensor is called absolute and is 


SOLVED PROBLEMS 


SUMMATION CONVENTION. 


1. Write each of the following using the summation convention. 


Ob ob ap 9$ |j 
(a) d = — del + LL dx? +. + al. db = Œ dx 
$ oxi Ox? f ox! x P OxJ 
(b) dx = [127 + ORF dx? + + Ox dx dx* = Ox qun 
dt au d wa» dt We Tue dt — m dt 
() (A + (x2 + a A a H PN, xP ut 
(d) ds? = gx) + g (dxf + gu dao. ds? = g, „dxřdxř, N=3 
3 3 
Pg p,a 
dx dx’. dx dx’, N= 
i A 2 mpgs oe i E 5 


2. Write the terms in each of the following indicated sums. 


y 
k k 1 2 
(a) ft " Ed aa, * - Sut t a Tus as 
b) A, A z iat oer AAT a oet 4, ATT 
O) Apg s n ME EL DLE 
j 
Gs 3 Ox! Ox e Ne3 
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IEEE T- 2d Ox” 
Bg = Z S 
jet k-1 5j x7 axs 
be NC PC eer ss od a 
fa Uto ous "mor aes” "e yr Wes 
Pu s r = E21 xr OxS e1 agr x 
xt Ox? Ox? Ox? dx? Ox? 
812 Ser FE 22 34" Ox? 23g? Ox) 


Os mS. m», Ox? e 


3. If x*, k=1,2,...,N are rectangular coordinates, what locus if any, is represented by each of the 
following equations for N=2,3 and N24. Assume that the functions are single-valued, have con- 
tinuous derivatives and are independent, when necessary. 


(a) a, x? = 1, where a, are constants. 
For N= 2, axi + a, x? =1, aline in two dimensions, i.e. a line in a plane. 
For N23, axt t a,x? t ax? - 1, a plane in 3 dimensions. 
For N24, axt +a x? +... + aya = 1 is a hyperplane. 


(b) xx = 1, 
For N= 2, (xt)? + (x2 = 1, a circle of unit radius in the plane. 
For N=3, («+)* + (x2) +(«8)? = 1, a sphere of unit radius. 
For N24, (x1)? + (x2? +... + (xl = 1, a hypersphere of unit radius. 


(c) x* = Pu), 
For N=2, xt = xu), x? = xXu), a plane curve with parameter u. 
For N=3, x* - xu), x? » xu), x? = xu), a three dimensional space curve. 
For N 24, an N dimensional space curve. 


(d) x? = xu,v). 
For N=2, x! = x!(u,v), x? = A v) isa transformation of coordinates from (u,v) to (x 
For N=3, xis xu), r =% Fu, v), =x Su, v) is a 3 dimensional surface with parameters u and v. 
For N 24, a hypersurface. 


1 x?). 


CONTRAVARIANT AND COVARIANT VECTORS AND TENSORS. 
4. Write the law of transformation for the tensors (a) d Li? (b) B »- (c) g" 


a 5 x? dÍ Ox” 


e gr o7 Saxa ^ 


As an aid for remembering the transformation, note that the relative positions of indices p,q,r on 
the left side of the transformation are the same as those on the right side. Since these indices are as- 
sociated with the x coordinates and since indices i,j,k are associated respectively with indices p,qg,r 
the required transformation is easily written. 


/ 
i 
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(b) p" - Ox DI Drt Qu) Oh pan 


(c) Č 


. A quantity A4(j, k, 1, m) which is a function of coordinates x^ transforms to another Coordinate sys- 
tem x’ according to the rule 


7 Ox! ax og" DES 
Aq.qns) = aa OE SES e 


(a) Is the quantity a tensor? (b) If so, write the tensor in suitable notation and (c) give the con- 
travariant and covariant order and rank. 


(a) Yes. (b) art. (c) Contravariant of order 3, covariant of order 1 and rank 3+1= 4. 


. Determine whether each of the following quantities is a tensor. If So, state whether it is contra- 


Od (xt, xa . 


variant or covariant and give its rank: (a) dx", (b) x 
x 


" ! ; - 
(a) Assume the transformation of coordinates xj = (1, ... xh. Then ax! = = dx? and so dxf isa 
x 


contravariant tensor of rank one or a contravariant vector. Note that the location of the index & is 
appropriate. 


(b) Under the transformation x*- xr xt, wi), dis a function of x? and hence x such that (xl, ..., x^) = 
pai, NEA , he. $ is a scalar or invariant (tensor of rank zero). By the chain rule for partial differ- 


ana DE OP . Oh dk dk BH Od oo s o Dk I, 
entiation, ae = ac - Sk E = ei 3 and ae like 4j - ETT] Ap. Then EN. is 


a covariant tensor of rank one or a covariant vector. 


Note that in I the index appears in the denominator and thus acts like a Subscript which indi- 
x 


cates its covariant character. We refer to the tensor E or equivalently, the tensor with components 


x 
A, as the gradient of D, written grad or Vd. 
EA 


. A covariant tensor has components xy, 2y —2?, xz in rectangular coordinates. Find its covariant 
components in spherical coordinates. 


Let A denote the covariant components in rectangular coordinates x= x,x^- y,x?-z. Then 
A, = xy = x*x?, Ay = 2y—z? = 2x2— (x3) , Ag = xix? 


where care must be taken to distinguish between superscripts and exponents. 


Let A, denote the covariant components in spherical coordinates X+= r,X?- 0, = $. Then 


a) Ay = EXE 4 
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The transformation equations between coordinate systems are 


1 


xt = xt 


2 Zoa wl r2 


cos X?, x? = X* sinX z 


sin X sin x°, x9 = x1 cos x? 


Then equations (1) yield the required covariant components 


2 3 
oF A, E Ay 
oxi oxi 


D 
AN 
i 
a 
nm 


= (sin x? cos x?) (xix?) + (sin x? sin x?) (2x? — F) + (cos Xx?) (x1x9) 


= (sin 6 cos $) (r? sin? sin $ cos $) 
+ (sin sin Q) (2r sin Ó sin — r° cos?€) 


+ (cos O) (r? sin € cos O cos d) 


7i Ox Ox? ox? 


1 
Ag = az A, + z Ay + =2 Ag 
= (rcos Ó cos p) (r? sin? 0 sind cos $) 
+ (rcos 6 sin ©) (2r sin Ó sind — r? cos?9) 
+ (=r sin 6) (r? sin Ó cos 8 cos ) 
ae oe ox 4 Q Ox? 4 + oH 4 


i ox? 1 O9 ? ox ? 


= (=r sin Ó sin d) (r? sin? 0 sin $ cos $) 
+ (rsin 8 cos $) (2r sin O sin  — r? cos?@) 
+ (0) (r? sin Ó cos Ó cos p) 


oA 
8. Show that -— is not a tensor even though A, is a covariant tensor of rank one. 
x 
Tum d i TN zh 
By hypothesis, A; = 5 j Ap - Differentiating with respect to x^. 
X 
CEA EC 
og? x w^ ^ ha 
2 
" ou p Ox! A x 7 
o ww Oe © ww P 
. OF w 0. aa? 
SO. ce ee P i? 
oz! ox" dI za 
945 
Since the second term on the right is present, mg does not transform as a tensor should. Later we 
x 
OA 
shall show how the addition of a suitable quantity to ——- causes the result to be a tensor (Problem 52). 


X 
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9. Show that the velocity of a fluid at any point is a contravariant tensor of rank one. 


The velocity of a fluid at any point has components dx in the coordinate system xP, In the coor- 
dx 


dinate system zi the velocity is ae But 
d. d dk 
dt Oxk dt 


by the chain rule, and it follows that the velocity is a contravariant tensor of rank one or a contravariant 
vector. 


THE KRONECKER DELTA. 


10. Evaluate (a) Y a2 p t 


; ? "M . 
Since bg =1 if p=q and Oif p#q, we have 


p qr pr P b 
(a) Ôg 4s = Ag, (b) ôg ò = 8 
$ 
11. Show that 2% = a 
ax? 
p 
If p=q, 2 = 1 since aat 
p 
If p#q, = = 0 since xP and x? are independent. 
X 
ox? p 
Then — = 6. 
ga q 
P ad 
12. Prove that 2% 9X. - a 
Ox? Ox" 


Coordinates 2 are functions of coordinates X^ which are in turn functions of coordinates x’. Then 
by the chain rule and Problem 11, 


of _ OP a 0 0, 


Ox" Ox? dut T 
—p =+ q q q —p 
13. If A = Æ 4 prove that A = 9x 4. 
0x9 ax? 
E E 
Multiply equation ae = ox 48 by Ox 
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q T 


r p r zxz 9 r 
ox 1T. ex OF (d. à; 4 = A” py Prob. 12. Placing r=q the result follows. This 


ox? ox? ox 
indicates that in the transformation equations for the tensor components the quantities with bars and quan- 
tities without bars can be interchanged, a result which can be proved in general. 


Then 


14. Prove that d is a mixed tensor of the second rank. 


-~ P c x 
If 8g is a mixed tensor of the second rank it must transform accoraing to the rule en 
=f op a P 
&o. $8 
ox? xh 
2j p " T 3 . 
The right side equals Ox! Ox. o. 8/ by Problem 12. Since 8/ 2& =1 if j=k,and 0 if jž k , it fol- 
WPa ^ : 


b 
lows that 8q is a mixed tensor of rank two, justifying the notation used. 


Note that we sometimes use Op =1 if p=q and 0 if p#q, as the Kronecker delta. This is how- 
ever not a covariant tensor of the second rank as the notation would seem to indicate. 


FUNDAMENTAL OPERATIONS WITH TENSORS. 


15. If ae! and Bef are tensors, prove that their sum and difference are tensors. 
By hypothesis A and Ld are tensors, so that 
_ ak sÍ ark ar 
jk ORY x” 0x pq 
i 2 p^r 
Ox? Ox7 OF 
ak t. de) Oxk Ox” pa 
bee bag T 
jk jk -j > 
Adding, a + B , - 2E 3x mw GP OP 


_jk jk zÍ Dek 
Subtracting, a Be. C NC BIS as PAR 
I l ox dI ox! 


pq 


pa $9 pq Pq 
Then A, +B, and ae B, are tensors of the same rank and type as A, and B.. 


pq pqs pq s 


16. If A, and B; are tensors, prove that C = A, B, is also a tensor. 


S 
We must prove that T is a tensor whose components are formed by taking the products of compo- 
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nents of tensors ae? and Bj. Since P and B; are tensors, 
g . gg! æ f iq 
l ~ cp 
Ox” Ox! OX 
B” =- Qa* Oub B; 
OxS Ox” 
dh zÍ Dek o." Ox" Jat 
Multiplying, a Lá = Om one d ox Ox aba B; : 
Ox? O40 Ox! dxs ox" 


which shows that AT p? is 


a tensor of rank 5, with contravariant indices p,g,s and covariant indices 


r,t , thus warranting the notation ae We call ar = FAT the outer product of Aba and 8. 


aD. 


17. Let be a tensor. (a) 


ipi is a tensor. What is its rank? (b) Choose p=¢ and q=s and show similarly that Ara 


Choose p=é and show that rie rsp? where the summation convention is 


Top 


is a tensor. What is its rank ? 


a 
(a) Since 4,., is a tensor, 
(1) 


We must show that A 
and sum over this index. 


git . 9E Ome Our dxs WW íP 


^ inn Ox? O44 oz! Jem ogn TSt 


His is a tensor. Place the corresponding indices j and n equal to each other 
Then 
zak Ox/ OEE Ox OxS Qut PI 
Aini ; “rst 
m Ox? Ox? og! Ox" xj 
Oxt az ORR Ox? OxS vd 
t 
ax) o avi del Qum 7 


ORF OxT xS P 
Ox? og! dn "S 


q 


and so A is is a tensor of rank 3 and can be denoted by Bs . The process of placing a contravariant 


index equal to a covarian 


t index in a tensor and summing is called contraction. By such a process a 


tensor is formed whose rank is two less than the rank of the original tensor. 


pq 
(b) We must show that a 
over j and k, we have 


is a tensor. Placing j=n and k=m in equation (1) of part (a) and summing 
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-jk 0 2mÓ ORR Oar me ad 5 
Ox? aX oxi Oxh dz 

xt Ox) DaS Oxh Oar 50 
axl e oxh Kb ox TSt 


S Qxf Val 
£ à 2 a rst 
_ dx" pq 
(^ azl A rgp 


which shows that Ap, is a tensor of rank one and can be denoted by C,- Note that by contracting 
twice, the rank was reduced by 4. 


- $ 
18. Prove that the contraction of the tensor Ag is a scalar or invariant. 


a Í 3.4 
We have aj . OH Ox d 
k Ox? xk q 
zi zj q 
Putting j=k and summing, 7 = ow! dx- = à; 4, = 4 
j ax? ox 


Then AZ 4? and it follows that 4? must be an invariant. Since A? i is a tensor of rank two and 
contraction with respect to a single index lowers the rank by two, we are led to define an invariant as a 
tensor of rank Zero. 


19. Show that the contraction of the outer product of the tensors d^ and Bg is an invariant. 


Since 4? and B, are tensors, 7- ex, Jg B = ex? B.. Then 
q k zy 4 
Ox Ox 
7B = 3g! dx Fá 
k Ox? OR q 
By contraction (putting j-k and summing) 
dz ox) o P q >, — » 

= — AB = 854 By 4 B, 


and so APB, is an invariant. The process of multiplying tensors (outer multiplication) and then contract- 
ing is called inner multiplication and the result is called an inner product. Since APB, is a scalar, it is 


often called the scalar product of the vectors 4 and Bg . 


p qs 
20. Show that any inner product of the tensors 4; and B, is a tensor of rank three. 


$ qs p qs 
Outer product of 4, and B, = AB, 


21. 


22. 
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Let us contract with respect T indices p and t, i.e. let p «: and sum. We must show that the result- 
gs 


ing inner product, represented by A y B) , is a tensor of rank three. 
$ gs 
By hypothesis, A, and B, are tensors; then 
"T j T = el zsm t gs 
Elie EU qm NECS e e 
ax? ash Ox? ous DEN 


Multiplying, letting j=n and summing, we have 


— oz) Ox? ox og" Ont P s 
LB. A A E E D 
J Ox? DER at ax oxi 
St Dar OE oem Pos 
p ox Qa dxs r t 


xT dz! ox p gs 
= Qn? qus ^P 


> 
e 

by 

u 


P 


Showing that A4 p? is a tensor of rank three. By contracting with respect to q andr or s andr in the 
product ab BT » we can similarly show that any inner product is a tensor of rank three. 


Another Method. The outer product of two tensors is a tensor whose rank is the sum of the ranks of 
the given tensors. Then ae BT is a tensor of rank 3*2 -5. Since a contraction results in a tensor 
whose rank is two less than oer of the given tensor, it follows that any contraction of AP BIS is a tensor 
of rank 5—2-3. 


If X(p,g,r) is a quantity such that X(p, q,r) Be "o for an arbitrary tensor 57" , prove that 
X(p.q,r) =0 identically. 
qn 
Since B, is an arbitrary tensor, choose one particular component the one with q= 2, r= 3) not 
equal to zero, while all other components are zero. Then X(p,2, 3)Ba” so that X(p,2,3)- 0 since 
B3” #0. By similar reasoning with all possible combinations of q andr, we have X(p,q,r)=0 andthe 
result follows. 


S 
A quantity A(p,q,r) E. such that in the coordinate system x, A(p, poB = C, where PN is an 


arbitrary tensor and E; is a tensor. Prove that A(p,g,r) is a tensor. 


In the transformed coordinates zi, A( hk, L) 5 - c. 


DER Og" Qu^ qS oz" a s az" Ox? qs 
Then  A(j,k,l) Bo mo eo 9 I Aw ar). 
NOES Goes cori f ax og ? dd oe PY 
. 3 -" b 
or on™ [Ss Ox A(j,k,l) — Ox A(p, q, nja BE = 0 
dS Lo ox! Oxi 
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n "n 
Inner multiplication by e. (i.e. multiplying by x and then contracting with t=m) yields 
X X 
n [azk Gr — b qs 
ds [3 9x AC, k,l) ind On 40.009 | B, = 
Ox? oxi Ox 
zk (aie b gn 
or E ox" Ac, kl) — ox senn | Bo om od 
ox ox! azi 


n 
Since B is an arbitrary tensor, we have by Problem 21, 


x^ dxf — 
a 9E Tul vs 9x Apgar) = 0 
ox! Ox! xj 
l oen 
Inner multiplication by Ox" ox yields 

ox" Ox? 

k on, ax? ox? ox" - 

Òn ô, A(j, k,l) 3j az au A(p,q,) = 0 


ox? a d” 


ee en 


or A(j,m,n) = 


: T 
which shows that A(p,q,r) is a tensor and justifies use of the notation Aga: 


In this problem we have established a special case of the quotient law which states that if an inner 
product of a quantity X with an arbitrary tensor B is a tensor C, then X is a tensor. 


SYMMETRIC AND SKEW-SYMMETRIC TENSORS. 


par 
23. If a tensor As is symmetric (skew-symmetric) with respect to indices p and q in one coordinate 
system, show that it remains symmetric (skew-symmetric) with respect to p and q in any coordi- 
nate system. 


q 
Since only indices p and q are involved we shall prove the results for B. 


If Bra is symmetric, p". B”, Then 
p^ . oF S yq L 3 Oe y _ g 
ex? oid Ox! Ox 
and B 1 remains symmetric in the x? coordinate System. 
If BP? is skew-symmetric, ped. — d Then 
pe . 9; oak d | _ ORR oe! QU hy 
Ox? Oud Ox! Ox? 


p i Sty ; 
and B 7 remains skew-symmetric in the X* coordinate system. 


The above results are, of course, valid for other symmetric (skew-symmetric) tensors. 
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24. Show that every tensor can be expressed as the sum of two tensors, one of which is symmetric 
and the other skew-symmetric in a pair of covariant or contravariant indices. 


Consider, for example, the tensor p We have 
p. 1 + g^, n 1a g^, 
But RP = mar B®) = gi? is symmetric, and s = 1o. pi?) = s? is skew-symmetric. 


By similar reasoning the result is seen to be true for any tensor. 


j k j ok 
25. If = y 4! 4 Show that we can always write ® = ba 4! A where b is symmetric. 


E jk k j j,k 
GS = a5, A A = E A” = ay, A A 
j k k 
Then 29 25 ATA" + a; A 45 = (az, t app) 414 
5 j,k 1 j,k 
and @ = (05, * 0, A" A = bj, AYA 


MATRICES. 


26. Write the sum S=A+B, difference D=A~—B, and products P = AB, Q=BA of the matrices 


3 1 -2 2 0-1 
A = A 3], B = |-4 1 2 
-2 1-1 1-1 0 


S=A+B 


342 1+0 -2—1 5 1 -3 
4—4  —241 m) - ( 0 -—1 5) 
—2+ 1 1-1 -1+0 =I 0 -1 


3—2 1-0 -—2+1 1 1 -1 
D=A—B= ( 4+4 -2—1 2) = ( 8 -3 J 
—2—1 1*1 -—1-0 —3 2 -—1 


(32) + (1-4) *(-2)0Y00) |. (3X0 + (1X1) +(-2X-1) (3-0 * (1X2) + E 


"d 
r 
a 
w 
N 


(4X2) + (-2X-4) + (3X1) (4X0) *(-2Y1) + (34-1)  (4Y-1) + (-2Y2) + (3X0) 
€22)* (0)€4 *(-D(0) 20) + (1X1) + (-1X=1) (-2YX-1)* (1X2) + (-1(0) 


0 3 —1 

- (s -5 2 
9 2 4 
8 1 -3 

BA = C: —4 s) 
—1 3 —5 


This shows that AB 7 BA, i.e. multiplication of matrices is not commutative in general. 


a 
1 
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27. If A= t ij and B = b 4! show that (A4* B (A—B) £ 4? — B?. 


a-h; i} a-z =| 3 HI Then (4*B)(A—B) -(3 Jf 3 H E E J 
21 -4 5 217 \-4 5 2 3 
Pe ee 23i. ] 35 gf 2\f-1 3i: T 

—1 3f \-1 3 —5 8]' 3 —2 3 —2 —9 10]. 


Therefore, (4*4 By(A—B) # A —B^. However, (A+B)(A—B) = AF AB«*BA— B. 


28. Express in matrix notation the transformation equations for (a) a covariant vector, (b) a contra- 
variant tensor of rank two, assuming N=3. 


= q 
(a) The transformation equations Ay = 9x A, can be written 


ox? q 
PR oxi Ox? Ox? 
A ER URS UE A 
i ox azt oxi $ 
x Oxt Ox Ox? 
Ao = m Sep) Ros Ap 
X Xx x - 
= oxi OX Ox? 
e as » aw] V 


in terms of column vectors, or equivalently in terms of row vectors 


Ox dt Dt 
oxi x? ox? 
Ox? OX ox 


Ay Ag 4g) = (Aq Ag Ag) d => 
(A, Ag Ag) (44 Ag Ag) cs wy op 


OX ww o 


ox! ox? ox? 
-pr oP ager 9s 
(b) The transformation equations 4 = —— — A can be written 
Ox7 dS 
"em. s ot on) fm 9 ,9| (a c9 cR 
Oxt Ox?  Ox9 Oxt dx? Ox 
I” T2 us - Ox? ox? ox? 2 A? 4” ox ox? ox? 
Oxt Ox? Ox? Ox? Ox? dx? 
g% 419? g= ox? oz? On. 24 Ae 49 xt ox? ox? 
xi Ox? Ox? 0x3 Ox? Ox? 


Extensions of these results can be made for N>3. For higher rank tensors, however, the matrix nota- 
tion fails. 
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THE LINE ELEMENT AND METRIC TENSOR. 
29. If ds? = Eir did dx is an invariant, show that £j, is a symmetric covariant tensor of rank two. 


By Problem 25, @ = ds?, A! = dx and APs dx"; it follows that Six can be chosen symmetric. Also 
since ds? is an invariant, 


; j k Í wk 
E, dz dz? = g dsid? = g Om ap Ox pn g, Om. d asf af 
^q jh ox? xd Jk oxP ox 
ax) af l 
Then g, = g, — —~ and g. is a symmetric covariant tensor of rank two, called the metric tensor. 
pa "f Ox oxq jk 


30. Determine the metric tensor in (a) cylindrical and (b) spherical coordinates. 
(a) As in Problem 7, Chapter 7, ds? = d^ o^ dd? « dz?, 


1- 2. a s CR S n do rz ie od 
If #=p,x°=, x9=2 then Eabh E227 P> &g7l 849 8a, = 06 &,7 Bay = 0 8217 5,4 70. 


[4 g 1 0 0 

11 "12 18 
In matrix form the metric tensor can be written Su WS E. = 0 pP 0 
£, 0 0 1 


(b) As in Problem 8 (a), Chapter 7, ds? = dr2+r?d0?+ r2 gin2 0 df. 


1 0 0 
If xi-r, x? = 6 33 - db. the metric tensor can be written 0 r? 0 


0 0 r?sin26 


In general for orthogonal coordinates, 8, = 0 for jz£. 
J 


<> 


844 810 Bis 


31. (a) Express the determinant g = E o2 E. 


831 830 858 
their corresponding cofactors. (b) Show that Ej G(jk)-g where G(j,k) is the cofactor of 
Bip in g and where summation is over & only. 


in terms of the elements in the second row and 


(a) The cofactor of Eg, is the determinant obtained from g by (1) deleting the row and column in which 
E appears and (2) associating the sign (-1)7** to this determinant. Thus, 


Cofactor of g, = (-1) 7" | 812 &s|, Cofactor of g = (—1) "> | 11 419] | 
3 832 Sss et E31 bag 
Cofactor of g = (—1)°*8 E11 Sio 
851 Sao 


Denote these cofactors by G(2,1), G(2,2) and G(2,3) respectively. Then by an elementary principle 
of determinants 


&j C) + g,,C(2,2) + g G(23) = g 
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(b) By applying the result of (a) to any row or column, we have g, y, Os k)=g where the summation is 
over & only. These results hold where g = | g in| is an Nth order determinant. 


32. (a) Prove that g G(3,1) + E G(3,2) + Bog G(3,3) = 0. 
(6) Prove that £5, CPA) -0 if j£p. 


8 
(a) Consider the determinant |g 


819 Sis 


ap Ea Ea which is zero since its last two rows are identical. Ex- 


11 


E21 850 Bos 
panding according to elements of the last row we have 


8, 6(3,) + £,6(3,2) + &, G(3,3) = 0 


(b) By setting the corresponding elements of any two rows (or columns) equal we can show, as in part (a), 
that Ej G(pk)-0 if j£p. This result holds for Nth order determinants as well. 


ik Gk ; ; 
33. Define p - Tm where G(j,k) is the cofactor of gj, in the determinant g = | jx | #0. 
b 
Prove that g., g? - 8. 
Ej. E j 
By Problem 31, : eg. -] o g, g” = 1, where summation is over k only. 
jk g jk 
G(p,k) pk : ; 
By P ?, = = if i 
y Problem 32 £5, 7 0 or E g 0 p£Éj 


Then g. g?P(=1 if p=j, and 0 if p#j) = 
j 


We have used the notation glk although we have not yet shown that the notation is warranted, i.e. 
that gik is a contravariant tensor of rank two. This is established in Problem 34. Note that the cofactor 
has been written C(j,k) and not GİF since we can show that it is not a tensor in the usual sense. How- 
ever, it can be shown to be a relative tensor of weight two which is contravariant, and with this extension 
of the tensor concept the notation Gh can be justified (see Supplementary Problem 152). 


34. Prove that g^ is a symmetric contravariant tensor of rank two. 


Since Bip is symmetric, G(j,k) is symmetric and so g = G(j,k)/g is symmetric. 


b 


If B is an arbitrary contravariant vector, B, = £, B’ is an arbitrary covariant vector. Multiplying 
q 
by 2%, 


Ncc | ee eee uera itus x 
g” B, AL" 1 g’ B, 


Since Bq is an arbitrary vector, gl 7 is a contravariant tensor of rank two, by application of the quotient 
law. 'The tensor "e is called the conjugate metric tensor. 
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35. Determine the conjugate metric tensor in (4) $ylindrical and (b) spherical coordinates. 


1.00 
(a) From Problem30(3), g = jo p? oj = (2 
0 0 1 
aie cofactor of g, $ xb p? 0 EM 
g e 0 1 
cofactor of 850 1]|1 0 1 
dig DEAE al a) Page 
p p 
cofactor of as 1/1 0 
d E LLL Me AE 
r4 p p 
PM cofactor of g,, "EA 4 2-4 
g pio 


Similarly g Re 0 if jžk. In matrix form the conjugate metric tensor can be represented by 


1 0 0 
0 lo? o0 
0 0 I1 
1 0 0 
(b) From Problem 30(b), g = |o z 0 = r* sin? 6 


0 0 sinl 


1 


189. 


As in part (a), we find git =1, g? = +, ge = "A NUT and g- 0 for j £k, and in matrix form 
r S 


in?8 


this can be written 
1 0 0 


0 1/r? 0 
0 0 1/r? sin? 6 


36. Find (a)g and (b) g” corresponding to ds? = 5(dxty + 3(dx?) + 4(dx®)° — 6 dxtdx2 +4 dx? dx’ , 


5 —3 0 
(a) £475, £573, Beg = 4 £,,78,7—3, &,,7 8,72, 818783170 Then g = |—3 3 2] = 4. 
0 24 


(b) The cofactors G(j,k) of £j, are 


G(1,11)-8, G(2,2)=20, C(3,3)-6, G(1,2)=G(2,1) 2 12, G(2,3)=G(3,2)=—10, G(1,3)=G(3,1)=—6 


Then g!5-2, g7=5, g%=3/2, gi@=g%=3, g%=g92=-5/2, g13=g31=—3/2 


Note that the product of the matrices Eip) and g is the unit matrix I, i.e. 


5 —3 0 2 3 —3/2 1 0 0 
—3 3 2 3 5 —5/2 = 0 1 0 
0 24 —3/2 —5/2 3/2 0 0 1 
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ASSOCIATED TENSORS. 


k k j 
37. If 4j = 8j, A , show that A = gf? 4. 


S : 
Multiply 4, = g. 4 by g^. 
ultiply 4j = gj yg 


3 i , 
Then gf? 4; = gep A^ - 8, AP - A’, ie. 4s gl A; ot APs gl Ay. 


k ; : 
The tensors of rank one, 4j and A’, are called associated. They represent the covariant and contra- 
variant components of a vector. 


38. (a) Show that L- - a’ A is an invariant. (b) Show that L’ = Pii Ay A, 


A, and ae be the covariant and contravariant components of a vector. Then 


(a) Let Y 
e j -1 
A, = 95 Ay, qp t 
ox J Ox? 
— jw j 
and a, a - Ox OF AAT = PE A, 4 
x? ex 


j 
so that A; A is an invariant which we call L?. Then we can write 


j 
P ae. k J 5 
L = AW = „AA = AA 
j VL Esq 
S uu A= A, gA = gf? A,A = g?l 
(b) From (a), L A; A = A; g A, g A; A, = E Ap Ag. 


The scalar or invariant quantity L = V Ay 4? is called the magnitude or length of the vector with 


covariant components Ay and contravariant components A’. 


39. (a) If ae and p are vectors, show that Eq 4? p is an invariant. 


z ya p 
pq is an invariant. 


(b) Show that —— —1. ————— 
VA? 45) (B? Bg) 


(a) By Problem 38, AB, B Ê - p? = &5g # p is an invariant. 


p q 4 Ebq asf 
(b) Since A Ay and B Bg are invariants (AP Ay) (B7B) is an invariant and so ——————————— is an 
invariant. Y (APA y8^B ) 
p q 
We define dua d 
pq 


cos 6 = Ey Fes 
(4^ Ap (B? Bg) 
B, = 0, the vectors are 


as the cosine of the angle between vectors AP and BY. If Bbq AP BA = AP b 


called orthogonal. 
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40. Express the relationship em the associated tensors: 


jkl grr RT TS. ^S 
(a) A’ and Apgrs à) 47. vj and A’, (c) 4. , ; and Aio 
Pl. dp hg ir ; ja 
(a) A = 8 & 8 Abar or Abr x Eip Ekg Ery A 
ok qkr qkr | jq,lr Rk 
(b) Aj 1 Big Eyr A or A = gitg 4.1 


Der: rk coos] sens] tL Perse 
(c) Ag. 4i = ahi gt gy Aigk © Age = EpjërkE Agut 


4i. Prove that the angles 6 e and e. between the coordinate curves in a three dimensional co- 


12? 
ordinate system are given by z 
Bio 85s 854 
cos 6=,, = ——À—, cos 6,, = ———, cos Q,, = ———— 
7^ V&LE BO Veng 9 VESE 
11 "22 22 “33 33 "11 


Along the xt coordinate curve, x*= constant and x?- constant. 


Then from the metric form, ds? = g, (d or ae 7 


11 
Thus a unit tangent vector along the xt curve is A = JE Si. Similarly, unit tangent vectors along 
44 a 
r T T 
the x? and x? coordinate curves are A, = AT M and A, = E. 85 : 
C Bos 
The cosine of the angle Ó,, between a and A. is given by 
p g 1 1 PG £o 
cos Oi, = g, AÁ = g UE Fe uh = —— 
* pq : 9 VE VE V E11 859 


Similarly we obtain the other results. 


42. Prove that for an orthogonal coordinate system, g,, = 8g, = 8, = 0- 


H : T m pu o € 
This follows at once from Problem 41 by placing Q,70, 0, =90 . From the fact that 85g Egp 


it also follows that EUR E 0. 


43. Prove that for an orthogonal coordinate system, g , = ES > &o= d. ; = x 
11 11 22 22 38 8 
g g 
From Problem 33, g?7 = 5? 
(8 Erg q: 
Ses 1r = 11 12 13 E 
If p=q=1, g Bry 1 o gg, + & &, tE E 1. 
Then using Problem 42, E zi " 
Similarly if p=q=2, g - l.; and if p=q=3, g =} 
! ! 900 g' g 
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CHRISTOFFEL’S SYMBOLS. 


sS S 
44. Prove (a) [pg,r] = [gp.r], (b) = M » (c) [pgr] = gys M 


E dg dz d dg 
96, PI, L 4 qr pr qb. _ 
(a) [pq,r i( - ) = &( + — ) = [ap.r]. 
[er] = a a5 x» XP Qu^ Uw? ww wf 


S Lots sr ETÀ P 
b = g,,6 [pyr] = 5, [pgr] = [pak] 


or [pq.k] = XM Le. [pur] = £4 ds 


Note that multiplying [pg,r] by g?" has the effect of replacing r by s, raising this index and re- 
placing square brackets by braces to yield i . Similarly, multiplying be by g E has the 


effect of replacing s by r, lowering this index and replacing braces by square brackets to yield [pgr] " 


9g 
45. Prove (a) ae = [pm,q] + [qm.p] 


x" d 
(e) { P} = < Invg 
ag 2 ,9)9V. mJ)P pq ox? : 
ox" 8 mn E mn 
à b d à d à 
Li g g & g z [4 
(a) [pm,q] + [qm,p] = (21 PA EB A n p a NP. T - bg 
$^ w^ dl o^ Ww  w p 
&) zo. a" gi) = 2) = 0. Then 
g i e ,38 = 0 or g d” NC. Sei 
ox" ij ij ox Ox” 
"E "E 
Multiplying by g/7, gg. E = — git g A 
ultiplying by g^, g 5 EZ £E & FE 
jh "E 
i.e. 5 w = gif gI” ([im,j] + [jm.i]) 
k Li 
or Og" 


and the result follows on replacing r,k,i,j by p,g,n,n respectively. 


(c) From Problem 31, g = Eik G(j k) (sum over k only). 
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Since G(j,k) does not contain Ej, explicitly, Og = G(j,r). Then, Summing over j and r, 


95, 
Og, 
C RR A G(j,r) —. 
dx” Og. d” dx” 
ir 
jr 96, itor: y 
g8 vg = 8g (Limr] + [rm,j]) 


" 
oq 
ATN 
aa, 
E ~. 
Sya 
+ 


Thus 


p g fi jÀ 2 
"I IE LEE LA 


The result follows on replacing j by p and m by q. 


46. Derive transformation laws for the Christoffel symbols of (a) the first kind, (b) the second kind. 


TERRE De 
(a) Since Bip = © a k pq’ 
9g, P aI 9E AU 5 32,9 2P 49 
(1) jk Ox? Ox bg Ox m Ox Ox z k Qx Ox? i 
ox? Ox ox" Oo." Ox" — xj ox" ox^ PI x" ozs ox" Pq 


By cyclic permutation of indices j,k,m and p,q,r, 


a) = Tem MU M Myr eh og he : 
zÍ Ox" ox" Ox? Í —— wx" widz" “gr zd og” ox^ Gr 
es Xe 00, Wy ab 
az? x" Ozi a4 de® — oy" og ap) TP z'ox" Ogi TP 


Subtracting (1) from the sum of (2) and (3) and multiplying by +, we obtain on using the definition 
of the Christoffel symbols of the first kind, 


TL Ox? dl d Su wf 
(4) [km] = S 5 T [pg,r] + 
ozs dz? og" oxi ox oy" "bg 


n 
(b) Multiply (4) by g^^ = ox ox? 


OS Ox? 
Tur a? Ox? Ouf Ox^ Ox" $4 p Ox? ox" ox" 
z ; = Ox! Ox! Ox" ORM oz" t IM Om SE gs 
E [jem] * Ia orsus Oat © [PUT] + ST ae aem aus Bat Sig 
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47. Prove 


48. Evaluate the Christoffel symbols of (a) the first 
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JUN EP" Ota? QE VY ot 
T is] = 37 agh 3,5 ee leer] rei 
3 of ee a) Geer 
Oxi ox" oS (Pa Ont Oz” Ox? 
since $e [par] = &g [par] = ls] and Pos = AL" = 5, - 
ox] ox jhkf ox" ex) dze leaf 
$ a 2 25 an 
From Problem 46 (b), fa} = Ox! Ox! ox" Ul * Ox ext 
jk Oxi Ox" dS (Pq zÍ OR” Ox? 
REJEA ox" n x Ox? Ox? om fs 2 m 
mew a, {hf SS e a dad tera 
xj ox" (pa ox] ox" 


2 
Solving for 


m 
2 E the result follows. 


kind, (b) the 


second kind, for spaces where 


=0 if ; 
84 PF 
dz, Og. dg dg 
(a) If p=q=r, [pqr] = [pp,p] = a P que PP Da. 
2 ox? Ox? Ox? 2 Ox? 
Og, 98 Og òg 
If p=q#r, [par] = [ppr] = ( pr, oF 2) + tb 
OxP dP dW 2 wx 
Og,, Og Og Og 
if p=r#q, [par] = [pap] = ( Pb a 2 x l.p 
2\ dI dP Ox? 2 9x9 
If p,g,r are distinct, [pq,r] = 0. 
We have not used the summation convention here. 
(b) By Problem 43, gl - 1- (not summed). Then 
jj 
f = g°"[pq.r] = 0 if r#s, and = g% [pq,s] = [pass] (not summed) if r=s. 
SS 


By (a): 
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d 

Poes f; ! 7 il . [prp] Á Sbp _ : 2 Ing, 

Pq pp 27 fp Ox? ax? P 

d 

$ s [pp.s] 1 “Ep 

If = ’ = = — E 
dirae iud e Ess 2855 Ox? 
[pap] 1 985 1 3 

crete (ap {aj E E ie 

p4 Pq £5 8. Ox 2 Ox bp 
If p,q,s are distinct, { 3 = 0. 

pg 


49. Determine the Christoffel symbols of the second kind in (a) rectangular, (b) cylindrical, and 
(c) spherical coordinates. 


We can use the results of Problem 48, since for orthogonal coordinates Zr = 0 if p#q. 


sp7 1 80 that M i 


(a) In rectangular coordinates, g 


(b) In cylindrical coordinates, x1 = 0, x? =, x? =z, we have by Problem 30 (a), 8 = b E p%, 8o37} 
The only non-zero Christoffel symbols of the second kind can occur where p=2. These are 


d 
a 1 “855 Ae T 
=- = = (^ -p, 
{ 26.4 Oxt 2 do 


A - r 
21 12) 2 Ot p ^ ^p 


(c) In spherical coordinates, x!-r,x?- 0, x3=, we have by Prob. 30 (5), 847 bg, r2, E" r? sin26, 
The only non-zero Christoffel symbols of the second kind can occur where p- 2 or 3. These are 


{ 1 ! 1 96, 19 
= — up E = =r 
22 28.4 oxi 2 Or 
MEZME T T 
21 12 2855 Ox! 2r? Or r 
1 ie 1 oa » M ET = ND: 
{i} - gos AS Ed sin?O) = —r sin 0 
9 
f é ! DM PUE MIL ae B tsm) = — sin cos 
33 2g, Ox? ar? d0 
à 
MEME ae ee I 42 sin2@) EE 
31 13 28. Ox! 2r? sin? O Or d 
d 
{ 3 ! 7 i \ En ed 2 2 (° sin?@) = cot 6 
32 23 Bog Ox? 2r? sim Ó 00 
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GEODESICS. 
to , 
50. Prove that a necessary condition that J = J F(t,x,%)dt be an extremum (maximum or min- 
ta 
imum) is that ð _ d (E) = 0. 
Ox dt Ox 
Let the curve which makes / an extremum be x = X(t), t4$ tS to. Then x= X(t) * €7(t), where € is 
independent of t, is a neighboring curve through t and & so that 7)(t,) = T(£2) - O. The value of I for the 
neighboring curve is 
to LJ e 
Ke) = f F(t, X+En, X+EN) dt 
ty 
This is an extremum for €=0. A necessary condition that this be so is that e -0. But by differ- 
entiation under the integral sign, assuming this valid, cae 
al = S Ent Bava = 0 
dE lero ty Ox Ox 
which can be written as 
ty tg to to 
[^ Enu En? - f^ n£dba - fJ »(8-285)a = o 
4 œx ox ty i dt Ox [A Ox dt Ox 
Since 7) is arbitrary, the integrand oF — a OF = D. 
Ox dt ox 
tg x ; I 
The result is easily extended to the integral JE F(t,x^, x1, x9, 32, ..., 08, X) dt 
ti 
and yields OF — 9F = 0 
ax dt ax 
called Euler’s or Lagrange’s equations. (See also Problem 73.) 
27 P 49 
51. Show that the geodesics in a Riemannian space are given by dx + JT V dx dx’ _ 
ds pqj ds ds 


to / 
We must determine the extremum of f £, a? z dt using Euler’s equations (Problem 50) with 
ty 


q 
F=vg 229. We have 


pq 
OF 1 p og ap 
© a dg x 9-1/2 7 &P 29 
E» 2 “Pg EA 
OF 


EE TECUM T 
sut cae te 285, 7 


Using g: = “beg i? xd , Euler's equations can be written 
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p 


; 3 
a Eph? a bg oh og _ 
dg dg EU: 
or gp W^ a Raba L 01 "ág aba o. pk. 
Pe od 2 a E 


MID zza this equation becomes 
dx 2 Q4 d 


og Og Og 
Writing E aP 29. 1, P, 


gy, S 
& + [ek] = — 


If we use arc length as parameter, $= 1, S- 0 and the equation becomes 


2 P qud 
d x dx” dx Fe 
Sop ds? Ulo a, o 
Multiplying by g^* , we obtain 
dx rl dx? a 
ds? Pq ds ds 
THE COVARIANT DERIVATIVE. 
52. If A, and a are tensors show that (a) A, = 945 — { : A, 
p 
and (b) ae = 94. + 2 PU A are tensors. 
(ig Ox? qs 
-— T 
(a) Since 4, = 9€ Ags 
J OR 
94; Ox? 94, Oxt dur 
(1) Ab = * t ? k A, 
Ox Ox! Ox ox" = ded Oz 
From Problem 47, 
medidas 
ox/ ox EY agn gd agk Lil 
Substituting in (1), 
zc ar ew Beh 
axe Ox) og Ox? ik} ogn ap) ak Uf 7 


= Cha - Bell, 
(0 9x) ORF ad jj" xj x^ leaf ^5 


or 
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OA 
and E — { i ! A, is a covariant tensor of second rank, called the covariant derivative of Ap with 
x pq 
respect to x and written 4, , . 
^q 
i =j 
(b) Since T =- Æ A’, 
dx” 
ER. ; 2 ; 
i oa) ww o eh , Ox or 
x^ A. Ox! De® dl ext Oz" 


From Problem 47, interchanging x and x coordinates, 


a (nm - mm 
ex dx? n) a^ Ox” at U! 
Substituting in (2), 
ar) _ onl ow DA al oy xt yr ont ant ast (FY yr 
= + 2x A A me umm A 
Ox? Ox" Ox? dx? EY yn oxh T Out ox" UE! 
_ deh ant on”, fod ol at yr ot SS 
Ox" Oe” auf rtf ^w aru 
_ of mo. [pex : Tr 
Ox? Dz? Oud 33) ab og ik 


Or i y : 
er. fila . mum uf. {eh a) 
ex" ki ex de” Mod qs 


S 
and aa + { 2 dj usa didi ware: o aree ded be eau one dentato rod. wich 
q 
pd 
q 


respect to x' and written Aq: 


53. Write the covariant derivative with respect to x? of each of the following tensors: 
jk j j jkl 
(a) Ag, , (b) A , (c) 4, , (d) Ai, (e) pA 2 


OA; 
7 jk s s 
Ang a oe Aaja ~ Liat 
ik aaf l k Y js 
à) A = Set 5 pe + { pé 
' Ox! q$ qs 
: 247 ! ; 
J k s J j S 
= - A 
(c) Ani 54 Vic Ay $ 4 " 
; 3a! l ; 
J kl s Jj s j ] E 
= a = A A 
(d) Ang ox MES m ks * {i} kl 
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54. Prove that the covariant derivatives of (a) Bip? (b) gP, (c) 8 are Zero. 


Og. 
(2) & Lm tbe cris 
FR o. ja f ?sk kq f "is 
9g, 
= aF — [jak] — [kaj] = 0 by Problem 45(a). 
x 
jk gh j sk Js 
(b) g a: s zi + as f E * as = 0 by Problem 45(b). 
J 
05 j " : : 
E k _ fs j S _ Si j - 
uU NE ES Us : {oh * M 


55. Find the covariant derivative of 4 p with respect to x’. 


s 9 (41 BE) 


ox? 


This íllustrates the fact that the covariant derivatives of a product of tensors obey rules like those 


of ordinary derivatives of products in elementary calculus. 


km km 
56. Prove E A, hg = m A, TE 
km km km km 
A = + A = A 
€. nq Ekg An Er n 4g Eir ^g 


Since Ej " =0 by Prob. 54(a). In covariant differentiation, Sip ; £z" and x can be treated as constants. 
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GRADIENT, DIVERGENCE AND CURL IN TENSOR FORM. 


k 
57. Prove that div A = EN A). 


1 
Vg Ox 


The divergence of 4? is the contraction of the covariant derivative of "a i.e. the contraction of 


ds or ie . Then, using Problem 45(c), 


k 
ava? = a, - epe 
' dk Apk 
k k 
= 94 eA = OA ch 98, jh = Beg fas 
Ox d Ot vg ox" Vg ox" 


à od 
58. Prove that V^d = a 11 g^ —). 
Vi d Suh 
The gradient of is grad P= VP= ze a covariant tensor of rank one (see Problem 6(b)) de- 
X 
. fined as the covariant derivative of S, written Pr. The contravariant tensor of rank one associated with 
@, is ae = ght oe Then from Problem 57, 
ed à edo 
V = ave - VEI 
Ox” Vg Ox” Ox” 
OA, o4, 
59. Prove that Ap q ap nm PS SS Ron 
s i Ox? ox? 


, , : (2 Mr 94, MT g Od, 94, 
DQ ^ "Wb E sp 7 e LE s cs lS RA 
ax Pq ex? qp ox ex? 


This tensor of rank two is defined to be the curl of Ay. 


60. Express the divergence of a vector a in terms of its physical components for (a) cylindrical, 
(b) sphericai coordinates, 


(a) For cylindrical coordinates x+=0, x?- $, £ =z, 


1 0 0 
g = 0 p20] = p? and Vg= (see Problem 30(a)) 
0.0 1 


The physical components, denoted by A p Ag, A, are given by 


A, = Vg, A. = AY, Ag= Vela = pf, AQ 


N 
a 
: 
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Then 
div A 


Lg at 
TT A 
Vo Qe y 


z 1,0 
= pla, ^0 + ^or 2-(949] 


(b) For spherical coordinates x+=r, x? =0, x2 =, 


1 0 0 - 
g= 0 7? 0 = r^sin?Ü and Vg =r? sinQ (see Problem 30(b)) 


0 0 r*sin?O 
The physical components, denoted by Ay, A, ,A g are given by 


= Vg, 4. 24, A, Vg 4 = th’, Ay = Vg. 4 = sind 4 


6 22 
Then 
p 1 9 k 
div A = = ——(Vg A”) 
Vu add 
= ET [È e sin 4) + 2 (r sinO Ap) + gel 
= L È 24) + 1 2 (simÓ 4 + _1_ 04g 
1 Or rsin d0 rsinO od 


61. Express the Laplacian of P, Ve, in (a) cylindrical coordinates, (b) spherical coordinates. 


(a) In cylindrical coordinates g**=1, g??- 1/07, g?? - 1 (see Problem 35(a)). Then from Problem 58, 


Ve = d. y ger 2, 
VE uu 
1,9 95 23 10b 23 Ə 
= =o) + Se Sp 
2 3o ^ 35! $ P Be 5, ^5 )] 
19,95 | 199 F 


2 1 9 od 
- me (Vs oh E 
VS VR P E eee 
g Ww ə a 24 
= IRE sin e to 36 (sinf 57) + Sb ud L 35] 
: 12 22h ene ae) sin o OF, d oe 
PSU Saaó 2035) * Zu) a 
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INTRINSIC DERIVATIVES. 
62. Calculate the intrinsic derivatives of each of the following tensors, assumed to be differentiable 
: à jh 
functions of t: (a) an invariant cb, (b) A, (c) Ay, (d) A! 


inn 


Bb Lg a IP dx! dP 


= oe le = TZ, the ordinary derivative. 
8t q dt dt 


S 0 dd . 24" iV as\ dl 2 dd jV ys ad 
(b 98- = AS UE dk 4A]. SEL OE A 
St 9 dt E qs dt o dt qs dt 


(a) 


j j ; 
eR Li af (OH fs fila ac 
Òt k,q dt Bx! kqf 5 qsf k t 


aa” 
lamn jk dx? Aran s jk 
(d) = A > ES Aomn — 
8t In,q de rd lq 


j J 
63. Prove the intrinsic derivatives of Bip? g k and 5 are zeto. 
j 


H 


0 by Problem 54. 


RELATIVE TENSORS. 


p 
64. If A, and B® are relative tensors of weights w, and w, respectively, show that their inner and 
outer products are relative tensors of weight w, + w,. 


By hypothesis, 


I = ys ax ad ^ g^ E jo Sx OR" Ox! ours 
k Oxb oxh 9 A Ox? OxS Ox" t 
2o qp _ pue c] Of al m? M P prs 

The outer product is 4, B, = J 24 ar Ww WS op Ay B, 


a relative tensor of weight w, + wz. Any inner product, which is a contraction of the outer product, is also 
a relative tensor of weight w4 + wo. 
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65. Prove that Vg is a relative tensor of weight one, i.e. a tensor density. 


"CNN t 
The elements of determinant g given by transform according to g., = = —— : 
: 55q Eir T pd Bek pq 
š r : = Ox? Ox? E Vg-jve. " 
Taking determinants of both sides, p = 3s 3 g=Jeg or g=JVg, which shows 
x x 


that Vg is a relative tensor of weight one. 


66. Prove that dV = vg dx: dx? ... dx" is an invariant. 


it 
es) 
a 
RI 
B 
a 
Si 
A 
R! 
= 
H 
z 
w 
Aa 
RI 
B 
Ai 
N 
a 
Ri 
= 


By Problem 65, dV 
Ox 


X 


dx: dx? ... dx! = Vg du! dx? ... dx” = dy 


From this it follows that if Ẹ is an invariant, then 
[- f$ - f. fev 
7 y 


for any coordinate systems where the integration is performed over a volume in N dimensional Space. A 
similar statement can be made for surface integrals. 


MISCELLANEOUS APPLICATIONS. 


67. Express in tensor form (a) the velocity and (b) the acceleration of a particle. 


k 
(a) If the particle moves along a curve xs x"(t) where ¢ is the parameter time, then v? = ae is its ve- 


locity and is a contravariant tensor of rank one (see Problem 9). 


k gk 
(b) The quantity ye Di is not in general a tensor and so cannot represent the physical quantity 


acceleration in all coordinate systems. We define the acceleration a^ as the intrinsic derivative of 
k 
the velocity, i.e. a* = S which is a contravariant tensor of rank one. 


ot 


68. Write Newton’s law in tensor form. 


Assume the mass M of the particle to be an invariant independent of time t. Then Ma? = F? a 


contravariant tensor of rank one is called the force on the particle. Thus Newton’s law can be written 


k 
F? = Mak = yÈ? 
ôt 
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69. Prove that a" = buh = ie fh ! dx? dx! 
ôt di* pq ; 


Since v? is a contravariant tensor, we have by Problem 62 (b) 
a ah {that Ea, {Eh pa 
ôt dt qs dt dt? qp dt 
Qo dx k V ax? ad 
dt? pqj de dt 


70. Find the physical components of (a) the velocity and (b) the acceleration of a particle in cylin- 
drical coordinates. 


(a) From Problem 67 (a), the contravariant components of the velocity are 


dx — dp dx? — dj and dx? dz 
dt dt’ dt dt dt dt 


Then the physical components of the velocity are 


dx* 2 dp Wes dx? z ab and Vg dx? - dz 


8 dt’ b hu a ss dt dt 


11 dt 


; 2 
using g, 71. 857)» 837 1. 


(b) From Problems 69 and 49(b), the contravariant components of the acceleration are 


go. 9 QfiVanae 2 do _ dbo 
^. dt? 2f d: dt adc PCR 
2 , d i2 Va ae 2| d? dé — do , 2 dp ab 
uda Te 12 dt dt af de dt dé pdt dt 
2 2 
d x? dz 
am Poe ^ dB 


Then the physical components of the acceleration are 


Vg. = p- ppr, Vg &-pótzíbó and vg. = 7% 


where dots denote differentiations with respect to time. 


"i. If the kinetic energy T of a particle of constant mass M moving with velocity having magnitude v 
is given by T = iM»? = Mg, xP <7, prove that 


d oT, _ ƏT 


C EIE = M 
dt dgk dak TR 


where a, denotes the covariant components of the acceleration. 


Since T = 2Mg i? i^, we have 
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ST 2 iy BM phd 9T o. Me, FÉ ana 2,287, M, X. 0M gi 39) 
ex^ Ox dgk q dt ox q x 
d , oT ƏT Sk 1 9g, b 
Then (2) = zog l+ I zaal 1 Pa a 
dt ox ex* kq xI 2 ox 


" Mg, 3T + [pg &] a? 2% 


Y rls. r 
= M Psp &? 49 = Mg a = Ma 
5 (: M, Ery k 


using Problem 69. The result can be used to express the acceleration in different coordinate systems. 


72. Use Problem 71 to find the physical components of the acceleration of a particle in cylindrical 
coordinates. 


Since ds? = dp? Pdp% dz?, v? = ds Y = pd + and T = $M? = 3M(0°+ eq? + 37). 


From Problem 71 with x*=0, x?- d, x?-z we find 


« = B~ pd, ap Ly, ag = 2 


Then the physical components are given by 


as ao ag oe 2 } d 2 oo 
, , Or p-— PP ED S (P $) 72 
YEs YBa VEs Pd 


Since 8,71, 8,7 B &j, = 1. Compare with Problem 70. 


73. If the covariant force acting on a particle is given by F, _ A where V(x, ..., xl ) is the 


xh 
; d ,oL oL 
potential energy, show that —(—+) — “= = 0 where L = T-V. 
dt zk ox 
From L  T—-V, oh = 2r since V is independent of il, Then from Problem 71, 
x x 
d , OT or OV d ,oL OL 
—(.5) =- =z = Ma, = FA = —— an € )- = = 0 
dt Ogk Oxk k k Oxk dt og Oxk 


The function L is called the Lagrangean. The equations involving L, called Lagrange’s equations, 
are important in mechanics. By Problem 50 it follows that the results of this problem are equivalent to the 


t 
statement that a particle moves in such a way that J zr dt is an extremum. This is called Hamilton's 
1 


principle. 
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74. 


75. 


76. 
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Express the divergence theorem in tensor form. 


Let AP define a tensor field of rank one and let uw denote the outward drawn unit normal to any point 
of a closed surface S bounding a volume V. Then the divergence theorem states that 


—, 
= 
- E 
S 
= 
= 
yY 


For N dimensional space the triple integral is replaced by an N tuple integral, and the double integral by 
an N—1 tuple integral. The invariant A k is the divergence of A" (see Problem 57). The invariant 
AR V, is the scalar product of AP and Vy analogous to A-n in the vector notation of Chapter 2. 


We have been able to express the theorem in tensor form; hence it is true for all coordinate systems 
since it is true for rectangular systems (see Chapter 6). Also see Problem 66. 


Express Maxwell's equations (a) div B = 0, (b) div D = 475p, (c) VxE = — i 2B (d) VxH = imi 


€ Ot d c 
in tensor form. 


Define the tensors BË, DF, E, H,» I k and suppose that O and c are invariants. Then the equations 
can be written 


k 
(a) B "x 0 
k 
(b) D k = 4770 
J J 
(c) — cJ E = = i oB“ or PE E = i ƏB“ 
k,q € Qt k,q € òt 
(d) ME PS H = ant? or "i H a? 225 ant 
k,q e s k,q c 


These equations form the basis for electromagnetic theory. 


= n : . " 
(a) Prove that Ay qr - Ag eg = Rer A, where A, is an arbitrary covariant tensor of rank one. 


n : = "n 1 
(b) Prove that Ror is atensor. (c) Prove that R ors Ens Rear is a tensor. 


, " bq _ fi _ fi 

hqr B (Ay) sY 7 ext p Aq ist Ay j 

&G-U) - 8-03 - 96-0 
j gf OR E] (71 

Ox" V ox? pay J prj Vo? ja arf Vo pj 


2 
s - wes - (aa - 10 
Ox” Ox Ox” ef J paf Ox" pr) ox? pr 


(a) A 


u 


By interchanging q and r and subtracting, we find 


Ti. 


78. 


19. 


80. 


81. 
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2 SIS əfi _ fifi 2 ji 
fnar 7 Abrg = Us b^ (Wf i E. M. tif OS ^ 


H 
—— 
"Som 
—— 

a 
a~ 
—— 
NS 
I 
Plo 
"a 
A 
~~ 
ee 
! 
~~, 
ao) 
Soc 
—— 
a 
Da 
— 
eM 
+ 
gjo 
Q 
cM 
v~ 
— 
œ 


j 
RA; 
par j 


where RI = k j - o j 
par prf | ka Ox" (Pq 


Replace j by n and the result follows. 


ITERUM 


(b) Since Ay qr — A5 rq is a tensor, LM A4, is a tensor; and since A, is an arbitrary tensor, Rear is 


a tensor by the quotient law. This tensor is called the Riemann-Christoffel tensor, and is sometimes 
n 


" n DEN p 
written R. oor: R gre: or simply Roger: 


(c) Regrs = Ens Rear is an associated tensor of oor and thus is a tensor. It is called the covariant 


curvature tensor and is of fundamental importance in Einstein's general theory of relativity. 


SUPPLEMENTARY PROBLEMS 


Answers to the Supplementary Problems are given at the end of this Chapter. 


Write each of the following using the summation convention. 


(a) a, xx? t a, x? x? qug ap (c) AJB! + Alp? + Al B® ECL c ale" 
21 22 28 2N 
(b A B, * A B, + A B+... +A" By (d) gg, * gg. * sg. * gg. 
(e) E + BE + Bm. Bo 


Write the terms in each of the following indicated sums. 


j zi oh 
(a) vg A’), N=3 (b) aF rd C., N-2 (c) e 9x 
Ox J Ox” Ox? 
What locus is represented by a, xPxk =1 where x, k-1,2,..., N are rectangular coordinates, a, are 
positive constants and N -2,3 or 4? 
If N «2, write the system of equations represented by a x1 -b 


pq 


T Uh 
Write the law of transformation for the tensors (a) AJ , (b) BY » (c) Cans (d) As. 
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82. 
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Determine whether the quantities B(j,k,m) and C(j,k,m,n) which transform from a coordinate system 
x” to another zÍ according to the rules 


j = zb +9 a.m 9,8 
Ox) ex* ox" B(j km) à) Cop qnos) = ox < Ox Ox CC JE Ron) 
ox E zl Ox" dx Oxk Oxf Ox" 
are tensors. If so, write the tensors in suitable notation and give the rank and the covariant and contra- . 
variant orders. 


(a) B(p,q,r) = 


83. How many components does a tensor of rank 5 have in a space of 4 dimensions ? 

84. Prove that if the components of a tensor are zero in one coordinate system they are zero in all coordinate 
Systems. 

85. Prove that if the components of two tensors are equal in one coordinate system they are equal in all co- 
ordinate systems. 

dx" ok dy? 

86. Show that the velocity de = v" of a fluid is a tensor, but that ae is not a tensor. 

87. Find the covariant and contravariant components of a tensor in (a) cylindrical coordinates p, Piz, 
(b) spherical coordinates r,Ó, p if its covariant components in rectangular coordinates are 2x —z, xy, 
yz. 

88. The contravariant components of a tensor in rectangular coordinates are yz, 3, x+y. Find its covariant 
components in parabolic cylindrical coordinates. ; 

$ rs Pr gs Poder Pq 
89. Evaluate (a) 8, By. (b) by ô A”, (e) 8g 8, ôs» (d) ôg 9. M 8j. 
Pq, pr. , 

90. If A, is a tensor, show that A, is a contravariant tensor of rank one. 

1 jHk , : F s bar 

91. Show that 5n - 0 j*k is not a covariant tensor as the notation might indicate. 

A. ox ex? 7 
92. If A, = A A = £X AL. 
I " Ez q prove that q XJ Ay 
-b ox q at -? 
93. If A, = Ox? Ox" al prove that 41 = Oxi 9x A,. 
Ox? Ox" ex? OxS 
2 
94. If dp is an invariant, determine whether —7——— is a tensor. 
Ox? Q4 


95. 


96. 


97. 


98. 


99 


If 4 and B, are tensors, prove that 4 B" and 4 p are tensors and determine the rank of each. 


NEM og. qb , ‘ pa qb, 
ET that if Ars is a tensor, then Ars + Ay, is a symmetric tensor and Ars — Agr is a skew-symmetric 
ensor. 


pq Pg _ pq 


If A and Brs are skew-symmetric tensors, show that Crs =A B,, is symmetric. 


If a tensor is symmetric (skew-symmetric), are repeated contractions of the tensor also symmetric (skew- 
symmetric) ? 


Prove that Abg x x? = 0 if Abg is a skew-symmetric tensor. 


100. 


101. 


102. 


103. 


104. 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


112. 
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What is the largest number of different components which a symmetric contravariant tensor of rank two 
can have if (2)N=4, (D) N- 6? What is the number for any value of N ? 


How many distinct non-zero components, apart from a difference in sign, does a skew-symmetric covariant 
tensor of the third rank have ? 


p 


If ADS is a tensor, prove that a double contraction yields an invariant. 


Prove that a necessary and sufficient condition that a tensor of rank R become an invariant by repeated 
contraction is that R be even and that the number of covariant and contravariant indices be equal to R/2. 


TS 
if A and B are tensors, show that the outer product is a tensor of rank four and that two inner prod- 
ucts can be formed of rank two and zero respectively. 


If A(p.q) By = c where By is an arbitrary covariant tensor of rank one and e is a contravariant tensor 
of rank one, show that A(p,q) must be a contravariant tensor of rank two. 


Let a and By be arbitrary tensors. Show that if a By C(p,q) is an invariant then C(p,q) is a tensor 
which can be written G ; 


Find the sum S=A+B, difference D- A—B, and products P - AB and Q- BA, where A and B are the 


matrices 
TP ES 3 —1 f 4 3 
2 4 -2 —1 
2 0 1 1 -—1 2 
(b) A = [-1 —2 24, B = 3 2 —4 
—1 3 —1 C1 -—2 2 


Find (34—2B)(24— B), where A and B are the matrices in the preceding problem. 


(a) Verify that det (4B) = (det A} (det B) for the matrices in Problem 107. 
(b) Is det (AB) = det (BA) ? 


—-3 2 -1 
3 —12 
Let A = i B = 1 — 
& 2 3 s 
2 1 2 
Show that (a) AB is defined and find it, (b) BA and A+B are not defined. 


2 —1 3 1 
Find x, y and z such that 1 2 —4 y z —3 
—1 3 —2 Zz 6 


The inverse of a square matrix A, written 475 is defined by the equation AAT! =], where / is the unit 
matrix having ones down the main diagonal and zeros elsewhere. 


px d 
mima (5 1). 6)A-[2 1 -1 


Is A754 =I in these cases ? 
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113. 


114. 


115. 


116. 


117. 


118. 


119. 


120. 


121. 
122. 


123. 


124. 


125. 


126. 


121. 


128. 
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2 1..—2 
Prove that A = 1 —2 3 has no inverse. 
4 —3 4 


Prove that (4By ^ - B7*A71, where A and B are non-singular square matrices. 


Express in matrix notation the transformation equations for 
(a) a contravariant vector (b) a covariant tensor of rank two (c) a mixed tensor of rank two. 


2 


Determine the values of the constant À such that AX -AX, where A = & 


B and X is an arbi- 


trary matrix. These values of À are called characteristic values or eigenvalues of the matrix A. 


The equation F(A)=0 of the previous problem for determining the characteristic values of a matrix A is 
called the characteristic equation for A. Show that F(4)=0, where F(A) is the matrix obtained by re- 
placing A by A in the characteristic equation and where the constant term c is replaced by the matrix cJ, 
and O is a matrix whose elements are zero (called the null matrix). The result is a special case of the 
Hamilton-Cayley theorem which states that a matrix satisfies its own characteristic equation. 


T po 
Prove that (AB) =B A. 


Determine the metric tensor and conjugate metric tensor in 
(a) parabolic cylindrical and (b) elliptic cylindrical coordinates. 


Prove that under the affine transformation X^ = a7 x" + b”, where a? and d are constants such that 


a az = 8? there is no distinction between the covariant and contravariant components of a tensor. In 


F 
the special case where the transformations are from one rectangular coordinate system to another, the 


tensors are called cartesian tensors. 
Find g and P corresponding to ds? = 3(dx1 + 2(dx?y + 4(dx?y — 6 dx) dx, 


If a = eA; , Show that 4j = Ej a and conversely. 


Express the relationship between the associated tensors 


pq q per $ A jk 
(a) A' * and 4; , (b) Avg and Ajay» (c) Ang and Alge 


Show that (a) A," BP = AP T. e , (b) ae BP = A ss Bt” = ar B? . Hence demonstrate the gen- 


eral result that a dummy symbol in a term may be lowered from its upper position and raised from its 

lower position without changing the value of the term. 

P = p? C,, then A = B, C_ and A =B c’. Hence demonstrate the result 
gr qr pqr pq r b p 

that a free index in a tensor equation may be raised or lowered without affecting the validity of the equa- 

tion. 


Show that if A 


Show that the tensors g, , g?4 and o are associated tensors. 
fq q 


9x7 [^ RO _ pq ox” 


Prove (a) E» — = —, (b) 
Eh ap — X EUER 


If a’ is a vector field, find the corresponding unit vector. 


129. 


130. 


131. 


132. 


133. 


134. 


135. 


136. 


137. 


138. 


139. 


140. 


141. 


142. 


143. 


144. 


145. 


146. 


147. 
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Show that the cosines of the angles which the 3 dimensional unit vector U t make with the coordinate 


curves are given by 


Us 
c" 


U, 
VE. 
Determine the Christoffel symbols of the first kind in (a) rectangular, (b) cylindrical, and (c) spherical 


coordinates. 


Determine the Christoffel symbols of the first and second kinds in (a) parabolic cylindrical, (b) elliptic 
cylindrical coordinates. 


Find differential equations for the geodesics in (a) cylindrical, (b) spherical coordinates. 
Show that the geodesics on a plane are straight lines. 
Show that the geodesics on a sphere are arcs of great circles. 


Write the Christoffel symbols of the second kind for the metric 
ds? = (dxf + [F — tF] (dx? 


and the corresponding geodesic equations. 


Write the covariant derivative with respect to zt of each of the following tensors: 


jk jk ikl jk 
(a) j^, (6) AZT, (0) Ape OA (e) Aj 


J 
Ay in inn ` 


Find the covariant derivative of (a) 2 A®, (b) a By, (c) A 4; with respect to x. 


Use the relation a = gl A, to obtain the covariant derivative of al from the covariant derivative of A,. 


If cb is an invariant, prove that cb, pq” P, gp i.e. the order of covariant differentiation of an invariant 
is immaterial. 


y 
Show that € bgr and e” are covariant and contravariant tensors respectively. 


Express the divergence of a vector a in terms of its physical components for (a) parabolic cylindrical, 
(b) paraboloidal coordinates. 


Find the physical components of grad P in (a) parabolic cylindrical, (b) elliptic cylindrical coordinates. 
2 
Find V © in parabolic cylindrical coordinates. 
r 
Using the tensor notation, show that (a) div curl A = 0, (b) curl grad Ẹ = 0. 
Calculate the intrinsic derivatives of each of the following tensor fields, assumed to be differentiable 


functions of t :, ; 
(a) Ay, (b) 47^, (c) 4j BP, (d) pay where $ is an invariant. 


. xd pe k j jour 
Find the intrinsic derivative of (a) Ej A’, (b) 8, 4j » (c) 67 5, 4p . 


d pq 20. bt, 24g 
Prove ET (g Ay Aq) = 2g 45 s 
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148. 


149. 


150. 


151. 


152. 


153. 


154. 


155. 


156. 


157. 
158. 
159. 
160. 


161. 


162. 


163. 


164. 
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Show that if no external force acts, a moving particle of constant mass travels along a geodesic given by 


Prove that the sum and difference of two relative tensors of the same weight and type is also a relative 
tensor of the same weight and type. 


pq 


r 


py 


If A, is a relative tensor of weight w, prove that g-w/2 A,’ is an absolute tensor. 

If A(p,q) BT = C? , where B^ is an arbitrary relative tensor of weight w4 and G. is a known relative 
tensor of weight wo, prove that A(p,q) is a relative tensor of weight wo-—w4. This is an example of 
the quotient law for relative tensors. 


Show that the quantity G(j,k) of Solved Problem 31 is a relative tensor of weight two. 


Find the physical components of (a) the velocity and (b) the acceleration of a particle in spherical co- 
ordinates. 


Let A” and B be two vectors in three dimensional space. Show that if À and u are constants,then 
et = AA+ m is a vector lying in the plane of A” and B”. What is the interpretation in higher dimen- 
sional space ? 


Show that a vector normal to the surface b(x1, x, x9) = constant is given by 4? = Pal ES Find the 


1 2 x 
corresponding unit normal. 


o 
The equation of continuity is given by V. (ov) + E 0 where o is the density and v is the velocity of 
a fluid. Express the equation in tensor form. 


Express the continuity equation in (a) cylindrical and (b) spherical coordinates. 
Express Stokes’ theorem in tensor form. 
Prove that the covariant curvature tensor Roars is skew-symmetric in (a) p andq, (b)rands, (c) q ands. 


Prove Rpars = Rrspq: 


Prove (a) Regrs + Resor + Rorsq = 0, 
(b) R5ors + Rrops + Resbg t Rbsrg = 0. 


Prove that covariant differentiation in a Euclidean space is commutative. Thus show that the Riemann- 
Christoffel tensor and curvature tensor are zero in a Euclidean space. 


p 
Let r’ = ax be the tangent vector to curve C whose equation is x? = x" where s is the arc length. 
q q 
(a) Show that gj, T? 17 - 1. (b) Prove that g, T^ ST^. 6 and thus show that A « 1 377 is & antt 
q Pq 8s K os 


q 
normal to C for suitable K. (c) Prove that x is orthogonal to No. 
s 


With the notation of the previous problem, prove: 

pg ^ §n4 7? NI q 
a TN =0, (b T - —K or ——*kT)-0. 
e Shq d V 8s 85q ( 8s : 


r 
Hence show that B^ = 1 e tK T^) is a unit vector for suitable 7 orthogonal to both nd and Ny’. 
S 


165. 


166. 


167. 
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Prove the Frenet-Serret formulas 


$ ? p 
èT ew, e ? xr? E. 


where TŻ, N? and B? are the unit tangent, unit normal and unit binormal vectors to C, and K and T are 
the curvature and torsion of C. 


Show that ds? = c?(dx^y. — dx? dx? (N=3) is invariant under the linear (affine) transformation 
Xi-cy(xi—wx*j, x? = x42, x8 = x9, x4 = y (x* TER xt) 


2 
where Y,8,c and v are constants, B=v/c and y=(1—8 y-V?, This is the Lorentz trans formation 
of special relativity. Physically, an observer at the origin of the x* System sees an event occurring at 
position x1,x2,x3 at time x4 while an observer at the origin of the x? System sees the same event occur- 
ring at position 35,x?,x? at time x^. It is assumed that (1) the two systems have the x^ and X* axes 
coincident, (2) the positive x? and x? axes are parallel respectively to the positive x? and x? axes, 


(3) the %* system moves with velocity v relative to the x^ system, and (4) the velocity of light c is a 
constant. 


Show that to an observer fixed in the x? (x?) system, a rod fixed in the zi (x4 system lying parallel to 
the x^(x') axis and of length L in this system appears to have the reduced length Lv1—/5^, This 
phenomena is called the Lorentz-Fitzgerald contraction. 


ANSWERS TO SUPPLEMENTARY PROBLEMS. 


77. 


78. 


19. 


80. 


81. 


82. 


83. 


87. 


(a) ax x? (b) Ag, (c) 4 p ()g e .N=4 (e) BD?" N=2 


br ’ 
wget + Saved + Beet ala, al ae, | al a 
Ort Ox" — Ox? Ox Og Oem 


11 p? 21 pÊ? 12 pP 22 pP 
(b) A B, C, + A B, C, + A B,C, + A B; C, 
Ellipse for N-2, ellipsoid for N=3, hyperellipsoid for N= 4. 


{ axt + qox? = b, 


Ga Xi + agx? = by 
—bq x wx = às u^ 
Ky nba ar Oh (€) Coq =. 3b asd Can 
phar _ Ox? ORT Ox" Oem ijk - EL 
= Dri Ox) Ack ozs C b w^" 


(a) B(j, k,m) is a tensor of rank three and is covariant of order two and contravariant of order one. It can 


be written B5, . (b) C(j,k,m,n) is not a tensor. 


4° = 1024 
(a) 20 cos? — zcoshH + Jj sin?$ cos?$, 


— 26 sin p cos + pzsind + p*sind cos? d, 
pz sind. 
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(b) 2r sin?Ü cos? — rsin cos cos + r?sin*O sin? p cos?h + 1? sin cos?Ó sind, 


2r?sinG cos cos? — 1? cos?@ cosh + r^sin?Ó cosÓ sim d cos? 
r? sin? cos@ sind, 


— 2r?sin?Ü sing cos + r?sinO cosÓ sind + r*sin*O sind cos? d 


p 
88. uvz + 3v, 3u — uv?z, u? * uv — v2 89. (a) By (b) AP (c) 85: (d) N 
94. It is not a tensor. 95. Rank 3 and rank 1 respectively. 98. Yes. 
100. (a) 10, (5)21, (c) N(N+1)/2 101. N(N—1)(N— 2)/6 


c 


7 2 -1 —4 _ (14 i10 [18 8 
m. ws? 3 ze ae ZH T o. [58 2 


3-1 3 1 1 -1 1 —4 6 1 8 —3 
(b) S - 2 0-2]. D = —4 —4 6j, P = —9 —7 10], Q = 8 —16 11 
—2 1 1 0 5 -3 9 9 —16 —2 10-7 


—52 —86 s TP wee 6 5 3 
108. (a E 9 163 —136 110. |. 
(e p a o ( ) (3 2 


—61 —135 132 
. 2 1 1/3 1/3 0 
111. x -—1, y=3, z=2 112. b —5/3 1/3 1]. Y 
- m s a pu ( P : r) S 
A? Ox! oxi gxt A! 
Ox! Ox? dx? 
25 z2 <2 =2 2 
115. (a) A = ee ker AEN A 
Oxt Ox? X3 
A? ox? ox? ox? AS 
xi Ox? Ox? 
ON S Oxt Ox? O8 Oxt Ox! = Ox? 
Aii 4i» Ars an p 28 A11 Ayo Aia a = es 
had Surius Ox! Ox dx? Ox? Ox? dx? 
Ao, Aoo # = Ala ee C CUR AU PER OMS 
(b) 21 A22 Aes os x Oe? Ao, Ago Aca o cS F 
a 1 A oxi ox? 0x3 ox? ox dx 
ELE es we as] Voles Vu um ow 
Ete hate wi) z1 z1 mA 1 1 1 
Á S Ap As. Qut. Ont x A, Ai P Oxt Ox! dx 
Ox! Ox? d3 Ox! Ox? ze 
72 7? 1? Ox? x? x? 2 Ox? Ox? Ox? 
c) A, Ap A = A; A5 A SAT. OME ORE 
Bree ta a o as Et? & © Pd a » oe 
ae. ng ung x9 ^ 069 <3 3 8 3 a 
aja up SON SU iG aa oe 9x? 9 
Ox Ox Ox OX Ox? Ox 
2 2 1 
u^ tv 0 0 uv 0 
1 
= = 2.2 . 
116. À = 4, 1 119. (a) 0 uto 0 ae 
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1 


Bienen + sin? 0 €— See 0 0 
USED UKSI p) p a?(sinh?u + sin?v) 
1 
2sinh2y + sin? ; 0 St eee 
(b) d (Binhi SS es a*(sinh?u + sin?v) 
0 0 1 0 0 1 
4/3 0 1 
121. g=6, () = | 0 1/2 0 
1 0 1 


. LI r . 
123. (a) F g 4j : (b) a = gd g” A, 


a a 


128. ——— Oo ————— 
VAP Ay VE pq AP Ad 


130. (a) They are all zero. 
(b) [22,1])=—o, [12,2] = [21,2] = o. AN others are zero. 
(c) [22,1] =—r, [33,1] - —r sin20, [33,2] = — r? sin@ cos 0 
[21,2] = [12,2] =r, [31,3] = [13,3] = r sin?@ 
[32,3] = [23,3] = r2sin@ cos. Al others are zero. 


131. (a) [1131] - v, [22,2]= v, [11,2] = —v, e 1] = —u, 
[1231] = [21,1] = v, [21,2] = ut 2] 


1 E i 2 _ 2 zot 

nf ut’ do2 u24 are" 11 u2+ v2’ 

1 = 1 - = 4 — All others are zero. 
21 12 me u? + v? 


(b) [11,1] = 2a? sinh u cosh v, [22,2] = 2a2sinvcosv, [11,2] = —2a? sinv cosv 
[22,1] = —2a2 sinh u cosh u, [12,1] = [21,1] = 2a2 sinv cosv, [21,2] = [12,2] = 2a? sinh u coshu 


t 1|. sinhu coshu 2 \ . _Sinv cosv { 1 \ . —Sinhu coshu 
11 sinb?u + sin2v ' 22 sinh?u ^ sin?v ' 22 sinh?u + sin?v ' 
 — Sinv cosv_ 1 z 1 . __Sinv cosv 
-ainiu temo" 21 12 sinh?u + sin?v ' 


[ n 4 = inhu cosh» . All others are zero. 
sinh?u + sin?v 


dp dj? _ f, 2 dp d _ dz 
Be e ga P) c Qe ae ods gg O u on 
d?r dO 5 220,002 . 
(b) Pe i (o — rsin im - 0 


t 
Oo 


2 
do 2% a _ sin 8 cos 0 (LEP 
T ds ds ds 


2 
dd, 2dr IP + reno 2 d$. 
rds ds ds ds 
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141. 


142. 


143. 


145. 
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1 2 
te x5, T4 ? = —Ž , : = ——*—_. Al others are zero. 
22 12 21 (x) Mu (x2) 22 (x2 a (x1) 
2 2 
d x 1, dx? o d x? 2x* dx! dx? 2 dx? o 
+ x4 = 0, + = 0 
ds? e ds f ds? (xt) — (x2) ds ds (x2)? — (xt)? ds ? 
jk 
OA ib 2 js 
CP dM CD LEV a PX IR IT 
l, aX laf 5 qsf 1 qs f 1 
jk 
ik 94 jk ik ; k js 
BA Sie Na ada a qu ra ! 4| 
in,q ex lq sm mq ls qs im qs im 
d 
0A : : ; . 
J kim s j s J s j H s 
= — -— — A + A 
©) mq ^ a4 ed Asim D pay p ls i kin 
jkl 
z 247 : g s š 
jkl m s jkl j skl kd jsl l jks 
" = A 
(d) Ang 5,4 b AS tt ds A, + qui dn * ái An 
jh 
k ðA jk k jk ; 
e al Inn fs OTS A LAS O DUS filas ji 
imn,g a lq smn mq lsn nq f ins qs imn qs 
k j j j 
Hu b) A „B « A B r 8 A 
(a) £j, gr 68) Ang a k, (c) EET. 
1 9 9 TS 94, 
(a) Bip EX u? + v? A?) + — (Vu2+ v2 4, + Rr 
d à OA 
1 1 E 
(b) —————— | — (uvvu? +v? A,) + -— (uv Vu? + v? A | = 
uv(u? + v?) E : u Ov : K uv Oz? 
1 of 1 od od 
(a) —— ey + —e, + le 
VPage du “ Vuro ds oo e 
(b) : T e, * oP e) + oP ez 
aVsinh?u +sin2v ou 9v Oz 
where e, e, and e, are unit vectors in the directions of increasing u,v and z respectively. 
2 2 
1 od od x35 
u? +o? | du? Qv? 
Ms xt (9^ s ie a s dx? 
@ 24, S = hot) & = - dits = 
ôt TE Ox q dt dt q dt 
jk jk H q ; g 
(b) 8A =- 44 STN ask dx k 475 dx! 
et dt qs dt qs di 
k 
8 k ÔA ok 8B 
(c) —(A; B) = -— BY + 4; — 
Se 7 ôt J 8 


146. 


153. 


156. 


151. 


158. 


TENSOR ANALYSIS 217 


P MESURER. 
@ 4D = Put A 


— 

NK 

a 

eg 

a 

i 

CS 

a 
AO =e 

a 

a 

+ 

"A 
: 2 > " 
— bod — — 
a a 

[7] 

a 

SiR, 

a 


(a) f, 76, r sinÓ $ 
(b) T — rÊ — r sin? p?, id (76) — rsin cosl $?, m A (r?sin?@ p) 
r dt 6 dt 


r sin 


q q 
dEr , o 9g , 9€ = 0 where v 


oxi 3p OX d 


T are the contravariant components of the velocity. 


1 
e d ev k uu 2 ow + x + z 


ity 


1 d 
(b) 2 ev + Dee + Sem + o eto) «2 
r 


06 [o Ot 


where vi, v? and v? are the contravariant components of the velocity. 


p p 
f A, Ż ds = — eT A, , dS where 2 is the unit tangent vector to the closed curve C 
fa P ds $ qr $ ds 


and 7 is the positive unit normal to the surface S which has C as boundary. 


Index 


Absolute derivative, 174 
Absolute motion, 53 
Absolute tensor, 175 
Acceleration, along a space curve, 35,39,40,50,56 
centripetal, 43, 50,53 
Coriolis, 53 
in cylindrical coordinates, 143, 204 
in general coordinates, 204, 205 
in polar coordinates, 56 
in spherical coordinates, 160, 212 
of a particle, 38, 42, 43, 50, 52, 84, 203, 205 
relative to fixed and moving observers, 52,53 
Addition, of matrices, 170 
of tensors, 169 
Addition, of vectors, 2, 4,5 
associative law for, 2,5 
commutative law for, 2,5 
parallelogram law for, 2, 4 
triangle law for, 4 
Aerodynamics, 82 
Affine transformation, 59, 210, 213 
Algebra, of matrices, 170 
of vectors, 1,2 
Angle, between two surfaces, 63 
between two vectors, 19, 172, 190 
solid, 124, 125 
Angular momentum, 50, 51,56 
Angular speed and velocity, 26, 43,52 
Arbitrary constant vector, 82 
Are length, 37, 56, 136, 148 
in curvilinear coordinates, 56, 148 
in orthogonal curvilinear coordinates, 136 
on a surface, 56 
Areal velocity, 85, 86 
Area, bounded by a simple closed curve, 111 
of ellipse, 112 
of parallelogram, 17, 24 
of surface, 104, 105, 162 
of triangle, 24, 25 
vector, 25, 83 
Associated tensors, 171, 190, 191, 210 
Associative law, 2, 5, 17 


Base vectors, 7, 8, 136 
unitary, 136 

Binormal, 38, 45, 47, 48 

Bipolar coordinates, 140, 160 
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Box product, 17 
Brahe, Tycho, 86 


Calculus of variations, 173 
Cartesian tensors, 210 
Central force, 56, 85 
Centripetal acceleration, 43, 50, 53 
Centroid, 15 
Chain rule, 77, 177, 179 
Characteristic equation, 210 
Characteristic values, 210 
Charge density, 126 
Christoffel’s symbols, 172, 192-195, 211 
transformation laws of, 172, 193, 194 
Circulation, 82, 131 
Circumcenter, 33 
Clockwise direction, 89 
Cofactor, 171, 187, 188 
Collinear vectors, 8, 9 
non-, 7, 8 
Column matrix or vector, 169 
Commutative law, 2, 5, 16, 17 
Component vectors, 3, 7, 8 
rectangular, 3 
Components, contravariant, 136, 156, 157, 167, 168 
covariant, 136 
of a dyad, 73 
of a tensor, 157, 167, 168 
of a vector, 3, 136, 156, 157, 158, 167 
physical, (see Physical components) 
Conductivity, thermal, 126 
Conformable matrices, 170 
Conic section, 87 
Conjugate metric tensor, 171, 188, 189 
Conjugate tensors, 171 
Conservation of energy, 94 
Conservative field, 73, 83, 90, 91, 93 
motion of particle in, 93, 94 
necessary and sufficient condition for, 90, 91 
Continuity, 36, 37 
equation of, 67, 126, 212 
Contraction, 169, 181, 182 
Contravariant components, 136, 156, 157, 167, 168 
of a tensor, 157, 167, 168 
of a vector, 136, 156, 157, 167 
Contravariant tensor, of first rank, 157, 167 
of second and higher rank, 168 
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Contravariant vector, (see Contravariant compo- 
nents of a vector) 
Coordinate curves or lines, 135 
Coordinates, curvilinear, (see Curvilinear coordi- 
nates) 
Coordinate surfaces, 135 
Coordinate transformations, 58, 59, 76, 135, 166 
Coplanar vectors, 3 
necessary and sufficient condition for, 27 
non-, 7, 8 
Coriolis acceleration, 53 
Cosines, direction, 11, 58 
law of, for plane triangles, 20 
law of, for spherical triangles, 33 
Counterclockwise direction, 89 
Covariant components, 136, 157, 158, 167 
of a tensor, 167, 168 
of a vector, 136, 157, 158, 167 
Covariant curvature tensor, 207 
Covariant derivative, 173, 197-199, 211 
Covariant tensor, of first rank, 158 
Covariant vector, (see Covariant components of a 
vector) 
Cross-cut, 113 
Cross product, 16, 17, 22-26 
commutative law failure for, 16 
determinant form for, 17, 23 
distributive law for, 16, 22, 23 
Cubic, twisted, 55 
Curl, 57, 58, 67-72 
in cylindrical coordinates, 153, 154 
in orthogonal curvilinear coordinates, 137, 150 
in parabolic cylindrical coordinates, 161 
in spherical coordinates, 154 
integral definition of, 123, 152, 153 
invariance of, 81 
of the gradient, 58, 69, 211 
physical significance of, 72, 131 
tensor form of, 174, 200 
Current density, 126 
Curvature, 38, 45, 47, 113 
radius of, 38, 45, 46, 50 
Riemann-Christoffel, 206 
tensor, 207 
Curve, space, (see Space curves) 
Curvilinear coordinates, 135-165 
acceleration in, 143, 204, 205, 212 
arc length in, 56, 136, 148 
definition of, 135 
general, 148, 156-159 
orthogonal, 49, 135 
surface, 48, 49, 56, 155 
volume elements in, 136, 137, 159 
Cycloid, 132 
Cylindrical coordinates, 137, 138, 141, 142, 160, 161 
arc length in, 143 : 
Christoffel's symbols in, 195, 211 
conjugate metric tensor in, 189 


Cylindrical coordinates, 
continuity equation in, 212 
curl in, 153, 154 
divergence in, 153; 200, 201 
elliptic, (see Elliptic cylindrical coordinates) 
geodesics in, 211 
gradient in, 153, 154 
Jacobian in, 161 
Laplacian in, 153, 154, 201 
metric tensor in, 187 
parabolic, (see Parabolic cylindrical coordinates) 
velocity and acceleration in, 143, 204, 205 
volume element in, 144, 145 


V, (see Del) 
; (see Laplacian operator) 
Del (V), 57,58, (see also Gradient, Divergence and 
Curl) 
formulas involving, 58 
integral operator form for, 107, 123 
invariance of, 81 
Delta, Kronecker, 168, 179, 180, (see also Kron- 
ecker's symbol) 
Density, 126 
charge, 126 
current, 126 
tensor, 175, 203 
Dependence, linear, 10,15 
Derivative, absolute, 174 
covariant, 173, 197-199, 211 
directional, 57, 61-63 
intrinsic, 174, 202, 211 
Derivatives, of vectors, 35-56 
ordinary, 35, 36, 39-43 
partial, 36, 37, 44, 45 
Descartes, folium of, 132 
Determinant, cofactor of, 171, 187, 188 
cross product expressed as, 17, 23 
curl expressed as, 57, 58 
differentiation of, 41 
Jacobian, (see Jacobian) 
of a matrix, 170, 209 
scalar triple product expressed as, 17, 26, 27 
Determinants, multiplication of, 159 
Dextral system, 3 
Diagonal of a square matrix, 169 
Difference, of matrices, 170 
of tensors, 169 
of vectors, 2 
Differentiable, scalar field, 57 
vector field, 57 
Differentiability, 36, 37 
Differential equations, 54, 104 
Differential geometry, 37, 38, 45-50, 54-56, 166, 212-13 
Differentials, 37 
exact, (see Exact differentials) 
Differentiation of vectors, 35-56 
formulas for, 36, 37, 40, 41 
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Differentiation of vectors, 
order of, 37, 69 
ordinary, 35, 36 
partial, 36, 37 
Diffusivity, 127 
Directional derivative, 57, 61-63 
Direction cosines, 11, 58 
Distance between two points, 11 
Distributive law, 2 
for cross products, 16, 22, 23 
for dot products, 16, 18 
for dyadics, "74 
for matrices, 170 
Div, (see Divergence) 
Divergence, 57, 64-67 
in curvilinear coordinates, 137, 150 
in cylindrical coordinates, 153, 200, 201 
in parabolic cylindrical coordinates, 161 
in spherical coordinates, 161, 200, 201 
invariance of, 81 
of the curl, 58, 69, 70, 211 
of the gradient, 58, 64 
physical significance of, 66, 67, 119, 120 
tensor form of, 174, 200, 201 
theorem, (see Divergence theorem) 
Divergence theorem, 106, 110, 111, 115-127 
expressed in words, 115 
Green's theorem as a special case of, 106, 110, 111 
physical significance of, 116, 117 
proof of, 117, 118 
rectangular form of, 116 
tensor form of, 206 
Dot product, 16, 18-21 
commutative law for, 16, 18 
distributive law for, 16, 18 
Dummy index, 167 
Dyad, 73 
Dyadic, 73-75, 81 
Dynamics, 38, (see also Mechanics) 
Lagrange’s equations in, 196, 205 
Newton’s law in, (see Newton’s law) 


Eccentricity, 87 
Higenvalues, 210 
Einstein, theory of relativity of, 148, 207, 213 
Electromagnetic theory, 54, 72, 206 
Element, line, 170, 187-189 
volume, 136, 137, 159 
Elements, of a matrix, 169 
Ellipse, 63, 139 
area of, 112 
motion of planet in, 86, 87 
Ellipsoidal coordinates, 140, 160 
Elliptic cylindrical coordinates, 139, 155, 160, 161, 
211 
Energy, 94 
conservation of, 94 
kinetic, 94, 204 


INDEX 


Energy, 
potential, 94 
Equality, of matrices, 170 
of vectors, 1 
Equilibrant, 6 
Euclidean spaces, 170 
N dimensional, 171 
Euler’s equations, 196 
Exact differentials, 83, 93, 111 
necessary and sufficient condition for, 93 
Extremum, 196 


Fictitious forces, 53 
Field, (see Scalar and Vector field) 
conservative, (see Conservative field) 
irrotational, 72, 73, 90 
sink, 13, (see also Sink) 
solenoidal, 67, 73, 120, 126 
source, 13, (see also Source) 
tensors, 168 
vortex, 72 
Fixed and moving systems, observers in, 51-53 
Fluid mechanics, 82 
Fluid motion, 66, 67, 72, 116, 117, 125, 126 
incompressible, 67, 126 
Flux, 83, 120 
Force, central, 56, 85 
Coriolis, 53 
moment of, 25, 26, 50 
on a particle, 203, 205 
repulsive, 85 
universal gravitational, 86 
Forces, fictitious, 53 
real, 53 
resultant of, 11 
Frames of reference, 58, 166 
Free index, 167 
Frenet-Serret formulas, 38, 45, 213 
Fundamental quadratic form, 148 
Fundamental tensor, 171 


Gauss’ divergence theorem, (see Divergence theorem) 
Gauss’ law, 134 
Gauss’ theorem, 124, 125 
Geodesics, 172, 173, 196, 197, 211 
Geometry, differential, (see Differential geometry) 
Grad, (see Gradient) 
Gradient, 57, 58, 59-63, 177 
in cylindrical coordinates, 153, 154 
in orthogonal curvilinear coordinates, 137, 148, 149 
in parabolic cylindrical coordinates, 161, 211 
in spherical coordinates, 161 
integral definition of, 122, 123 
invariance of, 77 
of a vector, 73 
tensor form of, 174, 200 
Graphical, addition of vectors, 4 
representation of a vector, 1 


INDEX 


Gravitation, Newton’s universal law of, 86 
Green’s, first identity or theorem, 107, 121 

second identity or symmetrical theorem, 107, 121 

theorem in space, (see Divergence theorem) 
Green’s theorem in the plane, 106, 108-115 

as special case of Stokes’ theorem, 106, 110 

as special case of the divergence theorem, 106, 

110, 111 
for multiply-connected regions, 112-114 
for simply-connected regions, 108-110 


Hamilton-Cayley theorem, 210 
Hamilton’s principle, 205 
Heat, 126, 127 
specific, 126 
Heat equation, 126, 127, 161 
in elliptic cylindrical coordinates, 155 
in spherical coordinates, 161 
Heat flow, steady-state, 127 
Helix, circular, 45 
Hyperbola, 87 
Hyperplane, 176 
Hypersphere, 176 
Hypersurface, 176 
Hypocycloid, 132 


Independence, of origin, 9 
of path of integration, 83, 89, 90, 111, 114, 129, 130 
Independent, linearly, 10, 15 
Index, dummy or umbral, 167 
free, 167 
Inertial systems, 53 
Initial point of a vector, 1 
Inner multiplication, 169, 182 
Inner product, 169, 182 
Integral operator form for V, 107, 123 
Integrals, of vectors, 82-105 
definite, 82 
indefinite, 82 
line, (see Line integrals) 
ordinary, 82 
surface, (see Surface integrals) 
theorems on, (see Integral theorems) 
volume, (see Volume integrals) 
Integral theorems, 107, 120, 121, 124, 125, 130, 
(see also Stokes’ theorem and Divergence theorem) 
Integration, (see Integrals, of vectors) 
Intrinsic derivative, 174, 202, 211 
Invariance, 58, 59, 76, 77, 81, (see also Invariant) 
Invariant, 59, 168, 190, (see also Invariance) 
Inverse of a matrix, 170 
Irrotational field, 72, 73, 90 


Jacobian, 79, 133, 146, 147, 148, 159, 161, 162, 175, 202-3 
Kepler’s laws, 86, 87, 102 


Kinematics, 38, (see also Dynamics and Mechanics) 
Kinetic energy, 94, 204 
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Kronecker delta, 168, 179, 180 
Kronecker's symbol, 77, 208 


Lagrangean, 205 

Lagrange's equations, 196, 205 

Laplace's equation, 65, 127, 134 
in parabolic cylindrical coordinates, 154, 155 

Laplace transforms, 162 

Laplacian operator (V^ , 98, 64, 81, 200 
in curvilinear coordinates, 137, 150, 151 
in cylindrical coordinates, 153, 154, 201 
in parabolic cylindrical coordinates, 154, 155, 211 
in spherical coordinates; 154, 201 
invariance of, 81 
tensor form of, 174, 200 

Laws of vector algebra, 2, 18 

Lemniscate, 132 

Length, of a vector, 171, 172, 190 

Light rays, 63 

Light, velocity of, 81 

Linearly dependent vectors, 10, 15 

Line element, 170, 187-189 

Line, equation of, 9, 12 
parametric equations of, 12 
sink, 13 
Source, 13 
symmetric form for equation of, 9 

Line integrals, 82, 87-94, 111 
circulation in terms of, 82, 131 
evaluation of, 87-89, 111 
Green's theorem and evaluation of, 112 
independence of path, 83, 89, 90, 111, 114, 129, 130 
work expressed in terms of, 82, 88 

Lorentz-Fitzgerald contraction, 213 

Lorentz transformation, 213 


Magnitude, of a vector, 1 
Main diagonal, 169 
Mapping, 162 
Matrices, 169, 170, 185, 186, (see also Matrix) 
addition of, 170 
conformable, 170 
equality of, 170 
operations with, 170 
Matrix, 73, 169, (see also Matrices) 
algebra, 170 
column, 169 
determinant of, 170, 209 
elements of, 169 
inverse of, 170, 209, 210 
main or principal diagonal of, 169 
null, 169 
order of, 169 
principal diagonal of, 169 
row, 169 
singular, 170 
square, 169 
transpose of, 170, 210 
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Maxwell’s equations, 72, 81 
in tensor form, 206 
Mechanics, 38, 56, (see also Dynamics) 
fluid, 82 
Metric coefficients, 148 
Metric form, 148 
Metric tensor, 170, 171, 187-189 
Mixed tensor, 167, 168 
Moebius strip, 99 f 
Moment of force, 25, 26, 50 
Momentum, 38 
angular, 50, 51, 56 
Motion, absolute, 53 
Motion, of fluid, (see Fluid motion) 
of planets, 85-87 
Moving and fixed systems, observers in, 51-53 
Moving trihedral, 38 
Multiplication, (see Product) 
Multiply-connected region, 110, 112-114 


Nabla, (see Del) 
Negative direction, 89 
Newton’s law, 38, 50, 53 
in tensor form, 203 
of universal gravitation, 86 
Normal plane, 38, 48 
Normal, principal, 38, 45, 47, 48, 50 
bi-, 38, 45, 47, 48 
Normal, to a surface, 49, 50, 56, 61 
positive or outward drawn, 49, 83 
Null matrix, 169 
Null vector, 2 


Oblate spheroidal coordinates, 140, 145, 160, 161 
Operations, with tensors, 169, 179-184 
Operator, del, 57, (see also Del) 
Laplacian, (see Laplacian operator) 
time derivative, in fixed and moving systems, 
51, 52 
Order, of a matrix, 169 
of a tensor, 167 
Orientable surface, 99 
Origin, of a vector, 1 
independence of vector equation on, 9 
Orthocenter, 33 
Orthogonal coordinates, special, 137-141 
bipolar, 140, 160 ] 
cylindrical, 137, 138, (see Cylindrical coordinates) 
ellipsoidal, 140, 160 
elliptic cylindrical, 139, 155, 160, 161, 211 
oblate spheroidal, 140, 145, 160, 161 
parabolic cylindrical, 138, (see also Parabolic 
cylindrical coordinates) 
paraboloidal, 139, 160, 161, 211 
prolate spheroidal, 139, 160, 161 
Spherical, 137, 138, (see Spherical coordinates) 
toroidal, 141 


Orthogonal curvilinear coordinate systems, 49, 135, 
191 
Special, 137-141 
Orthogonal transformation, 59 
Osculating plane, 38, 48 
Outer multiplication, 169 
Outer product, 169 
Outward drawn normal, 49, 83 


Parabola, 87, 138 
Parabolic cylindrical coordinates, 138, 144, 145, 154, 
155, 160, 161, 211 
arc length in, 144 
Christoffel's symbols in, 211 
curl in, 161 
divergence in, 161 
gradient in, 161, 211 
Jacobian in, 161 
Laplacian in, 154, 155, 211 
Schroedinger's equation in, 161 
volume element in, 145 
Paraboloidal coordinates, 139, 160, 161, 211 
Parallelogram, area of, 17, 24 
Parallelogram law of vector addition, 2, 4 
Parametric equations, of a curve, 39, 40 
of a line, 12 
of a surface, 48, 49 
Periods, of planets, 102 
Permutation symbols and tensors, 173, 174, 211 
Physical components, 172, 200, 201, 205, 211 
Plane, distance from origin to, 21 
equation of, 15, 21, 28 
normal, 38, 48 
osculating, 38, 48 
rectifying, 38, 48 
tangent, 49, 50, 61 
vector perpendicular to, 28 
vectors in a, (see Coplanar vectors) 
Planets, motion of, 85-87 
Point function, scalar and vector, 3 
Poisson's equation, 134 
Polar coordinates, 98 
Position vector, 3 
Positive direction, 89, 106, 113 
Positive normal, 83 
Potential energy, 94 
Potential, scalar, 73, 81, 83, 91, 92 
vector, 81 
Principal diagonal, 169 
Principal normal, 38, 45, 47, 48, 50 
Product, box, 17 
cross, (see Cross product) 
dot, (see Dot product) 
inner, 169, 182 
of a vector by a scalar, 2 
of determinants, 159 
of matrices, 170 
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Product, Schroedinger’s equation, 161 
of tensors, 169 Simple closed curve, 82, 106 
outer, 169, 181 area bounded by, 111 
scalar, 182, (see also Dot product) Simply-connected region, 110, 113, 114 
vector, (see Cross product) Sines, law of, for plane triangles, 25 
Projectile, 102 for spherical triangles, 29, 30 
Projection, of a vector, 18, 20 Singular matrix, 170 
of surfaces, 95, 96 Singular points, 141 
Prolate spheroidal coordinates, 139, 160, 161 Sink, 13, 67, 120 
Proper vector, 2 Sink field, 13, (see also Sink) 
Pythagorean theorem, 10 Solenoidal field, 67, 73, 120, 126 
Solid angle, 124, 125 
Quadratic form, fundamental, 148 Sound rays, 63 
Quantum mechanics, 161 Source, 13, 67, 120 
Quotient law, 169, 184 Source field, 13, (see also Source) 
Space curves, 35 
Radius, of curvature, 38, 45, 46, 50 acceleration along, 35, 39, 40, 50, 56 
of torsion, 38, 45 arc length of, 37, 56, 136, 148 
Radius vector, 3 binormal of, 38, 45, 47, 48 
Rank, of a tensor, 167 curvature of, 38, 45, 47, 113 
Rank zero tensor, 168 principal normal of, 38, 45, 47, 48, 50 
Real forces, 53 radius of curvature of, 38, 45, 46, 50 
Reciprocal sets or systems of vectors, 17, 30, 31 radius of torsion of, 38, 45 
34, 136, 147 tangent to, 37, 38, 40, 45, 47, 48, 50 
Reciprocal tensors, 171 Space integrals, (see Volume integrals) 
Rectangular component vectors, 3 . Spaces, Euclidean, 170 
Rectangular coordinate systems, 2 Riemannian, 171 
Rectifying plane, 38, 48 Space, N dimensional, 166 
Region, multiply-connected, 110, 112-114 Special theory of relativity, 213 
simply-connected, 110, 113, 114 Speed, 4 
Relative acceleration, 53 angular, 26, 43, 52 
Relative tensor, 175, 202, 203, 212 Spherical coordinates, 137, 138, 141, 147, 160, 161 
Relative velocity, 52 arc length in, 144 
Relativity, theory of, 148, 207, 213 Christoffel's symbols in, 195, 211 
Resultant of vectors, 2, 4, 5, 6, 10 conjugate metric tensor in, 189 
Riemann-Christoffel tensor, 207, 212 continuity equation in, 212 
Riemannian space, 171, 172 covariant components in, 177, 178 
geodesics in, 172, 196, 197 curl in, 154 
Right-handed coordinate systems, 2, 3 divergence in, 161, 200, 201 
localized, 38 geodesics in, 211 
Rigid body, motion of, 59 gradient in, 161 
velocity of, 26, 33 heat equation in, 161 
Rot, (see Curl) Jacobian in, 161 
Rotating coordinate systems, 51, 52 Laplacian in, 154, 201 
Rotation, invariance under, (see Invariance) metric tensor in, 187 
of axes, 58, 76, 77 velocity and acceleration in, 160, 212 
pure, 59 volume element in, 144, 145 
Row matrix or vector, 169 Spheroidal coordinates, oblate, 140, 145, 160, 161 
prolate, 139, 160, 161 
Scalar, 1, 4, 168 Stationary scalar field, 3 
field, 3, 12, 168 Stationary-state, (see Steady-state) 
function of position, 3 Steady-state, heat flow, 127 
point function, 3 Scalar field, 3 
potential, 73, 81, 83, 91, 92 vector field, 3 
product, 182, (see also Dot product) Stokes’ theorem, 106, 110, 127-131 
triple products, (see Triple products) Green's theorem as special case of, 110 
variable, 35 proof of, 127-129 


Scale factors, 135 tensor form of, 212 
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Subtraction, of tensors, 169 
of vectors, 2 
Summation convention, 167, 175, 176, 207 
Superscripts, 166 
Surface, area of, 104, 105, 162 
Surface curvilinear coordinates, 48, 49, 56, 155 
arc length in, 56, 148 
Surface integrals, 83, 94-99 
defined as limit of a sum, 94, 95 
evaluation of, 83 
Surfaces, 37 
angle between, 63 
arc length on, 56 
coordinate, 135 
one-sided, 99 
orientable, 99 
outward drawn normal to, 83 
two-sided, 83 
Symmetric form, of equation of a line, 9 


Tangent, to space curve, 37, 38, 40, 45, 47, 48, 50 
Tangent plane, 49, 50, 61 
Tensor analysis, 73, 137, 158, 166-217 
Tensor, absolute, 175 
associated, 171, 190, 191, 210 
Cartesian, 210 
conjugate, 171 
contravariant, (see Contravariant components) 
covariant, (See Covariant components) 
curvature, 207 
density, 175, 203 
field, 168 
fundamental, 171 
metric, 170 
mixed, 167, 168 
order of, 167 
rank of, 167 
reciprocal, 171 
relative, 175, 202, 203, 212 
skew-symmetric, 168, 169 
symmetric, 168 
Tensors, fundamental operations with, 169, 179-184 
Terminal point or Terminus, 1, 2, 5,11 
Thermal conductivity, 126 
Toroidal coordinates, 141 
Torque, 50, 51 
Torsion, 38, 45, 47, 213 
radius of, 38, 45 
Transformation, affine, 59, 210, 213 
of coordinates, 58, 59, 76, 135, 166 
orthogonal, 59 
Translation, 59 
Transpose, of a matrix, 170, 210 
Triad, 38 
Triadic, 73 
Triangle, area of, 24, 25 
Triangle law of vector addition, 4 
Trihedral, moving, 38 


Triple products, 17, 26-31 
Twisted cubic, 55 


Umbral index, 167 
Unit dyads, 73 
Unit matrix, 169 
Unit vectors, 2, 11 
rectangular, 2, 3 


Variable, 35, 36 
Vector, area, 25, 83 
column, 169 
equations, 2, 9 
field, 3, 12, 18, 168 
function of position, 3 
magnitude of a, 1, 10 
null, 2 
operator V, (see Del) 
point function, 3 
position, 3 
potential, 81 
product, (see Cross product) 
radius, 3 
row, 169 
time derivative of a, 51, 52 
triple product, (see Triple products) 
Vectors, 1, 4 
addition of, 2, 4 
algebra of, 1, 2 
analytical representation of, 1 
angle between, 19, 172, 190 
base, 7, 8, 136 
collinear, (see Collinear vectors) 
component, 3, 7, 8 
contravariant components of, 136, 156, 157,167 
coplanar, (see Coplanar vectors) 
covariant components of, 136, 157, 158, 167 
differentiation of, 35-56 
equality of, 1 
graphical representation of, 1, 4 
initial point of, 1 
origin of, 1 
reciprocal, 17 
resultant of, 2, 4, 5, 6, 10 
terminal point of, 1 
terminus of, 1 
unit, 2 
unitary, 136 
Velocity, along a space curve, 35, 39, 40 
angular, 26, 43, 52 
areal, 85, 86 
linear, 26 
of a fluid, 179 
of a particle, 42, 52, 203, 204 
of light, 81 
relative to fixed and moving observers, 52, 53 
Volume, elements of, 136, 137, 159 
in curvilinear coordinates, 136, 137 


Volume, 
in general coordinates, 159 
of parallelepiped, 17, 26 
Volume integrals, 83, 99-101 
defined as limit of a sum, 99, 100 
Vortex field, 72 
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Wave equation, 72 
Weight, of a tensor, 175 
Work, 21, 82, 88, 89, 90, 91 
as a line integral, 88, 89, 90, 91 


Zero vector, 2 
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